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Abstract

In this independent study, we study the relationship of 4 x 4 matrix representations of
imaginary units of quaternions and the 4 x4 Pauli matrices and form a group generated by

theses matrices. We show that all subgroups of this group are normal subgroups.
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Uil 1

Unu1 (Introduction)

INNTLUIUITN 206390 AUNUINAMAAIEAS (Seminar in mathematics) 157 lA¥INTSENEN
UNAUNAENAIERS IWITDIT0IN15AT1NFUMBLUNTNG 4 x 4 (Forming groups with 4 x 4 matrices)
[1] I aANEAMUFUNUSVRUUNINGNDAA 4 x 4 TUIVSND 4 x 4 VDINUILIUNNINVDIAIDWND

Wewluguuuunils

[

WNSNEWeaa (Pauli matrices) ABMININDG 2 x 2 INUIU 3 WNINGADe1UAIT
001 0 —i 10
a_(1 o)' b_(i o)' C_(o —1)
187 i AONUIBIUANIW (imaginary unit) VBT IUIUTITDU
WINSNENETADAARINUANUFUNUS a? = b2 = ¢ = I 18 I ABLUNSNDENANEA 2 X 2 LAZADAAADY

(%

fuANUALNUSLaURADUTING (anticommute) #ail

bc = —cb =ia
ca=—ac=1ib
ab = —-ba =ic

PITUNUNIND ia, ib WAT ic IDIAN i ﬁaﬁa@mamm%mmLw%ﬂeﬁwaaﬁ AINUIIFNUITOARUNNULHAY

LlWl‘%ﬂsZ? a, b, 0151’ ﬁuﬁa ia = ai, ib = bi, ic = ci

Padunalunguiuiudatouna1iii [2] Suudstounall x + yi 10e x,y € Rausalieu

X — A ° a v v . . [
wnulalugy (y xy ) NAABLYRNYDITNUIUTITOU (x + yi : x, ¥ € R} @UFUFIU (somorphic) AU

x -y

y x ):x, y € R} dsdusanansa@ouunu o, 1, -1, i wag —i \Duwving 2x 2 14

YDAUNING {(

v v

ANUAIA U I

o G G %) G o) G



[

WIolNUadlULLNSNGN0aa a, b Way ¢ LIANINTINDAR 4 x 4 U AU

0010 0 0 0 1 10 0 O
o 0 0 1 o 0o -1 0 o1 0 o
A_1000‘ 3_0—100‘ 6_00—10

0100 1 0 0 0 00 0 -1

s = . @ o A A I |
AIBLYBILUYU (Quaternion) Lﬂummumaqiugﬂ p+qh+rj+sk WeN h j, k \Uuniie
FJUANIN TI A2 = j> = k> = =1 UAE p, q, 7, s € R lagisransalisuunuatamasideulusdumindg
4 x 4 lavangguuuy Tuunenutisaulanas@nuimunuaminduesramesilley p + qh +1j + sk

Tusy

p —q —r -=s
q 1% S r
r -=s 1% —q
S -r q 1%

€

FIUULSIEN TS ULNUNUIEIUANIN b, [ WAY k AIELUNIADT 4 X 4 AIUEIAUAIL

0 -1 0 0 0 0 -1 0 0 0 0 -1
(1 0o 0 o [0 0o o 1 (o 0o 1 o0
H=lo 0o 0o =1 J=\1 0 o o K=1o -1 0 o

0 0 1 0 0 -1 0 0 1 0 0 0
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Y
v

AUSNUFIY (Preliminaries)

unileny 2.1 wsndianéneal (identity matrix or unit matrix) Asn3ndnuwesyuiamnIntuiug

nueaamandu 190 wagaunTneuniadudu o 151914 1, unuuvindiendnual n x n wazazlean

o

Al = I,A = Alpe?l A \Juavisnddnsa n x n 19y

SO O R
[ RN )
[l e )
== =)

o

unfleny 2.2 W 4 UuamEnddnsa n x n dfwEnd B\ Juam3nddnda nx n S9ili 4B = BA =1,
WA19zL38N B 11 AINNKU (inverse) Y0vIINg A
unieny 2.3 wsndaaullasu (transpose of a matrix) ABLUYINGNIAINATERUALITAINLA?

) [ v & a &Y a L N a 1%
WUnan kaganAansUuknIUBUNINGAULUY LUNINTFAULUAEUVDY A LLV8ULNUAIEY AT

' v
fala v A

undenal 2.4 [1] wnsngwoad (Pauli) ABLUNSND 2 x 2 31U 3 LUNSNGRTLIUAIN

0 1 0 —i /10
A_(1 0)’ B_(i o)’ C_(o _1)
naeun 2.5 [2] Funudedounily x + yi el x, y € R awnsaldeuunulalugy

x -y
(y X )
dadung 2.6 MnNquuN 2.5 9ledn
(1) iansaleudnnuddeula q lugdumsndg 2 x 2 e dregay

2 +3i  Wwauknulame (2 _3)

3 2
1-4i Jeuunuldne (_14 ‘1})

LAZANHTOLNUNITUINLAZNITANTYDII TG RULAMENITUINLAY N TAMYBIUNING
ADY1YU

AU : R +30)+(1—4)=3—i Weuunuldsie @ _23) + (_14 ‘1‘) = (_31 ;)

NSAN (2 +30)(1—4) =14—-50  WWeuunulasig (é _23) (_14 ‘1}) = (i‘; 154)



[

(2) 1 TEMNTATEULNY 0, 1, —1, § WAy —i LHUENT 2 x 2 lemnuansusail
(o A ) 3 o)

wnuadlunSNINeas a, b hag ¢ WIALLNSNINDAR 4 x 4 9L

(1 o)

0010 0 0 0 1 10 0 O
o 0 0 1 (o 0o -1 0 o1 0 o
A_1000' 3_0—100' 6_00—10

01 00 1 0 0 O 00 0 -1

uniley 2.7 arawmasilieu (quarternion) Wuduuiieglugy
p+qh+rj+sk

087 h, j, k Dunthe3unn e i =2 =k2=-14agp, q, 1, SER

NOBAUN 2.8 [3] AIBINBIIYY p + gh +1j + sk 1087 p, g, r, s € R @wsadeuunulalugdamsng

