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In this independent study, we were inspired by studying Mac-Farlane’s paper on hy-
perbolic quaternions. We defined hyperbolic Narayana quaternions and explored the rela-
tionship between hyperbolic Narayana quaternions and their conjugates. Additionally, we
determined the norm, Binet formula, finite sum, and the generating function of hyperbolic

Narayana quaternions.
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undi 1
unu (Introduction)

auilluiiade ssuiiudayfiaudunanuvesiuavasadnouni fuaeiidud
wilwesdsuiladediGonideilucad ddnerluazunu dae F, drsulaeviluisuduain 0
wag 1 Sduilluivdgnihanldluanviimenmanssng q wudmnssueans way aandnenssummans
fegraunsundymnsesngvesilutud “fﬁﬂi%ﬁﬂﬁﬁﬁ@j@@ﬂ@ﬂlﬁﬁauaxﬁ WAz gNNIEANY
ansaunsiiussoldlufouiaomdain sulunilslaziinsziens” aunsaudludgmldse
AunIg

Fn: n71+Fn72: HZQ

WeN Fp=0uway Fy =1
Horadam [5] lovenednuauillutiad dall dmsuduauaseuin p wag ¢ §19uveasnui
(p, @)-Wutis® fivuslay

fn:pfn—1+qfn—2; TLZQ

Tefi Fo =0, Fi=1
a1 p = 1= q uaazladuiuiluiad
0 p =k uay ¢ = 1 uaagladnuiu k-iludad

Fuunnoanlignuusiles unneanthednmanivnduieluamssei 14 vz
ﬁﬁﬂmﬂigm;gﬁmazqﬂ% Py Hvennseanduiymiiadeadetulamnsesevesiily
i3 Belilisad “haveongnvilwimnUuarazGusengnluliid Tnsaveengnuieiilugasdul
vosaazl wasanwuly 20 ?J%ﬁgﬂﬁgwmﬁ%?” Hymilannsamdneuldludnvasiiontu
Jagmnsesingvesilulimd 1 n wiudwaud dymvesunseranaunsadeuluguanuduiug
Ruuin

N,=N, 1+ N3 n>3 (1.1)

Tefl Nyg= 0, N, = 1 uag Ny = 1
UIUUITIIUN 12 Wausn A 0,1, 1, 1, 2, 3, 4, 6, 9, 13, 19, 28,...
S Banidsunsean ledendneteidsuilutud-unsenaniedfu e
g1adn)



Aramesileugnuuniiley wesladeu 15Ty ualasy (4] naneanassed 19 Jus
avlened Aeunandaan mamaiﬁaugﬂﬁmﬂﬁﬁﬁuamLLwiwawaiuﬁwumﬂiu‘lagsﬁy’uqq U
Aoufimoing1iin NsUsEInaNadyaIA viusus wagdu q Snannune mewmedidleuduivade
fiflauiRmsdavgusildfausinsaduiioneldmanm gniewdd

H={¢=q+qai+aj+ak | 90 ¢ e qscR}
Toedl i, j, waz k Humhedunnmasnadastuitouls
P=P=kK=ik=-1, ij=k=—ji, jk=i=—kj, ki=j=—ik
luthimemesideuldiunsinulaedidouaisny Seieudsd

QFn:Fn+Fn+1i+fn+2j+Fn+3k

e F, Ana1uiuillutuanaian n
(p, q)-Wluvdrramesidougniienulae Ipek [6] Ao

QF, = Fn+ Fpai + Frpoj + Faysk

Toedl F, fosuau (p, o)-Flutds@nad n

audneumed wwa-vhdau 8] duulemesluanmemedidoudunfausnlud e, 1891
lowesludnaramesidou Wusiudouddd wudertumemesidou uilawesiudnaie
wesieulifautBnsdamuagbiflantinisaduianelinisam lemesludnaemesidou (8]
muualag

