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Abstract This study presents a mathematical framework for the construction of closed-loop Kirigami
patterns. The proposed approach is based on concentric circular layers partitioned by rotational symmetry
and represented through parametric equations. By analyzing the geometric relationships among circular
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MSC: -
Keywords: Closed-loop Kirigami, Parametric Modeling, Geometric Construction, Rotational Symmetry,
Tung Sai Moo

*Corresponding author. Published by Department of Mathematics, Chiang Mai University.



2 TMIS Repository Vol. 2026/W. Wattana et al.

1. INTRODUCTION

Geometry plays an important role in describing patterns, symmetry, and structural
forms arising in both mathematics and design. In particular, Kirigami, as an art
and geometric construction involving cutting and folding, has attracted increasing
attention due to its connections with mathematical modeling, deployable structures, and
engineering applications [7, g].

In 2021, Yue Sun et al. [1] discussed the significance and applications of Kirigami, a
traditional paper-cutting art that enables the transformation of flat sheets into complex
three-dimensional structures. Kirigami has been widely applied in various fields, including
mechanics, materials science, electronics, and bioengineering. They classified Kirigami
into two main categories: (1) cutting-only Kirigami and (2) Kirigami involving both
cutting and folding. Furthermore, these patterns can be categorized into several types,
including fractal, ribbon, lattice, zigzag, and closed-loop Kirigami. Each type exhibits
distinct geometric and mechanical characteristics, providing diverse structural behaviors
and applications.
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FiGure 1. Classification of Kirigami patterns into several types,
including fractal, ribbon, lattice, zigzag, and closed-loop Kirigami [4].

Kirigami, the art of cutting and folding materials, has attracted significant attention in
recent years due to its ability to transform planar sheets into complex three-dimensional
structures. This capability has led to applications in engineering, materials science, and
deployable structures [4, 7, 8]. In particular, kirigami-based designs have been widely
explored for their mechanical adaptability and structural flexibility [15, 16].

Among various forms of Kirigami, closed-loop Kirigami exhibits distinctive geometric
characteristics involving concentric circles, rotational symmetry, and layered cutting
structures. These characteristics suggest that closed-loop Kirigami can be analyzed
through Euclidean geometry and represented analytically using parametric equations.

Tung Sai Moo, also known as Tung Phaya Yo, is a traditional Lanna auspicious banner
used in religious ceremonies, particularly during the Songkran festival and the end of
Buddhist Lent [9, 10]. Tt is commonly offered as a form of merit-making and is often
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displayed on sand stupas together with other new year banners. According to Lanna
beliefs, such offerings are associated with spiritual merit and the aspiration for rebirth in
the era of the Maitreya Buddha.

: - — (B) Resulting
(A) Unfolded Tung Sai Moo pattern under tensile three-dimensional
deformation. configuration.

F1GURE 2. Transformation of the Tung Sai Moo pattern from a planar
configuration to a three-dimensional structure under tensile deformation.

Geometrically, the construction of Tung Sai Moo involves folding layers of paper
diagonally and applying alternating cuts along the folded edges. When unfolded, the
pattern forms a continuous and symmetric design, often resembling floral or net-like
structures. This process illustrates how simple operations—cutting and unfolding—can
transform a two-dimensional sheet into three-dimensional configuration.

Motivated by these observations, this study aims to establish a mathematical
framework connecting closed-loop Kirigami and the cutting pattern of Tung Sai Moo
through parametric equations and geometric analysis.

The objectives of this study are as follows:

(1) To formulate two-dimensional parametric equations for closed-loop Kirigami
and establish associated geometric properties.

(2) To apply these geometric properties to the mathematical approximation of the
Tung Sai Moo cutting pattern.
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2. PRELIMINARIES

Definition 2.1 (Concentric Circles). A system of concentric circles is a collection of
circles that share a common center while having distinct radii. Let O denote the common
center and let 1y < rg < .-+ < ry,, be the radii of the circles. Then the corresponding
circles are called concentric circles.