4 % 4 994
p —q —-r =s
q P S r
r -s p —q
S T q P

undleny 2.9 fvuslss ¢ Wuenfildldiening wag « Wunsandunminiauuen ¢ 92150 (G, 97
nyU (group) fsioiile
(1) (G TaudhUn : dwsunn x,y e 6 Wit xxy e G
(2) (G% ﬁﬁmﬁaﬂ’]im’gﬂu%i& X, V,ZEG azlen (x*xy)*xz=xx*(y*2z)
(3) (G Taudinsiliondnval : vdesilaundnues e e ¢ MY x e =x = e x dmsunn x e
G 38N e 31 FUNTALENANYAI
@ (6% auvAnsEifanndy - dmSuuras x € 6 92l y € 6 IR x +y = e = y « x WaZI3oN
A1 y 21 AUNTARNNEUYDL x
unlienu 2.10 1 (6,+) Wungl waz Fe 6 Tnefl F = 0 921300 F nlungudias (subgroup) ¥4 G f
Aol (F Jungy
unilenu 2.11 [4] 197 F (Jungudesaingy ¢ 92158031 F {ungudesusni (normal subgroup) 101
G 0N x € Gl xFx 1 = F 1067 xFxt = {xfx~': f € F}
nawfiun 2.12 (4] W F iJungudesves ¢ azléi F iflungudesusndves ¢ Adeilenn x e 6 a¢ls

xF=FxIﬂEJ‘17IIxF= {xf: fEF} WY Fx = {fx: f€F}
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nan1sAn® (Results)

[

NN 2.7 wanansalisumeomesillen p + g +rj + sk RlugUWnENG 4 x 4 fall

p —q —r =s
q 1% S r
r -=s 1% —q
S -r q 1%

2 AIUIBIURNN b, j, k VOIAIBWDIHEUENUITOREULNUIARIBLUNSAY 4 x 4 AuaRURB LU

0 -1 0 0 0 0 -1 0 0 0 0 -1
(1 0 0 o (0 0o o0 1 (o 0 1 o0
H‘000—1’ ]_10 0 of K‘0—100
0 0 1 0 0 -1 0 0 1 0 0 O

Tuunilisaglddyanwal 1 = 1, wnuvsndlonanuyal 4 x 4
% 4, B, ¢ \Juv3ndwead 4 x 4

Wi H, 7, K Dufunuansnd 4 x 4 9099I83URNN h, j, k ¥09RIBmsidaunugsu
¥ U v & 1 a 6 1 A:’qu./ a 1 éj
vzlamuduiusseninauvsnduaiiianslunguiunissnausie Ul

ngeunysenau 3.1

(1) A2=B2=(C2=]
(2) BC=-CB=K
(3) CA=-AC=]
(4) AB=-BA=H
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a3

J
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LUENIIN AB = —BA

(@)

o—-H oo 1l
001_AO <
— o oo D_D
co o oo o -
<~ n_%
— co-Ho | <
2 T I
o Il < =
(o wuu
@ m m >
= < | Elce

Usenau 3.2

NOWAUN

H

=K%?=—]

1 H?>=]?

K

@) HJ=—JH

H

(3) JK=-K]

(4) KH=-HK =]

h=

(ES

=K?2=—]

2=]2
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(1)

a

WIANTEUN



H

K?=-I
=H

WUEANIN H = —JH = K

TUARNIN JK = —K]
WUFANNI KH = —HK =]

2=]2

Pt Hf = —JH =K

AU JK = —KJ

AUU H
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NATUN
(3)
N840
(4)
N0

a
a

Il
o—H oo
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J

MUU KH = —HK

Usenau 3.3

NOWAUN

H

=-B

(1) HA=—-AH = —-KC = CK

cj=A

(2) HB=—-BH=-JC

B] = KA = AK

(4) JA=-A]=—-KB=BK=C

=CH=JB

(3) HC

h=

LES

=B

HAPNITHA = —AH = —KC = CK
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=C/=4

HAPNINT HB = —BH = —JC

(2)

a

NITTEUN

o - O O

O O O

O - O O

- o O O

=C]=A

a3

f9t HB = —BH = —JC

=CH=JB=B] =KA=AK

AN HC

(3)

a

WITTEUN

o - O O

- O O O

oS O - O

OOO‘I_‘

_000
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0 0 0 —1\/0 0 1 0 0 -1 0 0
ka—[0 0 1 0}lf0o 00 1)_(1 0 0 0
0 -1 0 0 /{1 0 0 0 0 0 0 -1
1 0 0 0o/\0o 10 0 0 0 1 0
001 0,/0 0 0 —1 0 -1 0 0
Ak |0 00 1}f0o 0o 1 0)_[1 0 0 o0
100 0flo -1 0 O 0 0 0 -1
01 00/\1 0 0 0 0 0 1 0
A9HU HC = CH = JB = B] = KA = AK
(4)  WUaNIIN JA=—-A]=—-KB=BK=C
NINTU
0 0 1 0\/0 01 0 10 0 0
(0o o o 1)fo 00 1) (01 0 o0]_
JA=1 3 0 o of{l1 00 0)T oo -1 0]7€
0 -1 0 0/\0 1 00 00 0 -1
001 0,/0 0 10 -1 0 00 10 0 0
_aj=—(0 00 1jf0o 0 0 1} [0 -100)_f01 0 0]}_,
1 000fl-1 0 00 0 0 1 0 00 -1 0
010 0\0 -1 0 0 0 0 0 1 00 0 -1
0 0 0 —-1\/0 0 0 1 -1 0 00 10 0 0
kp—_[0 0 1 0)fo 0o -1 o0)__[0 -1 0O0)_[01 0 0|_,
0 -1 0 o0flo -1 0 o0 0 0 1 0 00 -1 0
1.0 0 0/\1 0 0 0 0 0 0 1 00 0 -1
0 0 0 1,0 0 0 -1 10 0 0
_ (o 0o -1 0lf0o o 1 o})_[(0o1 0 o0]_
BE==1o -1 0 oflo =1 0 0]T\o 0o -1 o€
1 0 0 0/\1 0 0 0 00 0 -1

