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nseunisaszilausaiumalasinnsdnuunanues Lara Pudwell uay Rachel Rockey
503 de Bruijn Arrays for L-Fillings %ﬂuuwmmﬁuéumlﬁa%ﬂ k-de Bruijn L-Arrays lagld
flafdunsiin f(r,¢) = s + re (mod k) Jsdonndasfiuauns ¢ = sk + e dmsunisAuat
SasviunsAnuisnsiinuuulmidmdu k-de Bruijn L-Arrays fiiluenmileainunauves
Lara Pudwell ez Rachel Rockey Nﬂﬂiﬂﬂﬂ’n?mi’liﬁmwaaU@mﬁﬂJﬁaL%Gﬂ?ﬂ%@ﬂﬂ’liﬁ@ﬂ%@ﬂ
Handunisiiunuulu

Abstract

This independent study is motivated by the paper of Lara Pudwell and Rachel Rockey
entitled “de Bruijn Arrays for L-Fillings”. In that paper, the authors construct k-de Bruijn L-
Arrays by using the filling function f(r,¢) = s+re (mod k), corresponding to the equation
¢ = sk + e. In this work, we find new fillings, in addition to Lara Pudwell and Rachel
Rockey work, for k-de Bruijn L-Arrays. In addition, we investigate group properties of the

shift functions of the new fillings.
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undi 1
unu (Introduction)

dmnfiansandidu 00010111 udmduavesdduiiazaueiifnfu azlddmfuianguans
Aflauenwindu 3 stmun 8 sUKkUU A 000,001,010, 101,011, 111,110 uag 100 (513¢0037
WAUaATesEIRUTuRneg TR BuFuTesd ) é'}ﬁm‘*ﬁuﬁﬁsm'jw §1#U de Bruijn Belaevily
Lsnmm“éfmmia%ﬁqﬁwé’uﬁLﬁmmmaﬁzﬂm {0,1,2,. —1} wﬂivﬂaumsamwasmmsn
n WA fiuansne i ImamﬁwaaLmavmﬂiwﬂgmawmma LazIs9s Senadudananiin
819U (k, n)-de Bruijn

818U de Bruijn Idsumsfinweagnanfernauazgninlutssgndldanuludusine fausins
Wamvueudluautanadsnisiauln dwsunisussgndldam édu de Bruijn annsaAnwLiy
WUANHAUATNUNYBS Diaconis Way Graham | mnlﬂmmﬂuwmm [1] wag [3] ladinns
Ngaldnavdaniu (k, n)-de Bruijn taue dmsunn k > 2 wag n > 2 waragilanau de Bruin 7
uanAsfuReuRsIuIY (K1) d1efu

Slelduand dhadinmansldverewnanuosdiu (k, n)-de Brujn W 2 37 &1 k > 2
wag m,n € Z* LLé’a%ﬁgU?imgammm m X n e kmn gULLUUﬁLL@ﬂ@'Nﬁ’u dmsur,s e Z+
(k,r,s,m,n)-de Bruijn torus ABDIY 7 X s ﬁuaaqgﬂLLUUﬁLLmﬂmqﬁuméwﬁﬁ%mm Taglsay
sUuuUTInguitssnilads Auid drudrevesensdfnfusumuasduuuresonssinfudiu
a19) ndeuluianaviililedn rs = b azdeaduass luunanu [4] Hurlbert wag Isaak 16
Wgaudnaed (k, 7, s,m,n)-de Bruijn torus @uelio r = s,m = n way rs — k™ aserelul
Jumeenewes (2,4, 4,2, 2)-de Bruijn torus

||| O
Ol |O | O

ol O || O
Ol ||+

Table 1.1: (2,4,4,2,2)-de Bruijn torus

Tuunay [5] Lara Pudwell uag Rachel Rockey lsvnis@nwlagfnazfiansangunsai
A & L4 a P Y 3 a gj 1 = %
L 7lu 21158 2 x 2 NauyuYuUeen LHenFunsea L duilvianun 3 e Fallgunsedia L
anua & JUBuUbaneneiu ieldumedaan {0,..., k — 1} wu &1 k = 2 azlagunssgud L
uans1aiuianie 2° = 8 JUwuu danandlunisadn 1.2 Tunddesnsmensdvunn k x k2 (aed
AMUGIERAATUAUYIUAL MUUURATUAIUET) AUTTIFUNTIFUM L Ausnsneiuionan &5 5U
WUy lngiusiagsuiuuyusingiiesnsauied awiena1sdaing1331 k-de Bruijn L-array 8479819



Y99 2-de Bruijn L-array LLaﬂﬂumiNﬁI 1.3

0 0

0 1 0 1] 1
1 1

olo 01 110 1]1

Table 1.2: nsify 23 Adululgvianun

010|110
Oj1(1]1

Table 1.3: 2-de Bruijn L-array

TunsduntdassiisnldussdumalaanmsAnwiunauaes Lara Pudwell was Rachel
Rockey 7il#fa3ns k-de Bruijn L-Arrays Ineldilaridunisidu f(r,¢) = s+re (mod k) Jsaonadas
fUsLng ¢ = sk + e dmSunshunidassildunsanuisnsiinuuulmidmdu k-de Bruijn
L-Arrays filuenuiioanunainuues Lara Pudwell waz Rachel Rockey 3nnlunintusiaznsia
aounuanTRIBngUvesnsidouvesilsidunmaiiuuuulvl

L

nnUsEAsAYaINITAUAIIBETE (objectives)
1. WeAnw1Isnsiinwuulndd sy k-de Bruijn L-Arrays