Definition 2.2 (n-Fold Rotational Symmetry). A figure is said to possess n-fold
rotational symmetry about a point O if it remains unchanged after a rotation through an
angle 27—’; about O. Equivalently, the figure coincides with itself after a rotation of one-nth
of a full revolution.

Definition 2.3 (Parametric Representation of a Circle). Let r > 0 be the radius of a
circle centered at the origin. The circle can be represented parametrically by (z,y) =
(rcos@,rsind), where 0 < 6 < 27. Restricting the interval of 8 yields an arc of the circle.

Definition 2.4 (Closed-loop Kirigami). A closed-loop Kirigami is a class of Kirigami
structures in which cuts are introduced into a planar sheet without separating it
into disconnected components, such that the structure remains structurally connected.
The resulting structure forms a continuous pattern that can be deformed into
three-dimensional shapes under external forces.

In this study, a closed-loop Kirigami structure is modeled as a system of concentric
circular layers divided into angular partitions. Arc segments are selectively removed
according to a prescribed parameter, while the overall connectivity of the structure is
preserved [2, 4].

3. MAIN RESULTS

In this chapter, we present the parametric equation of closed-loop Kirigami and analyze
geometry properties for application to cutting pattern of Tung Sai Moo.

3.1. CLOSED-LOOP KIRIGAMI MODEL

3.1.1. MODELING ASSUMPTIONS

In this section, we define variables based on the cuts made from the Tung Sai Moo
method described in the paper. The modeling starts from the closed-loop Kirigami as
defined in [4]. We assume that the cutting pattern is derived from concentric circles.
Unlike existing approaches that specify the angular parameter 6 directly, the present study
defines the geometry through the parameter ¢, from which 6 is subsequently determined.
The angular intervals are then defined implicitly through ¢ which determines the size of
the gaps between arc segments. As a result, 6 is not treated as an independent variable,
but rather as an implicit function constrained by ¢ and the partition structure of the
circle. This formulation provides a more flexible and geometrically meaningful way to
control the resulting pattern.

First, let r be the radius of the first layer of cut from the center after the paper is
unfolded. The circle is divided into n parts effectively partitioning the angular domain
into n intervals. Since the cuts introduce a gap within the circle, the gap is defined by the
angular distance € . This gap also defines the range of angles where the cuts occur. Let
0 represent the angular distance at which the cuts are made. The pattern is composed
of multiple layers. For each layer, the distance between adjacent cuts corresponds to the
inter-circular distance denoted by w. Furthermore, let A denote the number of layers and
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let b index the arcs within a given layer. Let r, denote the radius of the a-th concentric
circle layer, where 1 < a < A.

FI1GURE 3. Definition of the parameters governing the geometry of the
closed-loop Kirigami pattern.

3.1.2. UNIFIED PARAMETRIC EQUATIONS FOR CLOSED-LOOP KIRIGAMI

To construct the equations of closed-loop Kirigami, we begin with formulating the
equation of a circle in a concentric-circle system. For a circle of radius r,, the polar form
is given by

(z,y) = (rqcosf,r,sinb).

27
Consider a circle partitioned into n equal sectors, each with angular width —, so that
n
initially
0<p< T,
n

Let e denote the total angular gap between adjacent arcs. Since this gap is distributed

symmetrically at both endpoints of each arc, each endpoint contributes a gap of 3

-

[
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€
FIGURE 4. An arc with a gap of 3 removed at the endpoints.
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Hence, the angular interval for a single arc is restricted to

€ 2r ¢
5 =YV%

n 2

2
By shifting the angle successively by —F, the angular intervals for all arcs in a given

layer form an arithmetic sequence. Let b index the arcs in a layer, where 1 < b < n.
Then the angular interval corresponding to the b-th arc is

2r € 2r €
—DNE 4o << —
(b )n+2_0_b

n 2

1 /27
For the subsequent layer, the angular interval is offset by half a sector. Since — ()
W, the shifted interval becomes

n

2r m € 2w €
b—1)—4+ —F+-<O0<b— 4 — — —.
( )n+n+2_ - nJrn 2
Simplifying gives
T € T €
26—1)—+=-<60<(2b+1)— — =.
( )n+2_ =< Jr)n 2

3

1

FI1GURE 5. Shift angle

Once the initial layer is established, subsequent concentric circle layers are constructed
by increasing the radius. Let 7, denote the radius of the a*® concentric circle layer. The

sequence of radii is given by r, = 1 + (a — 1)w where w is a distance between successive
layers and 1 < a < A.