f9UU JA=—-AJ=-KB=BK=C

o a

soluisnagasinguiineniinainuvisndnead 4, B, € waeMUNUAvENG H, J, K 19l

JUANN k, j, k veImawaiileunua1iu daandlungufunselull

nawiun 3.4 Wi G = (1, -1, H,-H, -], K,—K, A, —A, B,—B, C, —C, HC, —HC} Uag * WNUN13AnU
Youuvsng azledn (6, Jungy
wead WG =, -1, H—H, J,~], K,.—K, A, —A, B,—B, C, —C, HC, —HC} Wa% * WNun13gaiuves

v

LIN3 NG

11



wiigaudn (6,») Jungy

(1) Ahgaud (6, Tauddn

PNMQuunUseneu 3.1, 3.2 uay 3.3 wlinwannuetiazandnlu ¢ Aweludl

* 1 | -1 | H|-H|J |- | K|-k| A4 |-4| B |-B| ¢ | —c| HC | -HC
I I | -1\ H |-H| J || kK |-k 4 |-a|B |-B| c|-c| H|-HC
1| -1 | 1 |-H| H |5 |J |-k| K |-4| 4 |-B|B |-| c |-HC| HC
H | H |-H|-1| 1 |-kK| K | J |- | B |-B| A | -A|Hc|-HC| -Cc | C
-H | -H | H I | -1| kK |-k |~ | J |-B| B |-A| A | -HC| HC | ¢ | —C
J J | =1 |-k | kK | =1 | I H |-H|-c| ¢ |HC |-HCl A | -A | -B | B
-1 | -7 | 7 K |-k | 1 | -1|-H| H | c |-c|-HC|HC | -4]| 4 B | -B
K | K |-k | - | J H |-H| -1 |1 |HC|-HC ¢ |-c | -B| B | -A| 4
K| -k | k| J |- |-H|H I | -1 |-HC|HC |-c| ¢ | B |-B| 4 | -4
A | A | -A|-B| B c | -c|HC | -HC| I | =1 |-H| H | ] | -] | K | K
-A|-A| 4 B |-B|-c| ¢ | -HC| HC | -1 | I H |-H| - | ] |-k| K
B | B |-B| A | -A|HC|-HC| - | ¢ | H |-H| T | -1|-k| K | J |~
-B| -B| B |-A| A |-HC|HC | ¢ |- |-H | H | -1 | I K |-k | - | J
c | ¢c |- |HC|-HCl -A| A | B |-B| -] | J K |-k | I | -1 | H |-H
—-c|-c| c |-HC|HC | A | -A|-B | B J | =7 |-k | kK | -1 |1 |-H| H
HC | HC | -HC| ¢ | ¢ | -B | B | -A | A | kK |-k | J | -] | H |-H| -1 |1
-HC| -HC|HC | ¢ | -c | B | -B| 4 |-Aa |-k | K | -] | J |-H| H I | -1

At (G,+) Haudmte

(2) Awfgdd (6,+) TaudAnisideuny

\WesnnnisaaiuvesuvsndilaudRinisiaeuny

2 :5 IS va a 1
MUY (G,*) mwmmnﬂaaumﬁ

6 1

(3) qgiigaul

1 (G, Tauvanisienanual

Wesnnaundnnndalu ¢ . Juamiang 4 x 4 waz I € ¢ \Juamidndiondnwel 4 x 4

faUY (6,+) HautRnisTenanual

(@) NFUIN (G,%) auiFn1sTsmneu

Y

NATIRaAaluYe (1) dunndl x> =1 vi3e —x? =1 dmfunn xec

Tufe x 3o —x Wusknduves x dmiun x e 6

agladnaundnyndaly ¢ ddmndiu

Pt (G,*) RauURn1simInney

asUladn (6, WJungu
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soluimsfinsanngudesimuarensd ¢ Tunguiun 3.4 Suandunguiunsolud
NOQWAUN 3.5 Wi F, = (I}, F, = {I, -1}, Fs = {I, A}, Fy = {I,B}, Fs = {I,C}, Fs = {I,-A}, F, = {I, -B},
Fg={I,—C}, Fy = {I, =1, H,~H}, Fyo = {I, =], =J}, Fyy = {I, =LK, =K}, Fy, = {I, =1, HC, —HC},
Fis ={I,—1,A,—A,B,—B,H,~H}, F;, = {I,—I,B, —B,C,—C,K, —K}, Fis = {I,=1,C, —C,A, —A,], -]},
Fig = {I,=LH,—H, ], =], K, -k} 9slei1 F; Wungudosveansy ¢ Tunguijun 3.4 dwsunn
i=12.,16
Wgad azfigandn £ Jungudesves ¢ dwsunn i = 1,2,..,16

(1) AU (F) Taudhln dwsunn i=1,2,..,16
s 1 : F, = {1}
Ix1=1
Sty (F,») auUavn
NS 2 : F, = {1, -1}