2. \WieAnwaudRganguvaanisideuvesilindumsianiuulng

YOULINVBINITAUAINDETE
sasAnwostum 2 x 2 Ingldilaidunmaiudelud
1. f(r,c) = s+re (mod k)
2. g(r,c) = —(s+re) (mod k)
3. h(r,c) = —s+re (mod k)
4. j(r,c) = s —re (mod k)

1g9N r ABWAD ¢ APADALY s ABMITINEDY WAY e ABYNAN MM INEDEVDIDNIO TIFDARADINU
AUNS

c=sk+e

wnlunitisvsfinmantizenlvesnisidouveafiandunisiiudiasiy



ad o a 4 Y a
BMIANLUNITAUAINDATE
1. Anw1n19iAn k-de Bruijn L-Arrays Iaelailsidu f(r, ¢)
2. AnwnautafsAtu g(r, ¢), h(r, ), j(r, ¢) wazgn1sideuvesilsntumanil
3. faaundiendu g(r, c), h(r, o), j(r, ¢) Wumaduwuuln wiensnsdiegrsusenau
Y

4. ﬁﬂmauﬁ’cﬁL%aﬂiﬂﬂuaaﬂﬂiL?iausuQQWaﬁ%’u f(r,c),g(r,c),h(r,c) wag j(r, c)

5. WHUAL WALATIIFBUANNYNADS

Uszlevunandnazlasuannnisaundndass (expected benefits and application)
1. la3snsluddmsunisi@u k-de Bruijn L-Arrays

2. fenaudilafieaduandidanguresnsifeuvesileidunisinuuulndilafn



uni 2

Y
124

=~ o e .
AUIWUFIU (Preliminaries)

2.1 816U de Bruijn

Uwumu 2.11 fsandduiidnnnaalan {0,1,2,...,k — 1} fivsznausieddudesaiy
617 1 TaLATLANANY (Li’]ﬁ]vam'mmauamaqmmuumasiﬁ“m;mmumaqmm ) Inefid1du
sJasJLLmaszﬁﬂgme‘mmmq 137192 BUNA1RUAINAINI 816U (k, n)-de Bruijn

#2984 2.1.1 Fa1sand1du 00010111 iaglddduiargiu 2 ffennuenaviniu 3 davn 8 5
WUy A 000,001,010,101,011, 111,110 tag 100

2.2 N138UNA

unfieny 2.2.1 Muualyd m Judwwduuin dmsu a,b € Z 38nani a aunaiu b ue
Ala m (a is congruent to b modulo m) WeuwNUAIEL a = b (mod m) 61 m | (a — b) HuAe
a—b=nk dmTVun k € Z lunsiifl o Waun1aiu b wenla m Weuwnume a Z b (mod m)

A

nauun 2.2.1 & a uay b Wudwudiileg alédn o = b (mod m) Adewledidruaudu k 7
M a = b+ km

NQURUN 2.2.2 61 a uay b Dudwanunduleg udd a = b (mod m) ARewle a wag b gNISAIE
m LARABLAIINAU

NQEfun 2.2.3 Muuali m Wudauiuias m > 1 dmsunn a,b, ¢, d € Z o
1) a = a (mod m)

2)0a=b (mod m
3 a=b ¢ (mod m
Ha=b d (mod m) W&l a +c=b+d (mod m)

(

( ) ka2 b =a (mod m

( ( )

( ( )

B a=b (mod m) kag c =d (mod m) Wad ac = bd (mod m)
( ( )

( ( )

( ( )

)
mod m ) ka2 a = ¢ (mod m)

mod m) lag ¢

Oma=b
7)1 a=0b (mod m) ka2 ac = be (mod m)

8) 01 a=0b (mod m) Ui a¥ = b* (mod m) d@wsuyn k € N



2.3 nyU

uniley 2.3.1 N3V (Group) Mungdeen G AUNTANIUNTNINA * WEULNUMEATUAU (G, *)
filandh 3 dosioluil

1. amﬁ’amiw?{aumjm NaIA0 a * (b* c) = (a*b) x c AMFUNNY) a,b,c € G

2. Msfilendnwal nanfo fle € G axe = a = e+ a dMUNNY a € G wFon e
Jendnuwallu G

3. nMsildnndfu nanfo nn a € G Azl b € G @3 axb = e = bxa aziBon b 96
NANUYDY a WEULVIUAIEY o'

A99819 2.3.1 fia1sa (Zy, +) WWungunseld damnsselull

+]/0 1 2 3
0/0 1 23
111230
212301
31301 2

£

9nM15993 1090 (Zy, +) Hungy Tufe (Zy, +) ﬁauﬁ’amﬂﬂ?{aumju 5l 0 1Juandn
wnanwal & (0] = [0], [1]7" = [3],[2] " = [2] wag [3]7' = [1]

unilen 2.3.2 i (G, ») Jungy azBendunuauiniiunees G 91 sudu (order) 109 G
wazdauunume |G| 61 G Juwediin azden (G, ) 31 nguddia (finite group) wazdl G
< LY (3 a ! L (3 . . .