By considering the alternating pattern between adjacent layers, the radii of the
closed-loop Kirigami can be expressed as follows:

let
re =71+ (@ — Dw, 1<a<A
Define
0, aodd
5@ ™
—, aeven.
n

Then the closed-loop Kirigami in the a!” layer is represented by

(z,y) = (rqocos b, rq8in )
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where 5 5
Y3 19 Y5 13
b—1)— +0,+=-<0<b— 40, — =
( )n+ +2< < n+ 5

for
1<b<n.

3.2. GEOMETRIC PROPERTIES OF THE TUNG SAI M0OO CUTTING PATTERN

We analyze the characteristics of closed-loop Kirigami in order to approximate the
cutting pattern of Tung Sai Moo. Since closed-loop Kirigami consists of concentric
circles divided into n sectors with equal arc lengths, its structure is consistent with n-fold
rotational symmetry in which the figure returns to its original configuration after n equal
rotations. Accordingly, radial lines are introduced to define the boundaries of each sector
in the n-fold symmetry.

Given a fixed ray emanating from the center of circle. To define the n-fold symmetry,
radial lines are constructed from the center of the circle to form n axes of symmetry. Let
r1 denote an arbitrary radial line selected as the initial axis. The second radial line, s, is

o

obtained by rotating r; through an angle of

. More generally, the remaining radial

lines are generated by rotating r; through the following sequence of angles:

360°
b = =~
360°
0,, = 2
n
360°
0, = 3-
n
360°
97,‘ = —1 .
L= -2

However, when partitioning n-fold symmetry on a square sheet, the boundary of the
paper must also be taken into account. Consequently, the rotational symmetry of the
square imposes constraints on the admissible values of n. Hence, the possible values of n
for generating n-fold symmetry are given as follows: 2-fold and 4-fold symmetry.

Next, the circular arcs are approximated by line segments tangent to the concentric
circles. The tangents are constructed at the intersection points with the angle bisectors

T
obtained by successive rotations namely at angles of —. FEach point of tangency is

denoted by ¢;;, where 7 identifies the corresponding concentric layer and j identifies the
corresponding sector in the n-fold partition.

Lemma 3.1. Let ¢; and c;+1 be two consecutive circles in a concentric-circle system with
common center O. Let t;; € ¢; and ti+1)j € Cit1 be the points determined by the same
angle bisector of the j-th sector in an n-fold partition. If l;; and l;y1); are the tangent
lines to ¢; and ciy1 at ti; and t(iy1); respectively, then l;; is parallel to l(;yqy;-

Proof. Since ¢; and c;41 are concentric circles, they have the same center O. The points
ti; and t(;11); lie on the same angle bisector of the j-th sector as shown in Figure 7.
Hence, the radii Ot;; and Ot(;;1); are collinear.
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(A) Partitioning 8-fold symmetry on a (B) Partitioning 8-fold symmetry on a
circular sheet. square sheet.

FIGURE 6. Compare the rotation symmetry of closed-loop Kirigami
pattern between the circle paper and square paper.

By the fact that the tangent line to a circle at a given point is perpendicular to the
radius drawn to that point, /;; is perpendicular to Ot;; and [l(;41); is perpendicular to
Ot (i41);- Since Ot;; and Ot(;41); are the same line, both tangent lines are perpendicular
to the same line. By the converse of Theorem of parallel line, if corresponding angles
formed by a transversal are equal, then the two lines are parallel. Therefore, the tangent
line /;; is parallel line to the tangent line [(; 1), [

FIGURE 7. Parallelism of tangent lines l;; and l(;;1); for points of
tangency along a common radial line.