AT aNaAMYRILAaT AN TN Y F, fall

* 1 -1

1 I =1
-1 -1 I

PalU (F,) Tauimln
NN 3 : F, = {1, A}

wlansananuveLsaraundnly F; el

* 1 A
1 I A
A A 1

PaUY (Fy%) Nauufum
Al
N3N 4 : F, = {I, B}

wlamsaNanmveILiaraundnty F, Al

* 1 B
1 1 B
B B 1

fatU (F,) Jaudavn

A
N3N 5 : Fs = {1, C}
wlanmsananmveLaraundnly Fy el
* I

1 I
C (4

PatU (Fsx) Hauimln

13



NSAIN 6 : F, = {I, —A}

wlemsmannvewasauBnly £, Al

* 1 —-A

1 I —A
—-A —A 1

FatU (Fy ) Hauimln
NN 7 : F, = {I, —B}

wlamNanMveLiaranInty F, fell

* 1 -B
1 1 —-B
-B -B 1

Pt (F,,) Taudaln
NN 8 : Fy = {I, —C}
A aNanMveILiaraInTnty Fy il
* 1 —-C

1 I -C
-C —-C 1

PAUY (Fgx) NauuRum
NN 9 : Fy = {I, -1, H, —H}

A TaNanuvBILsazaINTNY Fy Al

* 1 -1 H -H
1 I =1 H —H
-1 -1 1 —H H

H H —H =/ I
-H —H H I -1

Pt (Fp) Hauimln
A
AU 10 : Fyo = {1, -1,], -]}

AT aNaAMYBILAALEINTNTY Fyy Aol

gy
I I -1 | 7 -J
-1 | -1 I -7 | 7
J J -/ -1 1
-J - ] l -1

Pt (Fo) HauUmvn

14



NN 11 : Fyy = {1, —LK, —K}

[

AT NaAMYBILAALEINTNY Fyy Aol

* 1 -1 K -K

1 I =1 K -K
-1 -1 1 -K K

K K —-K =/l 1
-K | K K I -1

FalU (Fup,) Naudsve
NN 12 : Fy, = {I, =1, HC, —HC}

AN INAAMVBILAAL AT Fy, Aol

* 1 -1 HC | —HC
1 I =1 HC | —HC
-1 -1 1 —HC| HC
HC HC | —HC| -1 I
—HC| —HC| HC I -1

FaUU (Fpp%) HauUmtn
NN 13 : Fy = {I, -1, A, —A, B, —B,H, —H}

wlansemanuveLiazanBnly F; Al

* 1 -1 A -4 B -B H -H
1 I =1 A —A B -B H —H
-1 -1 1 —-A A -B B —-H

A A —A 1 =1 —H H -B B
—A —A A -1 1 H —-H B -B
B B -B H —H I =i A —A
-B -B B —-H H -1 I —A A
H H —H B -B A —A =1 I
-H | -H H -B B —-A A 1 -1

FAUU (Fs%) HNauUmtn
NSQdN 14 : F,, = {I,—1,B,—B,C, —C,K, —K}

WA IINAAMYRILARLAINTNTY Fy, Aol

* 1 -1 B -B c -C K -K
1 I =l B -B c -C K —-K
-1 -1 1 -B B -C 4 -K

B B -B I =1 —-K K =0 @
-B -B B -1 1 K -K c -C
C € = K -K I =il -B
-C = C -K K =1 -B B
K K —-K © =@ -B B =1
-K | K K = C B -B I =1

Pt (F) NauUsvn
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(2)

(3)

(4)

NN 15 : Fys = {I, —1,C, —C, A, —A,], -]}

v
v

wlemsmannvedsarauBnly £y Aall

* 1| -1 ¢ |-c| a|-a|7] |
1 I | -1 | c |-c| a |-4a| 7] |-
-1 | -1 | 1 | -c| c |-a| a]| - | ]
c c | —¢c| 1 | =1 |~ | J |-4a]| 4
-c | -c | c -1 I ] -J -4
4 A | =-A| J | -1 | ¢ | -c
A | A | 4 | |7 -1 - | ¢
J J | 7| 4| -a|-—c| c |-
~J | 7| 7 | -al 4 c | —c | 1 -1

FaUU (Fs,%) Hauumvn
NN 16 : Fyo = {I, =1, H, —H, ], —], K, —K}

AN TNAAMVBILAALAINTNIY Fyq Al

* I -1 | H | -H | J -J | kK | -k
I I -1 | H | -H | J -] | kK | -k
-1 | -1 I | -v | B | 97| 7 | -Kk| K
H | H | -H | -I I | -k | K J -
-H | -H | H I -1 | Kk | =k | =7 | J
Ji ] - | -k | kK | -I I H | -H
| =1 | K | -k | 1 -1 | -H | H
K | kK | -k | =] | J H | -H | -I I
-K | -k | K ] -] | -H | H I -1

PaUU (Fe) HauUmtn
o (F) Taudite dwsunn i=1,2,..,16
W (F) HaudRnswdeuny dwsunn i=1,2,..,16
91 (6,#) WungU uay Fduangenves 6
wledn (F,) Haudfinsuaeuny dwsunn i=1,2,..,16
WU (F) Tawdinisiiendnual dwiunni=1,2,..,16
a Y] I3 a 4 I3 a 4 [ 4
nauTnYNAIty F; \uavsng 4 x 4 uaz I € F, Wuuvisndiananval 4 x 4
2 = wa a % & o U
awledn (7, Taud@inisiondnwal dwsunn i =1,2,..,16
Wwhgaldn (7, Haud@nsddundu dwsunn i=1,2,..,16

NATIHAgaIUTD (1) dunndn 2% =1 v —x* =1 @SN x e F

& A

Hufe x vise —x Jusmndures x dwiunn x e F,
Aatiuasngnnnealy F deanni

awledn (F,») Taudfnsidmndu dwsunn i =1,2,..,16

asUledn £ lungUdosves ¢ dwsunn i=1,2,..,16

16



wenniladnynngUdes F, veen3u ¢ lunguijum 3.5 Wungudeeusnd dmsunn
i=1,2,..,16 fandtunguiunseluil

ngeiun 3.6 i F, \Wunsudesveansy ¢ lunquiun 3.5 agldin F, \unjudesusnives ¢ dmsumn
i=12.,16
wgad W F (Jungudesveansy ¢ Tungquijum 3.5 dwsunn i = 1,2,..., 16
eiigaudn £ WJungudesusniives ¢ dmsunn i=1,2,..,16
(1) azuansd F, = (1} \Junyudesusnfives 6
NS IR, = {1} =F,I
(=DF, ={=1} = F (=D
HF1 = {H} = FlH
(=H)F, = {-H} = Fi(=H)
JE={}=FJ
=DF={-1} =k
KF1 = {K} = FlK
(=K)F, = {=K} = F1(=K)
AF1 = {A} = FlA
(=A)F, = {-A} = F,(-4)
BF1 = {B} = F]_B
(=B)F, = {~=B} = Fi(—=B)
CF1 = {C} = F1C
(=OF, ={-C}=F(-0)
HCF, = {HC} = F,HC
(~HC)F, = {~HC} = F,(~HC)
AT xFy = Fyx §WSUNN x € G
nnguiun 2.12 agldan £, Wungudesusniives ¢

(2) azuansi F, = {1, -1} Wungugesusniives ¢
NS IF, ={I, I} = F,I
(=DF, ={-L1} = F,(-1)
HF, = {H,—H} = F,H
(—H)F, = {-H,H} = F,(—H)
JE, ={,-]}=FJ
(=DF, ={-1]}=F())
KF, = {K,—K} = F,K

17



(—K)F, = {-K,K} = F,(—=K)

AF, = {A,—A} = F,A

(=A)F, = {-A,A} = F,(-4)

BF, = {B,—B} = F,B

(=B)F, = {-B,B} = F,(—B)

CF, ={C,—C} = F,C

(=OF, ={-C,C} = F(=0)

HCF, = {HC,—HC} = F,HC
(—HC)F, = {—HC,HC} = F,(—HC)

AU xF, = Fx d5UN x € G
nvguijun 2.12 aglean F, \WungudesUsnives 6

(3) Azuansd Fy = {1, 4} WWungudasusniives 6
WU IF, = {1, A} = F3l

(=DF; ={=1,-A} = F3(=I)
HF; = {H,—B} = F;H
(—H)F; = {—H,B} = F3(—H)
JE={,C}=F;]
DFE={-],—-C} =F())
KF; = {K,HC} = F;K
(=K)F; = {=K,—HC} = F3(—K)
AF; = {A, I} = F,A
(—A)F; = {—-A,—1} = F3(-4)
BF, = {B,—H} = F;B
(=B)F; ={-B,H} = F3(—B)
CFy={C,J} = F,C
(=O)F; ={=C, =]} = F3(=0)
HCF,; = {HC,K} = F3HC
(—HC)F; = {—HC,—K} = F3(—HC)

PN xFy = Fax §MUSUNN x € G
nnnguiun 2.12 aglean F; \ungudesUsnfves 6

(@) azuansd F, = {7, B} WungUgasusniives 6

NS IF, ={I,B}=F,I
(=DF, ={-1,-B} = F,(-I)
HF, = {H,A} = F,H

18



(—H)F, = {—H,—A} = F,(—H)
JE, ={,HC} = F,J

(=DFy ={~],—HC} = F,.(=])
KF, ={K,—C} =F,K

(=K)F, = {=K,(} = F4,(-K)
AF, ={A,H} =F,A

(A)F, = {-A,—H} = F,(-4)
BF, ={B,I} =F,B

(=B)F, = {=B,~1} = F,(=B)
CF,={C,—K}=F,C

(=OF, = {=C,K} = F,(=0)
HCF, ={HC,]} = F,HC
(=HO)F, = {~=HC,~]} = F,(=HC)

PNTIY xF, = Fx dM3UNN x € G

nngeiun 2.12 aglain F, Jungudesdsniives 6

(5) 9wuanadn Fy = {1, ¢} Wungudesusniives 6

NANTU

IF; ={I,C} =Fsl

(=DFs ={-1,-C} = F5(-I)
HFy ={H,HC} = FsH

(—H)Fs ={—-H,—HC} = F5(—H)
JFs ={,-A}=F;]

(=DFs ={-], A} = Fs(-))

KFs = {K,B} = FsK

(—K)Fs = {-K,—B} = F5(—K)
AFs ={A,—]} =FA

(—A)Fs ={—A]} = F5(—4)

BF; ={B,K} =FsB

(=B)Fs = {-B,—K} = F5(—B)
CF; ={C,I} = FsC

(—O)Fs ={-C,—1} = F5(=C)
HCFs = {HC,H} = FsHC
(—HC)F; = {—HC,—H} = F5(—HC)

PNTY xFy = Fox dM3UNN x € G

nnngufun 2.12 aglain £y Wunjudesusniives 6
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(6) WUAANI Fy = {1, —A} Lﬂuﬂqﬂéawiﬂamaq G
NS IF, = {I,—A} = F,l

(=DFs = {—1,A} = Fs(-1)
HF, = {H,B} = FH
(—H)Fs = {—H,—B} = Fs(—H)
JFe ={,—C}=F]
(=DFs ={-],C} = Fs(-))
KF, = {K,—HC} = F,K
(=K)Fs = {—K,HC} = Fo(—K)
AF, ={A, -} = F,A
(—A)Fs = {—A, 1} = Fg(—4)
BF, = {B,H} = F,B
(=B)Fs = {—B,—H} = Fg(—B)
CFe ={C,—]} =FsC
(=C)Fs = {=C,]} = Fs(-0)
HCF, = {HC,—K} = F,HC
(—HC)F, = {—HC,K} = Fy(—HC)

PNTIU xFg = Fox dMSUNN x € G
nngeiun 2.12 aglain £, Wungudesusniives ¢

(7) azuansd F, = {1, -B} Wungudosusniives ¢

NANFUY IF, ={I,-B}=F,I
(=DF;, ={-1,B} = F;(-])
HF, = {H,—A} = F,H
(—H)F; ={—-H,A} = F;(—H)
JF;, ={,-HC} =F,;]
(=DF; ={=J,HC} = F;,(=])
KF, ={K,C} = F,K
(—K)F; = {—-K,—C} = F,(=K)
AF, = {A,—H} = F,A
(—A)F; = {-A,H} = F,(-4)
BF, = {B,—I} = F,B
(=B)F; ={-B,1} = F,(—B)
CF, ={C,K}=F,C
(—OF; ={-C,—K} = F,(=0()
HCF, = {HC,—]} = F,HC
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(—HCO)F;, ={-HC,]J} = F;(-HC)
ANY xF, = Fx d5UMN x € G