K={q=q+qi+qj+aeak | @ q,q@ qgcR}
Toedi i, j, uaz k \Humhedunnmasnadastuitouls
P=P=K=ik=1, jj=k=—ji, k=i=-kj, ki=j=—ik

W p = po+im +ipa + kps Wag ¢ = go +iq1 +jg2 + kgs L2 N1TUIN NITAU NITABINIE
anans uazn1sna denusadl

N13UINKALNTAY
pEq=(poEq)+ilpr £ @) +i(p2 = ¢2) + k(ps £ g3)
N13AMAILENANS

Ap = Apo +iAp1 + jAps + KAps



n13AN
Pq =(Pogo + P1q1 + P2q2 + P3qs) + 1(Poq1 + P1go + P2g3 — P3q2)
+ j(Pog2 — P13 + p2qo + p3q1) + k(Pogs + P1g2 — P2q1 + P3qo)

Tarea [7] léAnuiFedamesluanmemefiiou uazanauAnvadnvesnsiy

Tt a.e. 2018 sedu [2] lalvamardeanuedawmesiuan k-Hlutadniewmesideu uay
lansivsevautRnigadnusUsen1sveslawmesiuan k-Nludvdamemesifoudnme Tuln.a.
2020 Yagmur ladlenulawwesludn (p, q)-?\liuﬁfm%mamaiﬁauﬁﬁ

HQ‘Fn :Fn+~Fn+1i+Fn+2j+Fn+3k
Toedl F, fosua (p, ¢)-luthd waz i, j, k denndasiiu
P=pP=k=ik=1 j=k=—ji, k=i=-k, ki=j=—ik

WnungwesnsAuadaseilae denudarviulamesiuanuisienunmlawmesiidey wag fAnwn
duiRag 9 Pasuiulamesiudnuisierunniomesiiou
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b4
Y

AUIWUFIU (Preliminaries)

NQEUN 2.1 [9] 75 Binet VBT WIUUITIIUINIUN n AD

Tn+1 Sn+1 tn+l

Ny = r—s)(r—0) 4’(s_rxs_¢)‘* (t—r)(t—s)

199 7, 5, waz ¢ LusInvesauns 23 — 22 — 1 =0

= 6 o =
NOBUN 2.2 NAUIN 1 + 1 WAUUINVBIIIUIUUITIEIUT AB
n
> Ni=Nopr + No+ Ny — 1
k=0
a ¢ E 24 o a a L3 ¥ v
g, ngldeuis@sndnmmans T p(n) unudeaiu

ZNk:NO+N1+N2+...+Nn
k=0

1N

1
ZNk:N0+N1:1:N2+N1+N0—1
k=0

Aau p(1) Wuass
1% m e N uag p(m) 1Juass tufe

> Ni= Nt + Ny + Ny — 1
k=0

NANTEUN

m+1 m
ZNk = ZNk+Nm+1 = Npt1+ Ny + Nypot =1+ Nt
k=0 k=0

= (Nm-l—l + Nm—l) + Nm+1 + Nm —1
= m+2+Nm+1+Nm_1

ufe p(m + 1) Wusds



nauun 2.3 [3] i n > 1 Wi teauselUmiuess
1. Ny 4+ Ny+ N+ .+ Ny = Nypag — 1
2. N+ Ns+ N;+ ...+ N3,_9 = N3,_1
3. No+ N5+ Ng+ ...+ Na,,_1 = N3,
4. N3+ Ng+ Ng+ ... + N3, = Napq — 1

unlien 2.4 (1119 {a,} = {ao, a1, ag, ...} Judiuvesend uay = € R udrounsy

oo
E arz® = ag + ayx +ax® + ... |r| < R
k=0

191983 HINTY A(z) = D00, ape® IHeATunailln (generating function) ¥o3a19U {a,,}
= < I A o E4 [
e R Jumfivilvieunsugiin



uni 3

Nan1sAN® (Main results)

(Y]

Aeususardowlamesluanuiseanmemesidou fai
uniieny 3.1 1 n > 0 1Wudwudy lawmesluanuiseranmemesiliou fvualag
HN, = N, + Npiri + Npioj + Nk
Tnedl N, Aedruauunsierannaiidl n was i, j, k denndestudouly
P=P=K=ik=1, jj=k=—ji, k=i=-kj, ki=j=—ik
Puulamesludnuisgianaunadusnae
HNy=i+j+k HN =1+i+j+2k HNy=1+i+2j+3k,..