Wuwnauun azi3en (G, *) 11 n3UsUUA (infinite group)

untlew 2.3.3 1 G Jungd waz a € G AMmuasdudiu (order) 199 a ABIIWIUANUIN 1 NEN
“qmﬁﬁﬂﬁ a" = e winlfiTnuhufnan wBenin o Joudveud(infinite order) wagld

Foyanwal |a| WNLBUAUVEN a
A19819 2.3.2 91nF9819 2.3.1 azwiuan 0] = 1, |[1]] = 4, |[2]] = 2 wes [[3]| = 4

nguiun 2.3.1 1 G Wungl uae a € G awlan S = {o € G| 2 = o*, 3k € 2} JunjUdesd
@nfianves G U35y a

unllew 2.3.4 W G Wungd uaw a € G 9wBen S = {o € G| = = o, Ik € 2} Falunjudes
999 G lunguiiun 2.3.1 91 nyudesdndns(cyclic subgroup) ve3 G il o \Jusanenuin
(generator) wazWeununilgas S AINa1IMeY (a) HuAo

={z € G|z =d" 3k cZ} way (a) Junjleosves G

=

unilenu 2.3.5 1% G L‘U‘Uﬂi‘ﬂ wienI G Lﬂummmﬂs (cyclic group) f Arodlo dac G
G=(a)={reGla=ad"3keZ}

A79E14 2.3.3 916019 2.3.1 Wungdindnsiill 1 waz —1 Wuinenuie



uni 3

Nan1sAne® (Main Results)

¥ Y
v A vy ¥

lunsAuadaseassilgauniilavinisfnwisnsuwuulsddmsy k-de Bruijn L-array 713l
wonNwtleNMTRNMETHINTY f(r,c) = s + re (mod k) Wipuvsfigauuazendiegsseney
anaAnwandRgangUreINiowasilindunsiunlavinn1sfing Awieluil

3.1 WendunsLiu

3.1.1 WeAdunsiiy ¢
Wk > 2 915001 S99U1n &k X k2 MAUAATLLDY r hasaslvan ¢ o9l r =
0,1,2,....k—1uag c=0,1,2,..., k2 — 1 \na?

c=sk+e
o 0<s<k—1uaz0<e<k—1aolazienuilaidunmsiu ¢ lned
g(r,c) = —(s+re) (mod k) (3.1)

e muilndewdlons — (s + re) ¢ k 081wy auNAdn k = 4 uaslsdeanisiam
g(2,13) losan 13 = 3. 4+ 151390 r =2,c=13,s = 3,e = luay g9(2,13) = —(3+2-1)
(mod 4) =3

neluazilufegianisiiiu 2-de Bruijn L-array , 3-de Bruijn L-array wag 4-de Bruijn
L-array in91naun1s (3.1) fauandlunnsiedt 3.1

0122|2111
0]1]1
1
110
oOj11212101/1
010101033 |3|3|2(22|2|1|1|1]1
0|3(2|1|3}2|1|0]|2(1/0[|3|1(0|3]2
0112|0231 |3|1(2|0(2]0]1]3]1]3
oOj1(2|3|13|0112(2|3(0(1]1}12]3]0

Table 3.1: 2-de Bruijn L-array , 3-de Bruijn L-array Wa¢ 4-de Bruijn L-array



HAN1IANYIRHINTUNITAY g uanslaramguliun 3.1.1

naufun 3.1.1 lnen1siiuen g(r, ¢) luuandl r waznany ¢ luesduuin k x k2 agshlvina

k-de Bruijn L-array

gl Forsanensefifaun k x k2 Ined g(r, c) agluund r ndn ciuﬂflswmumw{]wu 157

{;]JENLLﬁ(ﬂﬂﬁmu%Wﬂ'ﬁLﬁiﬁﬂ@n L ﬁ@ﬁiﬂ%@ﬂium%mu\‘mLLG]ﬂG]']\‘iﬂWU@\‘iEJ’]LiEJu‘ULLG]ﬂG]’]\‘iﬂ‘L!

AUURALA

ai

by | dy

L‘Uuaaaiﬂmam L mas’iummmmmmmmu Wuladnan o

a2
by

by

da

01 ay # ap W30 by £ by WAINTTLAY

BT UANANSTY FIUTIEULAI ag = ap = a 4T by = by = b 15 FesNansldiu 4 2 dy
AUNAI @) ogluuAd 7 N ¢ 108 ¢ = sk + e wae ay dgluwnd R vidn O lag C = Sk + E i

lUeglansin e = E way r # R

dmsunsiigad e = Eamn c=sk+euag C = Sk+ E

15047 a = ap=g(rc)=
b = bi=gr+1,c) =

—(s+ (r+1)e)

—(s+re) (mod k)

(mod k)

(mod k)

platiu a—b = [—(s+re)+[s+ (r+ 1)e
= e (mod k)
ey a = ay=g¢g(R,C)=—(S+ RE) (mod k)

Fratiu a—b = [-(S+RE)]+

= E (mod k)

N (3.2) wag (3.3) faty e = B
polUazuansdn r #£ R lngauudln r = R
NN a; =
g(r.c) =

—(s+re) =

—(s+r1e) =

—(s+re)

-5 =

s =

WQ‘UNS—SL‘UBQQ’]ﬂO<S<k3—1LLauO<S</{:—1(§l@1‘U

as

9(R,C)

—(S+(R+1)E)
S+ (R+1)E]

(mod k)
(mod k)

—(S+ RE) (mod k)
—(S+ Re) (mod k)

—(S+re) (mod k)

—S  (mod k)
S (mod k)

177



NN c = sk+e
= Sk+e
= Sk+ FE
= C

ety ¢ = ¢ iindadhuds iWosmnauuigiui nadu L luwasadedaseglusumisdiunansis
AU ns1zazi +R
seluilisnasiansand e deansdl Ao e = k — 1 uay e # k — 1 Ineflisazfosuandly
WU dy # do
ASEIT e = k — 1 994@nd1 s £ S duuRli s = S
NN
ap = g(r,c)=—(s+re) (modk)=—(s+r(k—1)) (mod k) (3.4)
as = g(R,C)=—(S+RE) (modk)=—(S+R(k—1)) (mod k) (3.5)