Mnvguijun 2.12 aglean F, \WungudesUsnives 6

(8) AWUANII Fy = {1, —C} Lﬂuﬂqﬂéawiﬂamaq G
NS TFg = {I,—C} = Fgl
(=DFs = {~1,C} = Fg(-)
HFy = {H,—HC} = FgH
(—H)Fg ={—H,HC} = Fg(—H)
JFs ={l, A} =FgJ
(=DFg ={-], -4} = Fg(-))
KFy = {K,—B} = FgK
(—K)Fg = {—K,B} = Fg(—K)
AFy = {A,]} = F4A
(—A)Fs = {-A, -]} = F3(-4)
BFy = {B,—K} = F3B
(=B)Fg = {—B,K} = Fg(—B)
CFy = {C,—I} = FsC
(=C)Fg = {=C,1} = F3(=0)
HCF, = {HC,—H} = FzHC
(—HC)Fy = {—HC,H} = Fy(—HC)

PN xFy = Fax 8MUTUNN x € G
ngeiun 2.12 aglain £y Wungudessniives 6

(9) AzUansI Fy = (I, -1, H, —H} {Wungugasusniives ¢

NANFUY  IFy ={I, —,H, —H} = F,l
(=DFy ={-1,1,—H, H} = Fy(=I)
HF, = {H, —H,—I, I} = F,H
(—H)Fy ={-H, H,1, =1} = Fo(—H)
JFo ={], =].K, =K} = Fo]
(=DFs ={-], ],—K,K} = Fo(=])
KFy = {K,—K,—], ]} = FoK
(—K)Fy = {-K,K,], =]} = Fo(—K)
AFy = {A, —A,—B,B} = F,A
(—A)Fy ={—A, A,B,—B} = Fy(—4)
BF, = {B, —B,A,—A} = F,B
(—=B)F, = {—B, B, —A, A} = Fo(—B)

21



(10)

(11)

CFy ={C, —C,HC,—HC} = FyC

(=C)Fy = {—C,C,—HC,HC} = Fy(—C)
HCF, = {HC,—HC,—C,C} = F,HC
(=HC)Fy = {—=HC,HC,C,—C} = Fo(—HC)

PNTIY xFy = Fox §WSUNN x € G

Nnguiun 2.12 aglain Fy WWungudesusnives ¢

| < 1 a
WWAANI Fyo = {1, —1,J, —J} L UUnTUudinaues ¢

NI

IF10 = {[, _1,], _]} = FlOI

(_I)Flo = {_[' [I _]!]} = Flo(_[)

HFlO = {H, _H,_K, K} = F10H
(=H)Fyo = {=H, H,K, =K} = Fio(—H)
JFio =4, =], =L 1} = FioJ

(=DFio ={=J, .1, =1} = F1o(=))

KF]_O = {K, _K, H, _H} = F].OK
(=K)Fio = {-K,K,—H, H} = F1o(=K)
AF10 = {A, _A, C, _C} = F10A

(=A)Fyp ={=4A, A, =C,C} = F1o(-4)
BF10 = {B, _B,HC, _HC} = FlOB
(_B)Flo = {_B, B, _HC, HC} = FlO(_B)
CF]_O = {C, _C, —A, A} = F10C
(=C)FyoF ={=C,C,A,—A} = F1o(=C)
HCF,, = {HC,—HC,—B,B} = F;,HC
(=HC)F,y = {—HC,HC,B, —B} = F;,(—HC(C)

AU xFj = Fiox dMSUNN x €6

nvguiiun 2.12 a¢léan Fy, WWungudesusniives ¢

1 < 1 a
WUARNIN Fyy = {1, -1, K, —K} Wunjlgagdsnsves ¢

NYIT0UN

IF;, ={, -1,K,—K} = F;1

(=DF, ={-1,1,—K, K} =F;;(-=])
HF,; ={H, —H,],— ]} = F1H
(=H)F1, ={-H, H,—],]} = F1.(—=H)
JFi. ={, -], H,— H} = F1,]
(=DFi.={-J.J,-H, H} = F1;(-))
KF, ={K,—K,—1,I} = F;;:K
(=K)F1 ={—K,K,I, -1} = F;;(—K)
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AF,, = {A, —A,HC,— HC} = F,,A

(_A)Fll = {_A; A; _HC’ HC} = Fll(_A)
BF, ={B, -B,—C,(C} = F;,B

(_B)F11 = {_B; Bv Cl _C} = Fll(_B)

CF]_]_ = {C, _C;B; - B} = F11C

(_C)Fll = {_C’ C; _Bl B} = Fll(_C)
HCFll = {HCp _HCv _AI A} = FllHC
(—HC)F]_]_ = {_HC: HC; A: _A} = Fll(_HC)

PNTY xFyy = Fyx d@SUNN x €6
nnnguiun 2.12 aglain £, \Dungudesdsniives 6

(12) Azuansdn F, = {1, -1, HC, —HC} WungUgasusn@ives 6
WS [F,, = {I, =, HC, —HC} = Fy,1
(=DF,, = {~1, I, —HC, HC} = Fy,(—1)
HF,, = {H, —H,—C, C} = F;,H
(=H)F,, = {~H, H,C,—C} = F;,(—H)
JFi, ={, —],—B,B} = Fy3J
(=DFi2 ={-J,],B,B} = F1,(=))
KFy, = {K,—K,—A, A} = F;,K
(=K)Fy, = {-K,K, A, —A} = Fy,(—K)
AFy, ={A, —A,K,—K} = F,,A
(=A)F,, = {—A, A,—K,K} = Fi,(—4)
BF,, = {B, —B,],—J} = F;,B
(—=B)F; ={—B,B,—],]} = F12(—B)
CF,, = {C, —C,H,—H} = F,,C
(—=C)F,, = {—C,C,—H,H} = F;,(—C)
HCF,, = {HC,—HC,—1,1} = F;,HC
(=HC)F,, = {—HC,HC,1,—I} = Fy,(—HC)
ety xFyy = Fipx §13UNN x € G
nnguun 2.12 aglain £, \Junjudesdsniives 6