W HN, = Ny, + Ny 1i + Nyyoj + Nppssk 488 HN, = Ny + Nyt + Nongoj + Nong sk
Julawesludnuimenanmemesideu udan1suin 115U N1SAMMBEANETS WaZN13AN
Teusied
A15UINUAZNITAU

HN, £ HN,, = (N, £ Nyu) + i(Nps1 £ Nyot) +§(Noo £ Nyso) + K(Nppss £ Nopis)
N13AMAILEINANS
AHN, = ANy, + iANp 11 + AN 2 + kAN
QRELLY

(HNu)(HNpm) =(No N + Nopp1t N1 + NopoNoyo + Ny 3Ny 3)
+ i(No N1 + Nogi Nop + NpoNpges — Npy3Ni2)
+J(NoNmi2 = Nug1Nigs + Nopo Ny + NoysNig1)
+ k(N Npis + Nos1Npro — Nywo N1 + NyasNy,)

dagavasanulrulamasiuanuisienunlamasiiey deunel

9

HN, = N, — Nn—Hi - Nn+2j - Nn+3k



raluisnagAnwimnuduiussenindlamesiudnuimeianalewmesilounasdegavaiu

nguiun 3.2 W n > 0 Wudwudy aglaan

HN, + HN, =2N, (3.1)
HN, — HN, =2(HN,, — N,,) (3.2)
HN,(HN,) =N? — N2, — N2, — N2, (3.3)

gl farsanaunis (3.1) ald

HNn + HNn :<Nn + Nn+1i + Nn+2j + Nn+3k) + (Nn - Nn+1i - Nn+2j - Nn+3k)
=2N,

siolUaziansinaunis (3.2) 1uass

HN, — HN, =(N,, + Nys1i + Nppoj + Npisk) — (N, — Npgai — Nogoj — Nyisk)
=2(Np41i 4+ Npjoj + Npisk)
=2(Ny + Npy1i + Npyoj + Nypysk — Ny,)
—2(HN, — N,)

4nYNETUANIINENNTT (3.3) LTUDS

HN,(HN,) =(Np + Npy1i + Nppoj + Npi3K) (N — Nogrl = Nyyoj — Nypy3k)

N2 — Ny Noyi1i — NoNotoj — NoNoysk
+ NoNpgai = (Nps1d)? = Nost Nogol) — Ny Nigsik
+ NuNpyaj = NpyaNogifi = (Ngaf)? — Noga N g ajk
+ NpNpisk — NNy ki — Nyyys Ny okj — (Nyy3k)?

:an — (Nnﬂi)2 — Ny 1Nyl — N1y Nypysik — Ny o Ny qji — (Nn+2j)2
— Nus2Nniajk — Nogs Ny 1 ki — Nyys Ny okj — (Npqsk)?

=N? — (Np41i)® = Nos1 Nosoli — Nojt Nogsik + N o N1 — (Ngoj)?
— NpyoNiajk + NoisNpg1ik + Ny 3 Nojojk — (Ngsk)?

o9ty HN,(HN,) = N? — N2, — N2, — N2,



ununsndeluilvignsussuveslamesiudnuimeanaiemesiey

unnsn 3.3 19 n > 0 1Wuduudy agleqn

[HN,|| = \/‘Nﬁ - N3+1 - N7%+2 - N7%+3’
gl Inengufun 3.2 aglidn

= \/‘Nr% - N3+1 - Ng+2 - Nn2+3’

AU ||[HN,|| = \/‘Ng — N2 — N2, — N2

n

nouunaoluillyigns Binet vaslawmailudnuisenanameamesiiluy

nguiiun 3.4 Wi n > 0 Wudwudy aglean

_ P Qrir?irtl) st (bsis?isth) )t (24 0K)
HN, = (r—s)(r—t) (s—r)(s—t) + (t=r)(t—s)

1909 7, 5, waz ¢ LWusInvesauns 23 — 22 — 1 =0
gl lnengquiun 2.1 aglei
Y

HNn :Nn + Nn+1i + Nn+2j + Nn+3k

n+1 tn—l—l

r S

I G () I s Ty R Ty s
7""+2 Sn+2 tn-‘rQ .
+((r—5)(r—t) T (s—71)(s—1) + (t—?”)(t—s))l
,r,n+3 sn+3 tn+3 .
+((r—3)(7"—t) T (s—71)(s—1) + (t—T)(t—S))J
7’”+4 Sn+4 tn+4
+ ( )k

=) =0  =—r—10) T G=ni—s
A 4 it o+ k) N s"TH(1 4+ si+ 5% + s7°k) N L 4 6+ 17 + k)
(r—s)(r—t) (s —r)(s—1t) (t—r)(t—2s)

]



nguunsisludaziasanrasniiavedlamesiudnuisieianaiewmesitey

nauun 3.5 1 n > 0 Judwaudu azlea
> HNy= HN,4 + HN, + HN,_, — HN,
k=0

gl lnengufiun 2.2 agla

ZHNk — HNy+ HNy + HNy + ...+ HN,
k=0

= (No + Nyi 4 Noj + Nsk) + (Ny + Noi + Naj + N4k)
+ (Ny + N3i + Nyj+ Nsk) + ... + (N, + Npyqi + Nysoj + Nyask)
=(No+ N1+ No+ ...+ N,) +i(Ny + No+ N3+ ... + Nppyq)
+J(N2 + N3+ Ny + ...+ Npyo) + k(N3 + Ny + N5 + ... + Npy3)

n n+1 n+2 n+3
eSS ) ek (Somo)
k=0 k=0 k=0 k=0
= (NnJrl + Ny + Npq — 1) + i(Nn+2 + Nn+1 + N, — 1)
_I_j(Nn—i-B + Nn+2 + Nn+1 - 2) + k(Nn+4 + Nn+3 + Nn+2 - 3)
= (Nnt1 + Noyoi + Nogsj + Npgak) + (N + Npgai + Niyoj + Nogsk)

4 (No_1 + Noi + Npyrj + Noiok) — (141 + 2j + 3k)
— HN,y1 + HN, + HN,_, — HN,

[]
nQufun 3.6 1 n > 0 Wudwswdn 9zlaon
> HN3 = HN3pq — 1 -k (3.4)
k=0
Z HNspp1 = HN3pp9 —j—k (3.5)
k=0

> HNsiso = HNyi5 — HNo (3.6)
k=0
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WG, wuanedaunis (3.4) 1Wuass lnemguiiun 2.3 agld

n

HNs, = HNy+ HNs + HNg + ... + HNj3,
k=0

= (No + Nyi + Noj + N3k) + (N3 + Nyi + Nsj + Ngk)
+ (Ng + Nyi + Ngj + Nok) + (N3p, + Napy1i + Najioj + Napask)
= (No+ N3+ Ng+ ... + N3,) + (N1 + Ny + N7+ ... + Ngppq)i
+ (N + N5+ Ng + ... + N3pi2)j + (N3 + Ng + Nog + ... + N3py3)k
= (No 4+ N3+ Ng + ... + N3p,) + (N1 + Ny + N7 + ... + N3ni1)—2)i
+ (Ny+ N5 + Ns + ... + N3y1)-1)j + (N3 + No + No + ... + Nap1) K
= (Nant1 — 1) + (N3sn)-1)i + (N3ns1))j + (V341 — 1K
= (N3nt1 + Napgoi + Napysj + Napgak) — 1 — K
= HN3pq —1—k

molUazuansdnaunts (3.5) 10uass lnenguiun 2.3 azla

> HNsy1 = HNy + HNy+ HN7 + ...+ HN3,
k=0

= (N1 + Nai + N3j + Nyk) + (Ny + Nsi + Negj + N7k)
+ (N7 + Ngi 4 Noj + Nigk) 4 (N3pi1 4 Nangoi + Nansj + Napyak)
= (N1 + Ny+ Ni+ ...+ N3pi1) + (Na+ N5+ Ng+ ... + N3pyo)i
+ (N3 + Ng + Nog + ... + N3pi3)j + (Ng + N7 + Nig + ... + N3pia)k
= (N1 + Ny + N7+ ...+ N3y1)—2) + (Na + N5 + Ng + ... + N3(np1)-1)i
+ (N3 + No + Ny + ... + Naui))j + (N1 + Ny + Ny + Nig + ... + Nyniz)—o — 1k
= (N3ng1)-1) + (N3pin)i + (V341 — 1)j + (N3(g2)-1 — 1)k
= (N3ny2 + Nanysi + Napiaj + Napisk) —j—k
= HNzpi0 —j—k



gavneazLanIinaunis (3.6) \uass lnemguiun 2.3 asld

> HNsiyo = HNy+ HNs + HNs + ... + HN3, 1
k=0

— (N + Nsi + Nyj + Nsk) + (N5 + Ngi + Ny7j + Ngk)
+ (Ns + Noi + N1gj + N11k) + (N3pp2 + Napysi + Nappaj + N3ppsk)
= (Ng+ N5+ Ng + ... + N3yi2) + (N3 + N+ Nog + ... + Napi3)i
+ (Ny+ N7+ Nig+ ... + Napia)j + (N5 + Ns + Nig + ... + Napi5)k
= (N2 + N5 + Ng + ... + N3ni1y-1) + (N3 + No + No + ... + Nap))i
+ (N1 + Ny + N7 + Nig + ... + N3(nqa)—2 — 1)j
+ (Na+ N5 + Ng + Nigp + ... + N3pnyo)-1 — 1)k
= (N3(nt1)) + (N3nr1)11 — )i+ (N3my2)-1 — 1)j + (N3mi2) — 1K
= (N3n43 + Nappai + Napysj + Napgek) — (i +j + k)
= HN3ny3 — HNg

undasgluddnduduiunisfigainguiun 3.8
unae 3.7 19 n > 3 Huswudy agléi
HN, = HN,_1 + HN,_3
gl lagaunis (1.1) agla

HN, =N, + Nyi1i + Npioj + Npysk
=Np_1+ Npsz+ (N + Np2)i + (N1 + Np—1)j + (Vo2 + Ny )k
=Np_1+ Ny—3 + Npi + Np_oi + Npy1j + Ny—1j + Npjok + Ny k
=(Np_1 + Npi+ Npyij + Npaok) + (N3 + Ny oi + N,y 1j + NoK)
=HN,_1+ HN,_3

11
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e un 3.8 Meidunaniiavesunseianmamesideu fvualag

i+j+k+z(14+k) +22(G+k)

ZHNnx - 1—o—a3
n=0

el

% _
n=0

16

zf(x) = HNox + HNy2* + HNyaz® + HNsz* + ..
23 f(x) = HNox® + HNyz* + HNoa® + HNga® + ...

Tngunés 3.7 axlén
f(z) —af(x) — 2°f(x) =HNy + 2(HN, — HNy) + 2*(HNy — HN))
+ 23(HN3 — HNy — HNy) + 2*(HNy — HN3 — HNy) + ...
=HNy + 2(HN, — HNy) + 2*(HNy — HN))
f@)(1—z—2*)=i+j+k+z(1+i+j+2k—i—j—k)
+ 221 +i+2j+3k—1—i—j—2k)

fa) _itjtk +1x£1x+_klj 2°(j 4 k)
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d3Unan1sAne (Conclusion)
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Abstract

In this independent study, we were inspired by studying Mac-Farlane’s paper on hyperbolic quaternions. We defined hyperbolic Narayana quaternions and explored the relationship between
hyperbolic Narayana quaternions and their conjugates. Additionally, we determined the norm, Binet formula, finite sum, and the generating function of hyperbolic Narayana quaternions.