109970 a1 = a2 0 (3.4) uaz (3.5) gl

—(s+r(k—=1)=—(S+ R(k—1)) (mod k)

—(s+rk—1)=—(s+ R(k—1)) (mod k)

—r = —R (mod k)
r=R (mod k)
dewwn r = R (mod k) uansih r = R feffadadedaundstu r £ R
Jansoagulain s £ S
MNTERNTAN dy way dy e dy agluuad r + 1 vidn ¢ + 1 Tnefl c+1 =

k(s + 1) + 0 wag dp agluiad R+ 1 vien C+1lefl C+1=k(S+1)+0
NN

di=g(r+1lc+1) = s+14(r+1)(0)) (mod k)

—(
= —(s+1) (mod k) (3.6)
dy=g(R+1,C+1) = —(S+1+(R+1)(0)) (mod k)
= —(S+1) (mod k) (3.7)

WA dy # do @NLAW dy = do 900 (3.6) waE (3.7)
wld  —(s+1)=—(S+1) (mod k)
—s =-S5 (mod k)
s =S (mod k)

o990 s = S (mod k) WaAsIN s = S AIUUINAATOTALEIAUNIT 5 # S
AT dy # dy



Aeifi e £k — 1

AUUALA e #£ & — 1 9wled1 d; agfluued 7+ 1 vdn ¢ + 11087 c+1 = sk+ e+ 1 wag dy gl
WM R+1wdn C+1lefi C+1=Sk+E +1

M g(r,c) = —(s+re) (mod k) =a

azle di=g(r+1lc+1) = —(s+(r+1)(e+1)) (modk)
= —(s+re+r+e+1) (modk)

= a—(r+e+1) (mod k) (3.8)
do=¢g(R+1,C+1) = —(S+(R+1)(e+1)) (mod k)

—(S+Re+r+e+1) (modk)
)

= a—(R+e+1) (modk (3.9)

WA dy # do AUNAW d; = dy 970 (3.8) waE (3.9)
wld a—(r+e+1l)=a—(R+e+1) (mod k)
—r = —R (mod k)
r =R (mod k)
e r = R (mod k) uanein r = R feuSadndedaudatu r # R
Faihu dy £ d

3.1.2 Wangun1ssy A
Wk > 2 f91500191599UR k X k2 MVAUARIRLAD r WAEAINaN ¢ o9l r =
0,1,2,...,k—1uwar c=0,1,2,..., k2 — 1 lng7

c=sk+e
fo0<s<k—1luaz0<e<k—1saolazdemilssdunsidy r lned
h(r,c) = —s+re (mod k) (3.10)

e Wufimiolems —s + re fe k F0819WU dUNAT b = 4 waziFeINTAIUIN
M&B)ﬁmmﬂB=ﬂ-4+um%ﬁr:2m:1&s:&e:1MSMZKD:—3+24
(mod 4) =3

poluazidusiegnansiiy 2-de Bruijn L-array , 3-de Bruijn L-array &g 4-de Bruijn
L-array Ftin9naunis (3.10) sauanslunisnsd 3.2



0 2|1 1

0]1]1
11210

110
oOj2111211/0|1 2
010[0]0|3|3|3|3|2|2|2|2]1]1]1]1
Oj1(2|3|13]0112(2|3(0(1]1]2]3]0
0112|0231 |3|1(2|0(2]0]1]3]1]3
0132|132 |1|0]|2(1/0[|3|1|0|3]2

Table 3.2: 2-de Bruijn L-array , 3-de Bruijn L-array Wa¢ 4-de Bruijn L-array

HANSANWVRIATUNITHAY h wanalafmguiun 3.1.2

10

NOEUN 3.1.2 lnen1siiuan 2(r, c) Tuuadin r waevdni ¢ luonsduun k x k2 agviliiin

k-de Bruijn L-array

gl Ansanensdnivun k x k2 e h(r, ¢) agluian r van ¢ Tunsiigainguiunt 1o

éfaqLLamﬂﬁLﬁudmmaugU@h L apsguiieglumuvisnuanseiuresonsdtuunnsineiu

AR A

ai

b

dy

L‘Uuaaaiﬂmam L mas‘iummmmmmmmaﬂu Wuladnan o

a2

bbele

by

da

01 ay # ap W30 by # by WAINITLAY

WAL UANANSTY FITUTIEUNAI ag = ay = a 4T by = by = b 15 Fesuanslidiu 4 2 dy
AUUAI ay ogluund 7 N ¢ 108 ¢ = sk + e wae a, dgluwnd R vidn C oy C = Sk + E e

ozuansin e = Ewas r # R

dmsunsiigad e= Eamnc=sk+euag C =Sk + E

NI a = ay=h(r,c)=—-s+re (mod k)
b = by=h(r+1,¢)=—-s+(r+1)e (mod k)
Saty b—a = [-s+(r+1)e)—[-s+re] (mod k)
= e (mod k)

Lay a = =h(R,C)=—-S+ RE (mod k)

b = by=h(R+1,C)=—-S+(R+1)E (mod k)
sl b—a = [-S+(R+1)E)] —[-S+RE] (mod k)

= E (mod k)

970 (3.11) waz (3.12) Fofu e = E

(3.11)

(3.12)
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FolUILUERNIIN © #£ R lnwduufli r = R

RRERIY 4 = ap
h(r,c) = h(R,C)
—s+re = —S+RE (mod k)
—s+re = —S+ Re (mod k)
—s+re = —S+re (mod k)