(13)  AzUansdn Fs = {1, —1,4, A, B, —B, H, —H} \UunjUdesusnfives ¢
WS IF3 ={I, —=1,A,—A,B, —B,H, —H} = Fy;3I
(=DF,;3 = {~1,1,—A, A,—B, B,—H, H} = F;5(—I)
HF,5 = {H, —H,—B,B,A,—A,—1,1} = F;3H
(=H)F,3 = {—H, H,B,—B,—A, A1, I} = F,3(—H)

23



JFi3 ={J, —J,C,— C,HC,—HC,—K, K} = Fy3]
(=DFis = {~J, ],—C,C,—HC, HC,K, ~K} = Fy3(=])
KFy5 = {K,—K,HC,—HC,— C,—C,], =]} = F;5K
(=K)Fy3 = {~K,K,—HC,HC,C, —C,—],]J} = F;3(—K)
AF; ={A, —A,1,— I,H,—H,B, —B} = F;3A

(=A)F,3 = {—A, A,—1,1,—H, H,—B, B} = F;5(—A)

BFy; = {B, —B,—H, H,I,—1,A,—A} = F,3B

(=B)Fy5 = {—B,B,H, —H,—I,1,—A, A} = F;3(—B)

CF3 ={C,—C,],—],—K,K,HC, —HC} = F,5C

(=C)F,3 ={~C,C,—J,],K, =K, —HC, HC} = F;3(—C)
HCF,5 = {HC,—HC,K, —K,], —],—C, C} = F;3HC
(=HC)Fy3 = {—HC,HC,—K,K,—],],C,—C} = Fy3(—HC)

AU xFy3 = Fiax dW5UNN x €6
Mnvguiun 2.12 91991 Fy; WWungudesusniives 6

(14) azuansin Fy, = {1, -1, B, —B,C, —C, K, —K} {Junjugasusniives ¢
WS IF, ={I, —1,B,—B,C, —C,K, =K} = Fy,I

(=DF,, = {~1,1,—B,B,—C, C,—K, K} = Fy,(~I)
HF,, = {H, —H,A,—A,HC, —HC,—], ]} = Fy,H
(=H)F,, = {—H, H,—A,A,—HC, HC,], =]} = F;,(—H)
JFy, ={J, —J,HC,—HC,—A, A,H, —H} = F,,]
(=DFia={-J, J,—HC,HC,A, —A,—H,H} = F;,(-])
KF,, = {K,—K,—C,C,B,—B,—1,1} = F;,K
(=K)Fy, = {-K,K,C,—C,—B, B,1, —I} = Fy,(—K)
AFy, ={A, —AH,— H,—],],HC, —HC} = F,,A
(=A)F,, = {—A, A,—H,H,], —],—HC, HC} = Fy,(—A)
BF,, ={B, —B,I,—1,K, —K,C,—C} = F,,B
(=B)F,, = {—B,B,—1,1,—K,K,—C, C} = F,,(—B)
CF,, = {C,—C,—K,K,I,—1,—B, B} = F,,C
(=C)F,, = {—C,C,K,—K,—I,1,B, —B} = F,,(—C)
HCF,, = {HC,—HC,],—],H, —H,—A, A} = F;,HC
(=HC)F,, = {—~HC,HC,—],],—H,H, A, —A} = F,,(—HC)

AT xFyy = Fiax 8USUNN x € G

Nnvguiun 2.12 aglean Fy, Wunglgesusniives ¢
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(15) Q2WanI Fs = {1, —1,C,—C, 4, —A,], =]} Lﬁuﬂqﬂéaﬁﬂsﬂamaq G

(16)

NYITEUN

IF;s={1, —1,C,—C,A,—A,],—]} = Fi5l

(=DFis ={=1,1,-C,C,=A, A —],]} = Fi5(=)

HF,s ={H, —H,HC,—HC,—B,B,—K,K} = F;sH
(=H)F;5s ={—H, H,—HC,HC,B,—B,K, =K} = F;5(—H)
JFis =, —],~AAC,—C,~1,1} = Fyg]

(=DFis ={=J,J,A, —A,=C,C,I, =1} = Fi5(=])

KF,s ={K,—K,B,—B,HC,—HC,H, —H} = F;5K
(-K)F,s ={—K,K,—B,B,—HC,HC,—H,H} = F;5(—K)
AFis ={4A, —-A,—],],1,—-1,—C,C} = F5A

(—AF;s ={-A,A],—],-L1,C,—C} = F5(—4)

BF,;5s ={B, —B,K,—K,—H,H,HC,—HC} = F;,B
(=B)F;s ={-B,B,—K,K,H,—H,—HC,HC} = F;5(—B)
CFis ={C,—C1,—1,],—],A —A} = F;5C

(=O)Fs ={—-C,C,—1,1,—],],—A, A} = Fi5(—C)

HCF,;5s = {HC,—HC,],—],K,—K,—B,B} = F;5sHC
(=HC)F,5 ={—HC,HC,—],],—K,K,B, =B} = F;5(—HC()

PNTU xFy = Fisx @M5UNN x € G

nngefun 2.12 aglain Fys \Jungudesdsniives 6

AN Fye \ungudesysniives 6

NY1T0UN

IFyg ={I,—1,H,—H,], —],K,—K} = Fy¢l

(=DFe ={=1,1,-H,H,-],], =K, K} = Fis(=1)

HF, ={H,—H,—I, I,—K,K,],— J} = FicH

(=H)F,4 = {~H,H,I,—1,K,—K,—], ]} = Fyc(—H)
JFie ={,—J.K,—K, —1,LH,— H} = F;]
(=DFe={-J,],-K, K,1,=1,—H,H} = Fi4(—))
KFg ={K, =K,—],],H,—H,—1,1} = F;(,K

(—K)F,¢ = {-K,K,],—],—H, H,I, =1} = F;¢,(—K)
AF, = {A,—A,—B,B,C,—C,HC,— HC} = F;4A
(—A)F,s = {—A, A,B,—B,—C,C,—HC,HC} = Fy5(—A)
BF,s = {B,—B,A,—A,HC,—HC,—C,C} = F;(B
(—B)F,s = {—B, B,—A,A,—HC,HC,C,—C} = F;4,(—B)
CF,¢ = {C,—C,HC,—HC,—A, A,B,— B} = F;,C
(—C)F,4 = {~C,C,—HC,HC,A,—A,—B, B} = F;4,(-C)
HCF,s = {HC,—HC,—C,C,—B, B,—A, A} = F;,HC
(—HC)F,s = {—HC,HC,C,—C,B,—B, A, —A} = F;c(—HC)