Corollary 3.2. Letcy,co, ..., cnm be concentric circles with common center O. For a fixed
sector j in an n-fold partition, if t;; € c; is the point determined by the corresponding
angle bisector, and l;; is the tangent line to ¢; at t;;, then all tangent lines Iy, 125, .

ol
are mutually parallel.
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Proof. For each ¢ = 1,2,...,m — 1, lemma 3.1 shows that the tangent line /;; is parallel
to the tangent line /(;;1);. By the transitivity of parallelism in the Euclidean plane, it
follows that every tangent line [;; is parallel to every other tangent line in the same sector.

Hence, all tangent lines corresponding to the same sector are mutually parallel. [
Lemma 3.3. Let ly,ls,...,1l, be tangent lines constructed at the points of tangency
determined by the n-fold partition of a concentric circle. Letv; =1;Nlj11,5 =1,2,...,n.
Then the points vi,vs,...,v, are the vertices of a reqular n-gon.

Proof. Consider two consecutive tangent lines [; and /;;1, intersecting at v;. Since t;
and t;41 are points of tangency, the radii Ot; and Ot;y; are perpendicular to /; and
lj41 respectively. The figuration is illustrated in Figure 8 . Moreover, Ot; = Ot;4; since
both are radii of the same circle. Since t;v; and ¢;;1v; are tangent segments, the radii
Ot; and Otj;, are perpendicular to the tangents at ¢; and t;41 respectively. Hence,
Z0tjv; = LOt;11v; = 90°. Furthermore, Ov; is common to both triangles. Therefore,
the triangles AOt;v; and  AOt;41v; are congruent by the RHS congruence criterion.

=l

FIGURE 8. Intersection of tangent lines at points v; illustrating the
formation of the vertices of a regular n-gon.

Hence, Ov; bisects the angle formed by the two tangent lines. Since the central angle

27
between the consecutive points of tangency is £t;Ot;11 = —, the angle between the
n

2m
tangent lines is supplementary to this angle. Therefore,/t;v;t;11 = m — —. But this
n

(n—2)w .

27
is exactly the interior angle of a regular n-gon since — —. Since the same

n n
argument applies to every consecutive pair of tangent lines, all vertices v; have equal
interior angles. Furthermore, the construction is determined by equal angular increments

™
—, so the resulting sides are equal by symmetry. Therefore, the polygon vivs -« - v, is a
n

regular n-gon. [

Since the tangent lines determine the geometric structure of the approximation and
that their intersections form the vertices of a regular n-gon, the next step is to construct
parametric equations for the line segments representing the cutting pattern. Since each
cut is approximated by a finite segment lying on a tangent line, rather than by the entire
tangent line, it is necessary to determine the corresponding parametric representation of
these segments.
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FIGURE 9. Geometric construction of a regular hexagon (6-gon) formed
by the intersections v; of consecutive tangent lines I; and ;41 on a circle
of radius r;, with a central angle of 60° between adjacent tangency points.

3.3. CONCLUSION

This study presents a geometric framework for constructing closed-loop Kirigami
patterns based on concentric circular layers and rotational symmetry. By introducing
a parametric representation of the cutting pattern, a unified mathematical model was
developed to describe the geometry of the retained arc segments and their associated line
segments.

The proposed framework provides a systematic method for generating closed-loop
Kirigami patterns with prescribed geometric properties. Furthermore, the use of
tangent-line constructions and regular polygonal structures establishes a clear relationship
between the underlying geometric configuration and the resulting cutting pattern.

As an application, the proposed model was employed to construct patterns inspired
by the traditional Tung Sai Moo design. The results demonstrate that the geometric
characteristics of such patterns can be represented and generated through a parametric
approach. The developed framework may serve as a foundation for further studies on the
mathematical analysis, design, and optimization of Kirigami-based structures.
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