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Waita (mwlng)  siduaniadugiunuuduenizdiunialudelging

(nMw1denge) Locally Strong Homomorphisms from Paths to Cycles

]

Yafvitn1sAUATIBNTE WA NS sialnAnen 620510491

Fo019159NUSNYY  SerEnT1sY av.ady Juun

YBNITUN5HDU ANANS1RN5E AS.ASANA ATAUIA

UNANED

Wanguanaaaigu (homomorphism) a1nns . G WWdansl G WJuileddu £ 910
V(G) W V(G 7%msanmdudon dufiedn x, vl e E(G) udr {f(x), f(»)} € E(G') wazay
Senilanduaiadugiu £ 3wdu Wedduaiiasugivsvuiduanizaiu (locally strong
homomorphism) @1 {f(x), f(»)} € E(G") waydwsunn q x' e [~ (f(x)) 2l y'e [ (f(y)
Tnedl (¥, 1" € E(G) wazdmsunn q ¥ e T (f () wl X e fT(f(x) Tnedl {x', 1"} € E(G)

TunsfuaTdasell wfnwdnnuiliiduaiadugusuuduemnzdnanialudaigdng
Abstract

A homomorphism from a graph G to a graph G’ is a mapping f from V(G) to
V(G') which preserves edges, i.e., if {x,y} € E(G) implies {f(x),f(y)}€E(G"). A
homomorphism f is called locally strong if {f(x), f(y)} e E(G") implies that for all
x' e f(f(x)) there exists y'e f'(f(»)) such that {x,y}eE(G), and for all
Y e f(f(»)) there exists x' e £ (f(x)) such that {x',3'} € E(G). In this independent

study, we determine the number of locally strong homomorphisms from paths to cycles.
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unm 1
[]
Unun
nsAuaindasyiidunisfnwimdunuilsdduaadugunuuduenzdnaniid P, 1

§eindns C, §991989mU39INN13ANY T Locally strong endomorphism of paths ¥89

Sr. Arworn, U. Knauer, S. Leeratanavalee

o/

ngUsseeA
iemnunuilsiduanadugiuiuudiamednania P, Wirigdns C, dwiuusiay

v m o o wag n>3

Uszleruniaininazlasu
lagunuilsiduafiadugiuiuudsiamegdnainda P, ldedging C, dmiuusasdnuiu

Hu m 1o quay n>3
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AU NUFIU

Tuunil eglvlieunuguilglunsauaindass

1. NunsviUadu

Uiy 1.1

unileny 1.2

Uiy 1.3

uniieny 1.4

unileny 1.5

unileny 1.6

uniieny 1.7

A5 (graphs) G Usznaumslan 2 9nfe

1. v(G) Wuwnddadilsiiduening enandnues v ()11 gaeen (vertices)

2. B(G) Wuwavesglisusuvesanndnlu v(G) Fonaundnues idutfon (edges)
01 {a,b} € B(G) Wi 151920817 o Uzl (adjacent U b

30 a WAz b N3ENY (incident) iU {a,b}

W30 {a,b} NITNUAU a Way b

UuARY (walks) fle drifuaduszninmasenuasdudeoniiusuuasiuanseasen
Tnofludazidudonnszmugaeenteuniuazgneeamumdsiiegdafuludi
soeldY (trails) fio wunAuTidudeutmuauansiety waz 35 (paths) FeauuAud
AYDANNIALANANU

2997 (circuits) Ao uunduiidudenimuaunndistu Tnefigavondudunazdugn
Huansanientiu uax 39903 (cycles) fio 2asilifigasanlavsinguinnd 1 ade
pniiunsenE Ui LAY AEanALAN

fvun P 1funswit V(P,) = {0,1,....,n 1}

wae B(P)={{0,1},{1,2},.. {n—2,n-1}}

Fon P 913003 n gaven

0 1 » * 9 1

Al 1.1 nswAEAE 0 qezen (P)
fvun ¢ Wuns il V(C,) = {0,1,...,n — 1}
way E(C)={{ii+1}]ie{0,...,n-1} waz + Jumsandunisnisuinaigld
uegla n} o n>3

a | v o aa
L3N Cn 1M NININU 1 Q@EJ@@

0 1 2 n—1
1A 1.2 n5mldndnsnd n yegen (C,)

2



2. Aanduaniiadagiu
unidenu 2.1

W G waz G WJunsi azna1adn £ V(G) - V(G) WuWenduarmasgaigiv
(homomorphism) 310 G U G’ 81 {x,y} € E(G) a1 {f(x), f(»)} € E(G')

W30 Na1IN f ANEN UG (preserves edges)

Meg1d 2.1 Awiun B, war C, wagli [V (B) > V(C,) fagu

Py f Gy
0
1 1
2 2
3 3

i {0,1} € E(P) uaz {f(0), f(1)}=1{1,0} e E(C,)
{1.2} e E(F)) way {f(1), f(2)} =1{0,3} € E(C,)
{2,3 e E(R) way {f(2), /(3)} =1{3,2} € E(C,)
oy f Juilaiduandiadugiuain P, luda C,

Med1d 2.2 Awiua B, war C, wagli f:V(B)—>V(C,) a3y

Py | Ci
0
1 !
2
3 3

downd {1,2} e E(P) uiin {£(), £(2)} ={0,2} ¢ E(C,)

sady f laduilsiduanfiadugivain P, T C,



unilenu 2.2
W G way G Junsywl waz [ V(G) » V(G Wuilsiduanitadugiu aznarin £ 10u
anguamaaagnuuuanizaal (locally strong homomorphism) 31n G W G’
M {f(x), f(»)} € E(G) wdmn x' e £ (f(x) el Ve £(F() B L)) € EG)
waznn ' e 7 (f(») il X e f7(f(x) B ