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Abstract

In this independent study, we study the properties of digital roots of specific integers,
inspired by Koshy [2] where digital roots of Mersenne primes and perfect numbers were
characterized. The integers under consideration are products of two primes, super perfect

numbers, and centered hexagonal.
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undi 1
unu (Introduction)

SuaNE Ao SauiuuIn p Aifnsae p uez 1 Wit QRIETERERIRIRMITRIER
Sy (p,q) o p uay ¢ Wuswwanefidaeetu 2 wu (3,5) way (5,7) ABUAUUBY
SnuanwEadEendn uamzawn Tuyhuesfediu dlo p uay ¢ Hushuuaniziis
AR 4 WU gouiuvesdnuIuanizisendy Suanzfites
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TngladnensInAINaveId1uIuse lUl
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2. PIUIUGUUIN n wagiugﬂ n=p-qWld (p,q) HuInuRNIZHU
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uni 2

Y
124

=~ o e .
AUIWUFIU (Preliminaries)

lumsauaidased winmuald Z wuwnvesdiuiudy way N = {1,2,...} unuwnves
MUY

13591158972 (Divisibility)

unfeny 2.1 [6] 81 a way b \Husnwduleei o # 0 1513858031 a 10U Adus (divisor)
30 AUsEnau (factor) Mntleved b Arewile UWUdN g AYA b = ag

TunsaiN o Dummsves b 151338ndnuuuniledn a s b asi Weuunusedaanual a | b
warlvdydnwal a 1 b Wi a w135 b lasdn

f0E9 2.2
319wl 3 M0 =33
—5 110 weedl —2 lH 10 = =5 (—2)

347 wseldfl ¢ € Z I 7 = 3¢

4
AIUNFLOUY (Congruence)

unflenw 2.3 [6] 1% a, b waz m Dusuaudy aefl m > 0
wNaI a ABUNZEUGAU b uaQla m (a is congruent to b modulo m) WWeuWUME
a="b (mod m) Anelle m M3 a — b 8983 Wazd1 m 135 a — b Ll 151398na1I o laimeu
NFOULIU b UoAla m WeUWNUAIY a # b (mod m)
Aot 2.4
1.2 =5 (mod 3) w3121 3 | (2 - 5)
2. =3 =7 (mod 5) W31N 5| (=3 —7)
3. —15 = —3 (mod 6) W18 6 | (—15 + 3)
4. 5% 7 (mod 3) W18 34 (5 —7)
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naufun 2.5 (6] i n € N uag a,b,¢,d € Z 9l
1.0 a=b (modn) Wd1 b =a (mod n)
2.00a=b ( ) 4ag b= c (mod n) ka2 a = ¢ (mod n)
3. 01 a=b (mod n) Waz ¢ =d (mod n) ka3 a+c=b+d (mod n) waz ac = bd (mod n)
( ) (
( )

7d* = b (mod n) dmFunndwauauuin k

AUURNIE (Prime number)

a o ] . . ° 3 A o I3 A )
UNUYIU 2.6 [6] AN (proper divisor) UBIAMUIURN 1 ADATUIURNUINYINIT 1 89R7 Lhag
Jaldwindu n
f1eg19 2.7
1. fMWISUUeY 10 A9 1,2 Lag 5
2. FTWIYes 12 Av 1,2,3,4 uag 6

unileny 2.8 [6] 19 p 1Juswiwds Ined p > 1 5192580 p 31 I1UaNIE (prime number)
Arawle p IFmshe 1 wag p Witk

A29814 2.9
7 G5 1 wag 7 sauu 7 Wudiuiuanig
19 §§15A9 1 way 19 fatu 19 Wuduiwanig

NQBUN 2.10 [3] 1 p Jusuauanzfinnnndi 3 wd p = 6k — 1 wio p = 6k + 1 &MU
k € N viseanunsanantain 61 p udwiuanie udi p = +1 (mod 6)

79819 2.11

L Wp=5eldns=6k—1udlak=1

2. 1 p=139l8 13 =6k + 1 o k = 2



WIURNIZALNA (Twin prime)

unlienw 2.12 [5] gouduresduaiduuan (p, ¢) 3sen3indu Iuiuawizguda (twin prime)
dio p way ¢ Wudwwame uwag ¢ = p + 2

A998 2.13 ouAU (5,7) uay (17, 19) Wuduiuamzgue

° o v . .
UL NILANNYNUBY (Cousin prime)

a o [ < 3 [ a Y . .
UNUBIN 2.14 [5] ADUAUTDIDIUIULENUIN (p, ¢) LUU MUIUANIZGNNANUDY (cousin prime)
o p way ¢ Wuduwame uwag ¢ =p + 4

Aa9EN9 2.15 goudu (7, 11) uay (13, 17) Wudwiuanizgniignios

FuuaNysal (Perfect number)

untenu 2.16 [6] Wentu@nua (Sigma function)
WU o : N — N deulag

o(n)=> d dwiuynn e N

dln

N1 TATUTNUT UUAD o(n) AD NATINTDIRINITNLAININNTT 0 TRUNATDY 1

f19819 2.17
0(6)=1+2+3+6=12
0(28) =14+2+4+7+14+28 =56
uniiey 2.18 [6] 1 n Wudwnuhuuan azEen n 9ndu Srwsuauysal (perfect number)
FiOLile
o(n) =2n
f19814 2.19
o(6) = 2 - 6 Aatiy 6 1 Juduuanysol

o(28) =56 = 2- 28 ety 28 Dudnniuanysel



uniiey 2.20 [2] W o udwaudu Inefl n > 1 5zEenduau M, fieglugu M, = 2" — 1
1 o 4 v <@ o = 1

11 FUUBNTIY (Mersenne number) wazdn M,, Wuduiwanie $19zisen M, 1
IMUUANIZUUSY (Mersenne prime)

6

nguun 2.21 [2] wuduuin n wdudwuanyselg Adede n = 22710, o p uae
M, = 20 — 1 Judnuany
A8 2.22

1. p =22l My =22 — 1 = 3 udwuane
Aatil 227122 — 1) = 2(3) = 6 \Judnuanysoly

2. W p=3azldn My =23 — 1 = 7 1 Judwiwany
et 2371(23 — 1) = 4(7) = 28 WWudwauauysalg

dmsudwuanysald Tutgtusdalinsuinddnuauysalfegaswiely

UIUANYIRIE8IN (Super perfect number)

uniiey 2.23 [1] Swamfiuuin n 9y Iuiuanysalsen (super perfect number) fisio
BR)

fote 2.24
1. 0%(2) = 0(3) = 4 =22 ¢ianiu 2 10u aﬁ’wmuaugaaﬁ?qum

2. 02(16) = ¢(31) = 32 = 2- 16 Aatiu 16 1Ju 5wu’suaugiiﬁ?jqa’m
FruauanysalfeeIndu « Wy 4, 64,4096 uay 65536

nguiiun 2.25 [1] Mdwudnuan n udwauauysaldeen udr n = 2271 1o p uay 20 — 1
Juduuanie
A1a819 2.26

N15041 16 = 251 &9 5 way 2° — 1 = 31 Wuswiuaniy
A9t 16 Lﬁuﬁﬂuauamgidgqmm
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3Un W [4] 2.1: Centered hexagonal numbers

ai’ﬁmuwnmﬁsm@uénme (Centered hexagonal number)

unliew 2.27 [4] W n Judwawdu Inedl n > 1 519gEendwim C, Neglugy
Cn=1+3n(n—-1)
71 uIunnmBENALInans (centered hexagonal number)

A29814 2.28
1. Cy=1+302)2-1)=7
2. Cs=1+3(6)(6—1) =91

UIUNNIMAINAUINA1DY 9 WU 1,7, 19, 37 wa 61

3nAINa (Digital root)

unfleny 2.29 s1nAINa (digital root) ¥0931UIWANUIN n Ap SIWWANRINNTENEULAAYDS
n inTuiuluEes o aulddnuiunaniis) Weuunumie p(n)

Wewn n > 0 9gle p(n) € {1,2,...,9} 1@

79814 2.30

1. p(18) =9

2. p(165) = 3



Jodunn 2.31 dmiun e N
eI n = agay...ar = apl0* + a1 10871 + ... + ap_110' + a5, @MUV k € N
537U 10 = 1 (mod 9)
langufjun 2.5 981931 10M = 1 (mod 9) dwsunn M € N
9¢lad ¢;10M = a; (mod 9) dwsuyn M € N
o
n=ay+a;+..+a, (mod?9)

A9E19 2.32
1.135=1+3+5 (mod 9) =9 (mod 9)
2.2468=2+4+4+6+8 (mod 9) =20 (mod 9) =2 (mod 9)

s

Fodunn 2.33 @1Uu n e Na1n=m (mod 9) e 0 < m < 9 azlan

m  019fn
p(n) = .
9 a19|n

A29814 2.34

1. Wi n = 3425
W mnn=3+4+24+5=5 (mod 9)
nvadaunn 2.31 azlen p(n) = 5

2. Win = 5247
Wow MM n=5+2+4+7=9 (mod 9)
nvedng 2.31 alain p(n) = 9

€ 1 A

NQWUN 2.35 [2] INATATeITLIUANYSTlA AB 1

U

A29814 2.36

[

1. 1f19931n 496 Lﬂu‘-ﬁWU’JUﬁNU‘ﬁm?’]‘

laenguiun 2.35 aglain p(496) = 1

L4

2. 1ilosn 8128 Wudnnuauysalg
laenguiun 2.35 aglain p(8128) = 1
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Nan1sAN® (Main results)
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dwsuitell wezfnwiandivessinfdviavesdnuiuay n Megluzures n = p- ¢ Wle (p,q)

<

duduamgausdn
WTUNIAIN (p, q) = (3,5) 9ldi1 n = 15 3 p(n) = 6
NQBRUN 3.1 M n=p-q e (p, q) Judnuamegguila wag p > 3 ud3 p(n) = 8
Weail. {leann piuduauaws Tnemguiun 2.10 9¢léin p = 6k — 1 3o p = 6k+ 1 dmdu
UNEkeN
A < o | 7 @ o
99910 (p, ¢) WUUIIUIUANIZALLER 2wlA3 ¢ UL WAy ¢ = p + 2
NATUINTAN p = 6k + 1 dmSuUe k e N
Azlaan
q=p+2=6k+3=3k+2)

W00 3 | ¢ Felaudaiunsi ¢ Wudauaniy
FIUULTNAINITAUNTUN p = 6k — 1 WU
NATUINTAIN p = 6k — 1 azlan
n=p(p+2)

— (6 —1)(6k + 1)

= (6k)? —1

= 36k% — 1

=-1 (mod?9)

=8 (mod?9)

YY)

o Tnededanm 2.31 axlédn p(n) = 8 []
fa9819 3.2

1. fsanduenizauta (17, 19) dlon =17-19 = 323

laenguiun 3.1 91697 p(n) = 8

2. fNTANTIURNZAUNR (41, 43) dlon = 41-43 = 1763

laenguiun 3.1 951697 p(n) = 8
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dwsuiitell magfnwiandivessinfdviavesdnuiuay n Megluzures n = p- ¢ Wie (p,q)

<

Wudruiuanigiites
WTUNIAN (p, q) = (3,7) L9971 n = 21 Feililedn p(n) = 3
NQURUN 3.3 611 = p- g o (p, ¢) Judwnuwanzites waz p > 3 ud3 p(n) =5

ﬁaaﬁ Tnemguiun 2.10 agledn p = 6k — 1 %38 p = 6k + 1 d s k € N
idlesann (p, q) Wuduanzgniigniies alein ¢ uduuens way g = p+ 4
AnSunsd@if p = 6k — 1 dmSuu k e N
aglan

g =6k+3=32k+1)