—s = =S (mod k)
s = S (mod k)

MU s = S eI 0<s<k—1uaz 0< S <k—1solagigauinc=C

NANTEUN c = sk+e

= Sk+e
= Sk+FE
= C

fatiu ¢ = O indodauds Wosnauuigiud madu L Tuwiozasiiosoglusumisiiuansns
Ay msizayii 4R
seluiiisnazfiansandi e @eansd Ao e — k — 1 uaz ¢ £ k — 1 Ingiisnazdouandly

WU dy # dy
N7 e = k — 1 994AA3 s £ S AUNRl s = S
N5

a; = h(r,c)=—-s+re (modk)=—-s+r(k—1) (mod k) (3.13)

az = h(R,C)=-S+RE (modk)=-S+R(k—-1) (mod k) (3.14)

flosan a1 = ay 90 (3.13) waz (3.14) azlei
—s+rk—1)=-594+ R(k—1) (mod k)
—s+r(k—1)=—-s+ R(k—1) (mod k)
r =R (mod k)
\deswn r = R (mod k) uanein r = R deiuSadadedaudatu r # R
Jansoaguladn s £ S
MNTUSERNTAUN dy way dy A dy agluund r + 1 vidn ¢ + 1 Tnefl c+1 =
k(s + 1) + 0 wag do agluiad R+ 1 vien C+ 11087 C+1=k(S+1)+0
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W8N
di=h(r+1,c+1) = —(s+1)+(r+1)(0)) (mod k)
= —(s+1) (mod k) (3.15)
dy=hR+1,C+1) = —(S+1)+(R+1)(0)) (mod k)
= —(S+1) (mod k) (3.16)

WNGANUN dy # do AUNA d; = dy 900 (3.15) Wae (3.16)
wld  —(s+1)=—(S+1) (mod k)
—s =-S5 (mod k)
s =S (mod k)
dewn s = S (mod k) wanei1 s = S fuusuindedaudeiuiti s # S
St dy # ds

nseifl e £k — 1
AUNA e # &k — 1 agledn d; ogluwnd r + 1 van c+ 11007 e+ 1= sk+e+1uay ds gty
W R+ 1N C+ 11087 C+1=Sk+E+1
900 h(r,c¢) = —s+re (mod k) = a
azlel di=h(r+1l,c+1) = —s+(r+1)(e+1) (modk)
= —s+re+r+e+1 (modk)
= a+r+e+1 (modk) (3.17)
dy=h(R+1,C+1) = =S+ (R+1)(e+1) (mod k)
= —S+Re+r+e+1 (modk)
= a+R+e+1 (modk) (3.18)

WU dy # do @NLA dy = dp 20 (3.17) Uae (3.18)
wld a+r+e+l=a+R+e+1 (modk)
r =R (mod k)
deswwn r= R (mod k) uansih r = R fefufadadedaundsiu r £ R
otk dy £ dy
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3.1.3 WengunsiAY j
W E > 2 9150019159900 k X k2 MUAUAAYRLAD r WagAIRan ¢ o9l r =
0,1,2,....k—1uag c=0,1,2,..., k2 — 1 laag?

c=sk+e
o 0<s<k—1uaz0<e<k—1noluazdomilesdunsiiu j Tnedi
j(r,c) =s—re (mod k) (3.19)

e iwuiindoidlons s —re fe k feghaty auuidn k = 4 wasisdean1senuam 5 (2, 13)
{09911 13 = 3-4+ 1 5139l¢ 7 = 2,c=13,s=3,e=1ua% j(2,13) =3—2-1 (mod 4) =1

soluazilusiegnansiiy 2-de Bruijn L-array , 3-de Bruijn L-array &g 4-de Bruijn
L-array MARIINANNTT (3.19) Fauandlumnansd 3.3

0j0j0|1|1|1]2|2]|2
0]1]1
2/1(11012(2|1/|0
110
112]1]2(0]2|0]1
ojo0(o0jo1j1j1(1(2|2}2|2(3]3|3]|3
0132(2|1(1]0[3(2]2|1]0[|3[3]2|1]0
012(0(211(3]1|3]2|02]03|1|3]|1
011(2|3(1}2|3(0]2|32]0|1(3]0|1]2

Table 3.3: 2-de Bruijn L-array , 3-de Bruijn L-array & 4-de Bruijn L-array

HaN13ANYIveHINTUNISAY j uanaladmguiun 3.1.3
nauRun 3.1.3 lagmaiiud j(r, c) Tunad r uazvdndl ¢ luosdvunm k x k2 agviiliiia
k-de Bruijn L-array
gl fsanesefidown k x &2 Wnefl j(r, c) agluund r vidn ciumiwaaquwgwu 157
Aosuandliliuinnisiiuguss L aa\ﬁ‘dwaasl,umLmuq‘wmemmuﬁuaamLsauuLmﬂmmu
ALURAL

a1 Q2
Ll
by | dy by | dy

Duaesgunsei L ﬁagi’[,uﬁ%mmﬁummmﬁu WULATRIN 81 a1 # ap 138 by # by WAINTSLAY
AT RLUANANITY FITUSSENIRT ap = ay = a UaY by = by = b i5Fesuandliiiui d # d,
AUNAI ay ogluKAd 7 N ¢ 108 ¢ = sk + e kae ap dgluwnd R vidn C oy C = Sk + E e
lUazuansin e = E uag r # R
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dmsunsiigal e = Eamnc=sk+euag C = Sk+ E
NI a = a;=j(r,c)=s—re (mod k)

b = bh=j(r+1,c)=s—(r+1)e (mod k)