25



AU xFyq = Fiex @MUNN x €6
nngufun 2.12 aglain £, 1 Dungugesdsniives 6

v & < ! a ° [
AUU F; LUUNTUURNUTNAUeN G dmIunn i =1,2,..,16
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uni 4

a3Uunani1sAne (Conclusion)

0 010 0 0 0 1 10 0 O
° v [0 0 0 1 o 0o -1 0 o1 0 o
muali A_1000 B_0—1 0 of C‘00—1 0
010 0 1 0 0 0 00 0 -1
I~ a 6 a a ¢

Junsndweadlugdumsng 4 x 4 uae
0 -1 0 0 0 0 -1 0 0 0 0 -1
(1 0 0 o0 (0 0o o0 1 (o 0 1 o0
H‘000—1 ]_1000’ K‘0—100
0 0 1 0 0 -1 0 0 1 0 0 O

DUFUNuUmInIng 4 x 4 ¥0IBIUANMN &, |, k VOIRIBWBSIHEURNEIU

100 0
v [0 1 0 0} @ s o o
uaz 1= o 1 o | Dusvsndiendnual 4 x 4
000 1

naufiun 3.4 Wi G =(,-1, H,-H, ], -], K,—K, A, —A, B,—B, C, —C, HC, —HC} Uag * WU
Youun3ng azledn (6, 10ungy

NQWUN 3.5 W F = (I}, F, = (I, —1}, Fs = {I,A}, F, = {I, B}, Fs = {I,C}, Fs = {I,-A}, F, = {I,-B},
Fs={I,—C}, Fo = {I,—1,H,—H}, Fyo = {I,—1,], =]}, Fi, = {I,—1,K, =K}, F,, = {I, =1, HC, —HC},
F13 = {I’ _I’A’ _A’B’ _B,H, _H}, F14- = {I, _[,B, _B;C; _CIKI _K}I F15 = {I; _II CI _C)AI _A)]I _]};

Fi = {I, =1,H,—H, ], =], K, —K} 351931 F; \ungudesvesnsy ¢ Tunguijun 3.4 dwiumn
i=12..,16

nauijun 3.6 i F, \Wungudesvengy ¢ lunguijun 3.5 9zl F, \ungudeeusnives ¢ dmsunn
i=12..,16
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3. Results

1. Abstract

In this independent study, we study the relationship of 4x4 matrix

Proposition 3.1 : Let 4, B, C be the dxd Pauli matrices, and let H,J,K be

the dx4 matrix representations of imaginary units of quaternions. Then

representations of imaginary units of quaternions and the 4x4 Pauli
(1) A?=B?>=C?=1

matrices and form a group generated by theses matrices. We show
(2) BC=-CB=K

that all suberoups of this eroup are normal suberoups.
(3) CA=-AC=]

(4) AB=-BA=H

2. Preliminaries Proposition 3.2 : Let H,J, K be the dxd4 matrix representations of

imaginary units of quaternions. Then
(1) H?=J?=K?=-I

Definition 2.1 [1] : The 4x4 Pauli matrices are defined as follows: (2) H] =—-JH=K

/o 0 1 0 0 0 O 1\ 1 0 0 0\ 3) JK=-K]=H
40 0 0 1, p_[0 0 -1 0, (01 0 o0} (4) KH = —HK =]

1 0 0 O 0 -1 0 O 0 0 -1 O

\0 1 0 0 1 0 0 0/ 0 0 O —1/

Proposition 3.3 : Let 4, B, C be the dxd Pauli matrices, and let H,J,K be

Definition 2.2 : A quaternion is a number written in the form the 4x4 matrix representations of imaginary units of quaternions. Then

p +qh+71j+ sk, (1) HA=—-AH =-KC=CK =-B

where h,j, k are imaginary units, k2 =j2=k>=—-1andp, q, , s €R (2) HB=-BH=-JC=(C]=A4A

(3) HC=CH=]B=B] =KA=AK

Theorem 2.3 [2] : The quaternion p + qh + rj + sk, where p, g, r, s € R, Can
(4) JA=—-A]=—-KB=BK=C

be represented by the 4x4 matrix below.

D —q —r —5\ Theorem 3.4 :letG={, -1, H-H, |],—], K, — K, A, —A, B,—-B, C,—C,

q p S T HC, — HC}. If = represents the matrix multiplication, then (G,*) is a group.
r —s p -
s —r q p) Theorem 3.5 : LetF, = (I} F, = {I, I}, Fs = {I, A}, F, = {1, B}, Fs = {I,C},

Definition 2.4 : Let ¢ be a non-empty set, and let * be a binary F,={I,—A}, F, ={I, =B}, Fg = {I, —C}, Fo={I,—1,H,—H}, Fyo,={I,—=1,], =]},
Fy = {I,—1,K, =K}, Fy; = {I, =1, H, —H}, Fy, = {I, =1, HC, —HC}, Fy5 = {I, —I, A,

operation on set G. Then (G,*) is said to be a group if (G,*) satisfies the
—A,B,—B,H,—H}, Fi,={l,—-1,B,—B,C,—C,K,—K}, F;c={l,—1,C,—C,A,—A,],—]},

following properties. Fie ={I,—1,H,—H,],—],K,—K}. Then F; is a subgroup of ¢ in Theorem 3.4

1) Closure property : Forall x, y € G, x *y € G. foralli=12 .. 16.

2) Associative property : Forall x, y, z € G, (xxy) xz = x + (y * 2). Theorem 3.6 : Each F; in Theorem 3.5 is a normal subgroup of G in

3) Identity property : There must be an element e € G such that Theorem 3.4 foralli=1,2 .. 16

xxe=x=exx forall xea.

P

B

4) Inverse property : For each x € G, there is y € ¢ such that
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