1. Introduction

The Narayana numbers was introduced by the Indian mathematician Narayana in the 14th century, while
studying the problem of a herd of cows and calves, Narayana’s cows problem is a problem similar to the
Fibonacci’s rabbit problem which can be given as follows: A cow produces one calf every year and beginning
in its fourth year, each calt produces one calf at the beginning of each year. How many calves are there
altogether atter 20 years?

Year 1 5

— T
/W\%I

P N
Yo

This problem can be solved in the same way that Fibonacci solved its problem about rabbits. If n is the year,
then the Narayana problem can be modelled by the recurrence

Nn+3:Nn+2+Nna n >0,

where N() — O, N1 — 1, Ng =1

The first few terms are 0, 1, 1, 1,2,3, 4, 6, 9, 13, 19,28..., This sequence is called Narayana sequence (also
called Fibonacci-Narayana sequence or Narayana’s cows sequence).

Alexander Mac-Farlane Orst described hyperbolic quaternions in 1891, and these numbers are not associative.
Kurt Godel used the name of these quaternions in 1949, but the author actually implied split quaternions
in his definition. Hyperbolic quaternions, just like real quaternions, are a generalization of complex numbers
by four real numbers. Moreover, just like real quaternions, hyperbolic quaternions are not commutative, but
hyperbolic quaternions have zero divisors.
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2. Objective

1. To define the hyperbolic Narayana quaternion.

2. To study various properties of hyperbolic Narayana quaternions.

3. Definition

Let n > 0 be an integer. Hyperbolic Narayana quaternion is given by
HN, = N, + N, 11+ Nyo) + N,k
where NV, are the nth Narayana number and i, j, k satisfy the equalities
F=F=k=ik=1, ij=k=—ji, jk=i=—kj ki=j= —ik.
The first few hyperbolic Narayana quaternion can be written as:
HNy=i+j+k, HN=14i1+j+2k, HN,=1+1i+2j+ 3k,..

Conclusion

4. Binet formula

Let n > 0 be an integer. Then
HN. — r"H (4ritr?j+rik) | s"T (14sitsi4sk) | T (1K)
n (r—s)(r—t) | (s—7)(s—t) | (t—r)(t—s)
where 7, s, and t are the roots of equation 2° — 2z — 1 = 0.

5. Relationship between the hyperbolic
Narayana quaternion and its conjugate.

Let n > 0 be an integer. Then
HN, + HN, =2N,
HN, — HN, =2(HN, — N,
HNn(H—Nn) ZNS - Nﬁﬂ - N72z+2 - N3+3-

At
6. Norm

Let n > 0 be an integer. Then
|HN,|| = \/|N2— N2, — N?

n+1 n+2

— N?

val

7. Finite sum

Let n > 0 be an integer. Then

> HNy= HN,+HN,+HN, 1 — HN,
k=0

Q) HNsy=HNyi—1-k
k=0

ZHNBkJrl = HN3,10—J—k
k=0

Z HN3j o = HN3, 3 — HNj.
k=0

8. Generating function

The generating function of hyperbolic Narayana quaternion

O o o k 1 k D/ k
ZHNnxnzl—l—J—F +x(1+k) 4+ 2°(j + k)
n=0

l—ox—2x°

In this independent study, we have defined the hyperbolic Narayana quaternion. The relationship between the hyperbolic Narayana quaternion and its conjugate has been shown. The norm,

Binet formula, finite sum and the generating function of the hyperbolic Narayana quaternion were determined.
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