A 3 | ¢ Bedaudaiunisi ¢ Wudwauanie
FILULSITINANTUINTIN p = 6k + 1 Wit

NTUNTEN p = 6k + 1 1o k € N

agle
p(p+4)
— (6k + 1)(6k + 5)
= (6k)* + 36k + 5
=5 (mod9)
feiu Tnededunn 2.31 1513sagulédn p(n) = 5 []
A10814 3.4

1. finsandnuanzgniigniie (13 17) \flo n = 1317 = 221

laenguiun 3.3 921691 p(n)

2. ﬁﬁmmﬁi”m’;ul,awwqﬂwgﬂ 89 (19, 23) dlon =19-23 =437
lengufun 3.3 3gle91 p(n)
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dmsuindell liagAnwantivessNAIavesdnuIuaysaldeen
NITUNTAUN n = 2 981990 p(n) = 2 wag n = 4 wle p(n) = 4

nguijun 3.5 W n WudwuauysalBeiniininndy 4 waa p(n) = 1 %38 p(n) =7

<

wgad. W n Wudwiuauysaldeein nnnguiun 2.25 agledn
n=2r1

dlo p uaz 22 — 1 Jusunwanis
W99 n > 4 921991 p > 3 leengulun 2.10 9199 p = 6k — 1 %30 p = 6k + 1 dMTUUN
keN
NTUINTEN p = 6k + 1
Azlaan
2p—1 — 26k‘+1—1
— (23>2k
=(-1)* =1 (mod 9) (nenguiun 2.5)

At Tngtadang 2.31 azlaan pn) = 1
NTUINTEN p = 6k — 1

wldinp=—1=5 (mod 6)
UUAB p = 6t + 5 @MUV t € Z

Ao
op—1 _ obt+5-1
— (2%)2 . 9!
=(-1)*.16=7 (mod 9) (nenguiun 2.5)
sorfu Tnededann 2.31 axléin p(n) = 7 ]
A9819 3.6

1. e p=>5 ﬁmmﬁm’;uamyjaﬁamm n=2r1=2"=16
Tnemguiun 3.5 931691 p(16) = 7
2. Wlop=71 ﬁmmﬁwmuamﬂmﬁ‘éamm n=2"1=20=64
lagnguiun 3.5 9ladn p(64) = 1
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dmsuindell liagAnwantivessINAIiavesduunnRELAUENA1
= v I ° = & ° o ') =
ngufun 3.7 i C, Wudruuvnmdsugudnans d&wsu n € N ua p(C,,) = 1 w38 p(C,,) = 7

gl Win e Naglain n = 3k, 3k + 1 viTo 3k + 2 dwmiuvn k € Z
A5UINTHA 1 = 3k
9zlaan
C, =1+ 3(3k)(3k — 1)
— 1+ 9k(3k— 1)
=1 (mod 9) (nenguiun 2.5)

Tngtadang 2.31 azlaan p(C,) = 1
F50N5T n = 3k + 1
Azle
Cn=14+3(3k+1)(3k)

=1+ 9k(3k + 1)
=1 (mod 9) (nengufun 2.5)

Tngvadang 2.31 azlaan p(C,) = 1

NITUINTEIN 1 = 3k + 2

9zlA71
Co =1+ 3(3k +2)(3k + 1)
=1+ 3[9k% + 6k + 3k + 2]
=1+27k* + 18k +9k + 6
=7 (mod 9) (nenguiun 2.5)
Tnedadunn 2.31 aglein p(C,) =7 ]
f29819 3.8

ﬁmmﬁm’mmLwﬁsu@uéﬂawa Cs =1+3(8)(7) =169
laenguiun 3.7 asledn p(C,) = 7

ﬁmimﬁﬂmummﬁauvgjuéﬂmq Cio =1+ 3(10)(9) = 271
lagnguiun 3.7 9l p(C,) = 1
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1. Saudnun o feglusu n = p- ¢ @o (p,q) Judwuamesguda waz p > 3 ud?
p(n) = 8 L@ue