ANUU a—b = [s—re]—[s—(r+1)e] (mod k)
= ¢ (mod k) (3.20)
g a = ay=j(R,C)=8—RE (mod k)

b = bb=j(R+1,0)=S—-(R+1)E (mod k)

S a—b = [S—RE)—-[S—(R+1)E] (mod k)
= F (mod k) (3.21)

970 (3.20) waz (3.21) Fofu e = B

AolUILUERNIIN r # R laauudlv r = R

NATAUN ay = ap
j(r.c) = j(R,C)
s—re = S—RE (mod k)
s—re = S—Re (mod k)
s—re = S—re (mod k)

s = S (mod k)

Al s = SRR 0 < s <k —1uaz 0 < S <k — 1 siolUagiigaudn c = C

NN c = sk+e
= Sk+e
= Sk+FE
= C

ey ¢ = ¢ iindedauds Wosmnauuigiui nadu L lusasadsdeseglusumisdiunansis
Ay mszayii £R
seluiiisnasiiansand e @eansdl Ao e = k — 1 uaz e # k — 1 Infisazfouandly

WU dy # do
ASEIT e = k — 1 99uandn s £ S duuRli s = S
N5

a; = j(r,c)=s—re (modk)=s—r(k—1) (mod k) (3.22)

a; = j(R,C)=S—RE (modk)=S—-R(k—1) (mod k) (3.23)
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flosan a1 = as 310 (3.22) way (3.23) azlei

s—r(k—1)=S—R(k—1) (mod k)

s—r(k—1)=s— R(k—1) (mod k)

—r = —R (mod k)
r =R (mod k)
deswn r = R (mod k) uansih r = R dehufadadedaundstu r £ R
Jansoagulain s £ S
MNTUERNTAN dy way dy e dy agluund r + 1 vidn ¢ + 1 Tefl c+1 =

k(s + 1) + 0 wag dp agluiad R+ 1 vien C+1laefl C+1=k(S+1)+0

NA15EUN
di=j(r+1lLc+1) = (s+1)—(r+1)(0) (mod k)

= s+1 (mod k) (3.24)
d=j(R+1,C+1) = (S+1)—(R+1)(0) (mod k)
= S+1 (modk) (3.25)

WA dy # do @NLA dy = dp 90 (3.24) Uae (3.25)
@y s+1=S5+1 (mod k)
s =S (mod k)
dewn s = 5 (mod k) wanein s = § FiuSuindedaudaiuiii s # S
St dy # dy

nseiT e £k — 1

AUURALA e £ & — 1 98le91 d; agluuad r + 1 ndn c+11p87 c+1 = sk+e+ 1 uag dy aglu
WM R+1wdn C+ 1Al C+1=Sk+E +1

M j(r,c) =s —re (mod k) =a

azle dy=j(r+1,c+1) = s—(r+1)(e+1) (mod k)

s—re—r—e—1 (mod k)
a—r—e—1 (mod k) (3.26)
dy=j(R+1,C+1) = S—(R+1)(e+1) (mod k)
S—Re—r—e—1 (mod k)
= a—R—-e—1 (modk) (3.27)

WA dy # do @NLNA d; = dy 900 (3.26) Waw (3.27)
wlh a—r—e—1=a—R—e—1 (mod k)
—r = —R (mod k)
r =R (mod k)
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Wes1n 7 = R (mod k) Wand r = R AUUINAATTALENAU r # R
AT dy # dy

3.1.4 fertunmsidou
PnMsigilandunisidia £(r,c), g(r,c), h(r, ¢) uag j(r,c) vnliiin k-de Bruijn L-
array sty aridunmsideuvesileidusinandresiuriiliin k-de Bruijn L-array fewguiiy
unfeny 3.1.4 Asanileddu £, g, b uay j 5asdeouiaddunisideuniuned e n unusiuny
nsdevluusazads fasoluil
flr,c) — @;") (r,c) =s+ (r+n)e (mod k)

fined1e 3.1 feidudounad f(r,c) Nk =3

0Oj|0f1]1(1]2]|2]2
11210120
2111110121210

Table 3.4: CI)EP) (r,c) = s+re (mod k)

Oj1(1]1]2]2

2111110121210
1 2
11210

Table 3.6: @;2) (r,c) = s+ (r+2)e (mod k)
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0Oj0f1]1(1]2]|2]2
112
012(1]1]0]2|2]1]0

Table 3.7: @503) (r,c) = s+ (r+3)e (mod k)

v

Fadunn wawiiulddr 0 (r,c) = 1 (r,c) = f(r,¢)

unienat 3.1.5 Aensaniledtu £, g, b way j i5nesdenuilitunisideuniandn e n uwnuswau
nadouluusazas figonndeaiuaums ¢ +n = sk + ¢ duwteluil
f(r, c)—)A(”)( ¢) =s+re (mod k)
g(r.c) = A (r ¢) = —(s +re) (mod k)
h(r,c) = A" (r,c) = —s +re (mod k)
jlr,e) — A (r, ¢) =s—re (mod k)

'
a

g9 3.2 fertudeundn f(rc) ik =3

010

(@)
—_
—
N
N
N

21111101212 |1/0

Table 3.8: A;O)(r, c) =s+re (mod k)

211(1101212]1|01]0

Table 3.9: Agcl)(r, c) =s+re (mod k)

11012]211]0]|0|2

Table 3.10: A?) (r,c) =s+re (mod k)
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0Oj0f1]1(1]2]|2]2
112
012(1]1]0]2|2]1]0

Table 3.11: A;g) (r,c) = s+ re (mod k)

o/

Fodann imawiiulddr AP (r,c) = AP (r,¢) = f(r,¢)