2. $unudiuuin n Neglusy n = dle Jusuanizfites uaz 3 ua
) ebug =p-q (p,q) sUUUIU SNUBDY WAy p > an
p(n) =5 Ldue

o < = [J o ca 1% =
3. UANUIN 1 1le 1 lluIIUEIYINEIEIN Wag p > 3 UAd p(n) = 1 %30 p(n) =7
4. FIWANVIN 7 1o n FIURNWEENALENaTN Wag n € N udd p(C,) = 1 ¥38

p(Cn) =T

LY

5. Liﬂﬁwmﬂmﬁﬂwﬁ?ﬂaa a%aﬁ@uauﬁa@ﬂugﬂ
n = p(p + 2k)

dlo k € N wae p war p + 2k Wudiuane

ASUNIEN & = 3 5198580 (p, p + 6) 1 IWIURNILING (sexy prime)

aeals Ay 31U FURUULBI p(n) Sudululdvanansd Tnew ldwerewadiouay
figaunguun widdlianansavinla
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( 1. PRELIMINARIES

S

Definition 1 The digital root of a positive integer n is the number formed by adding the
digits of n over and over to get a single digit, denoted by p(n). Since n > 0, we have

p(n) € {1,2,...,9}.

Example : p(357) =6 since 3+5+7=15and 1 +5 = 6.

Definition 2 A pair of positive integers (p,q) is said to be a twin prime pair if p
and ¢ are primes with ¢ = p + 2.

Example : with (5,7) and (17, 19) are twin prime pairs.

Definition 3 A pair of positive integers (p,q) is said to be a cousin prime pair if
p and ¢ are primes with ¢ = p + 4.

Example : with (7,11) and (13, 17) are cousin prime pairs.

Definition 4 A function ¢ : N — N defined by

o(n) = Zd for all n € N,
dln

is called the sigma function. In other words, o(n) is the sum of all divisors of n.

Example : 0(6) =1+2+3+6 =12

Definition 5 Let n be a positive integer. n is called a perfect number if

o(n) = 2n.

Example : ¢(6) =2 -6 so 6 is a perfect number.

Definition 6 A positive integer n is a super perfect number if

o’(n) = o(a(n)) = 2n.

Example : Since 0(16) = o(31) = 32 = 2+ 16, 16 is a super perfect number.

Theorem 7 If n is a super perfect number, then n = 2°~! where p and 2P — 1 are
primes.

Definition 8 Let n be a positive integer, with n > 1. The number C), in the form
C,, =14 3n(n — 1) is called a centered hexagonal number.

Example : 1,7,19 and 37 are centered hexagonal numbers.

1 7 19 37
+1 +6 +12 +18
o000
@ 00 @ 0000

o0 ®@00@e @0 00060
@ 00 000G 600000 EO
@0 @ 00e @ 00000
0o @ 0000

@0 00

Figure [4]: centered hexagonal number

S —

ABSTRACT

In this independent study, we study the properties of digital roots of specific
integers, inspired by Koshy [2] where digital roots of Mersenne primes and
perfect numbers were characterized. The integers under consideration are
products of two primes, super perfect numbers, and centered hexagonal
numbers.

[ 2. MAIN RESULTS

Theorem 1 If n = p - ¢ where (p, q) is a twin prime pair with p > 3, then
p(n) = 8.

Example : p(17-19) =8
(227 - 229) = 8
p(617-619) =8

Theorem 2 If n = p - ¢ where (p, q) is a cousin prime pair with p > 3,
p(n) = 5.

Example : p(13-17) =5
(439 - 443) = 5
(613 - 617) = 5

Theorem 3 If n is a super perfect number with n > 4, then

p(n)=1or pn)="1.

Example : p(16) =7
1

Theorem 4 If C), is a centered hexagonal number, then

p(Cy) =1or p(Cy) =T.

Example : p(C5) = p(61) =7
p(Cr) = p(127) =1
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