3.2 auUAengUvaIN1siaauYasen Uiy

3.2.1 audAdeangUvaslandunsidauniuuag
untled 3.2.1 19 Gy = {®), @}, ®2,..., k11 lie 0 = £, g, h, j 151astieny « vu G lng
Ol x ) = o (%)

A29819 3.3 G = {99, ), 3, O}

®%(r,c) = s+re (mod k)

@}(r, c) = s+ (r+1e (mod k)

®i(r,c) = s+ (r+2)e (mod k)

®i(r,c) = s+ (r+3)e (mod k)
(131}_2(7‘, c) = s+(r+k—2)e (mod k)

CD’}_I(T, c) = s+(r+k—1e (mod k)
nguiiun 3.2.1 G, Wunguneldnisaniiunis () o0 =fq.nj

4 LY

QYRR D GRIGRVEIRAR F

9

1. awdAnsiUdeungy
TRRETVY Oy * (D + @p) = @px "
q)?;rjﬂ
= <I>g+j * O,
= (@) * Dp) * P
ol Hlerdumadoumuunilaudinisuasungy

2. @uufn1sienanwal

wlanan O Wulenanual Aaliu @) « BY = &0 = di = I = §Y « B}
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3. auUAnsidnniu
A &) € Gy xlansin &8 [Wudwnduves &)
Fathy @« P71 = B = B9 ugy O x B = BI I = @Y
Fodanm 1519219l G, 1Wunguiginsiid &) \Jushdeduin
3.2.2 sutiABangUvasiledtunisidaunuvan
unilenu 3.2.2 19 Hy = {A), A}, A7, ... Ab~1} dlo 0 = f,g,h, j 159w « vy H g
AN = AL (%)

A29en 3.4 Hy = {A9, A} A% AT}

A?(r, c) = s+re (mod k) ; c=sk+e

Aj(r,e) = s+re (mod k) ;. c+l=sk+e

Ai(r.c) = s+re (mod k) ;. c+2=sk+e

Afc(r,c) = s+re (mod k) ;7 c+3=sk+e
A’;’Q(r, c) = s+re (modk) ;. ct+hk—2=sk+e
Ai ' (re) = s+re (mod k) . ct+k—1=sk+e

nQufiun 3.2.2 Hy Wungunigldinisaiiuns () o0 =fqh,j

nsngaulauaudAdingy

1. audin1siUdeungu
Abx (A« ALy = Abx AJT

i+j+l
Ay

NANTU

_ A AL
= A7 x Ay
= (AjxAg) Ay
Aty fandunisideunuraniautinisiudsunay
2. auAnIsienanyal
azuanadn A Wuenanwal Aty Al « A) = A0 = AL = AGH = AD % Aj
3. auUANISUAINNALY
T4 A} € Hp azuanain A2~ udmnduves Aj
AT AG * ApT = AGFT = A uag ApT x Ay = AT = A)

o/

Fadann waziulddn Hy Wungddngdnsnd A} WWudinenie
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a3Unan1sAnw1 (Conclusion)

¥
=

lunsruaddasyililingussasd Ae WisfinwIsnsiiiuwuulvddmsy k-de Bruijn L-Arrays wag
\efnwantAdanglveansifeuvesilsidunisiiuwuulvg Faanunsaasuranisinuila el

1.99nA13ANIIENSPNWUUIVLEMSU k-de Bruijn L-Arrays vinbisilaiengunisiduiuule
d5U k-de Bruijn L-Arrays Tidenndasiuiladdu £(r, ¢) Wanue 3 ey Ae

1) g(r,c) = —(s+re) (mod k)

2) h(r,c) = —s+re (mod k)

3) j(r,c) = s —re (mod k)
Toedl r fiaund ¢ Aoredutl s Aomsades way e AondnlunsIosue101sd Tdonndadfy
WAtu f(r,c¢) = s +re (mod k) el
WeAgunsidy g(r, ¢)

Hendun1siiu g(r, ¢) Wunsdulaeldnsiiudunesalu z, = {0,1,. .., k — 1} vesilendu
MSEN f(r, ¢) MDYITU auNfin k = 3 wazlsidesnisaiined f(1,2) wag g(1,2) azlainlu
fuvtaieafutius e f(1,2) =2 uaz g(1,2) = 1 losan Zs = {0,1,2} 1 [0 =
0], [1]7 = [2] wag [2)7t = [1] Fauanslunnsnedl 4.1 wag 4.2

oOjo|1]1|1112|2|2
112
21111]01212]1]0

Table 4.1: 3-de Bruijn L-array by f(r,c)

0 2 1
21 1 2
2121011

Table 4.2: 3-de Bruijn L-array by g(r, ¢)
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Wengun1siiu A(r, c)

Hendun1sidu a(r, ¢) Wunsaduiunsesnsugesvesnsidulaeldieddu f(r, ¢) nam
AOuUIONSEIWA k x k2 90ndumsegen s, 51, . .., e 1 WEIESUANTINEDY 5 UAT 5,1 WD
i€ Zy=1{0.1,... . k—1} fuansdumsedi 4.3 uay 4.4

S0 S1 S9

Ojo0f1]1]1(f2]2]2
1121020
2111110121210

Table 4.3: 3-de Bruijn L-array by f(r,c)

S0 52 S1

0j0f2}2|2]11]1|1
2/0(111]2
0Oj2(112|1}]0|1/0]2

Table 4.4: 3-de Bruijn L-array by h(r, c)

WeAgun1si j(r, ¢)
Herdunsidia j(r, ¢) Wunisaauiaivesensdiinanmsianlagldlesddu f(r, ¢) nande
ATULDY 7y WAY 71 AuARSlUMITI9N 4.5 ez 4.6

olol1l1l1]2]2]2] r
1{2(0l2l0|1| m

2111110121210 r

Table 4.5: 3-de Bruijn L-array by f(r,c)

ol1(t]|1)2]2]2] r
1{of2]2)1]0] m
2112020 1|n

Table 4.6: 3-de Bruijn L-array by j(r,c)

2 nMsfnwandidenivveansitewvesilendunisiniuulug vinlismgeiunveanisiteu

o o & o . = v P
AIULABZNITRDURIUNANVIINNTY f(7, ¢), g(7, ¢), h(r, ) wag j(r, ¢) wazdanuilaie)
AuantimenyUvaailanduilafnw nanfe MIdeUMINLaILEE NS EOUAINMEN VBITlIATY
f(r,e), g(r,c), h(r,c) waz j(r, ¢) Junsdindnsilsudu &
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Abstract

This independent study is motivated by the paper of Lara Pudwell and Rachel Rockey entitled
“de Bruijn Arrays for L-Fillings”. In that paper, the authors construct k-de Bruijn L-Arrays by using
the filling function f(r,c) = s+re (mod k), corresponding to the equation c=sk+e. In this work, we
find new fillings, in addition to Lara Pudwell and Rachel Rockey work, for k-de Bruijn L-Arrays. In

addition, we investigate group properties of the shift functions of the new fillings.

Introduction

k-de Bruijn L-array

N

In this work, we consider an L-shape that is, a 2 x 2 array with the upper right

corner removed. Since the L-shape has three entries, there are k* fillings of the

AMAY2X2 | with digits from {0,....k —1}. We wish to find a k x k? array (with the left
side glued to the right side and the top glued to the bottom) that contains each
of the k? different L’s exactly once. we call such an array a k-de Bruijn L-array.

L-shape

Example of k-de Bruijn L-array

Some L-shape , k=3
0]
[0]1

Z]1

3-de Bruijn L-array by f(r,c)

New filling functions

g(r,c) s + re) (mod k) sk+e

For example, suppose that & = 3 and we wish to compute

9(1,3). Since3=1-3+0,wehaver =1,c=3,s=1e=0, ofz2]1[M1]o]1]o]2
o1]2]2]o]1]1]2]0

and g(1,3) = —(1+1:0) (mod 3) =2

h(r,c) =-s +re
h(1,3) = 2
For example, suppose that & = 3 and we wish to compute
o [o[o]2 2111
h(1,3). Since3=1-3+0,wehaver =1,c=3,s=1,e=0, ol1|z|2]of1]1]2]0
o [2]1]z[1]o]1]0o]2

and h(1,3) = (-1+1-0) (mod 3) =2

For example, suppose that & = 3 and we wish to compute

ofofo]1 1]2]2]2
j(1,3). Since 3=1-3+0,we have r = 1,c = ol2[1[1]0]2]2]1]0
o [1]2]1[2]o]2]0]1

and j(1,3) =(1—1-0) (mod 3) =1

3-de Bruijn L-array by j(r,c)

The shift functions

Definition 1 Consider functions f, g, h and j, we define the row shift functions, where n

is number of shifts at a time as follows.
f(r,¢) = @(r,c) = s + (r + n)e (mod k)
g(r,c) = 5 (r,c) = —(s + (r +n)e) (mod k)
h(r,c) = & (r,c) =

—s+ (r+n)e (mod k)
j(r.c) = ®"(r,c) = s — (r +n)e (mod k)

Faculty of

Chiang Mai University

CHIANG MAI UNIVERSITY

The shift functions
Definition 2 Consider functions f, g, h and j, we define the column shift functions, where
n is number of shifts at a time, corresponding to the equation ¢ +n = sk + e as follows.
frye) = A(j“)(r, ¢)=s+re (mod k)
AP(r,¢) = —(s +re) (mod k)
(

g(r.c) =
h(r,c) - A
(r,c) =

r,c) = —s+re (mod k)

)
j(r,¢) = A% (r,¢) = s — re (mod k)

Example of the shift functions

The row shift functi (r,c) where 3
2[1]2

ofofoJ1]1]1]2]2]2 0|1 o2]o]1 of[2]1]1]o[2]2]1]o0
o[1]2[1[2]o]2]0]1 ol2[1]1]o]2]2]1]0 ofofof1]1]1]2]2]2
o[2]1]1]o]2]2]1]0 ofofo1[1]1]2]2]2 o[1]2]1]2]o]2]0]1
®(r,¢) = s +re (mod k) @(r,c) = s+ (r + 1)e (mod k) B (r,¢) = 5+ (r+2)e (mod k)

Group properties of the shift functions

Definition 3 Let Gy = {®), ), 3. ..., 5!} where 6 = f, g, h, j. we define x on
G that is

@+ B = B}
Theorem 1 : Gy is a group, under an operation * where § = f, g, h, j.
Definition 4  Let Hy = {A, A}, A3,..., A5~"} where 8 = f,g,h, j. we define x on
G that is

Ap# A) = A

Theorem 2 : Hy is a group, under an operation * where 6 = f. g, h, j

Conclusion

(r,c)

[oJoJo[1[1[1]2]2]2] [oJoToJ2]2]2]1]1]1

[oft2|1]2]0o]2]0]1| ——— [O[T[2]2[0[1|1[2]0

[of2]1f1]o[2]2]1]0] HARARNRALER
0

The fillings using the inverse of row in Z;
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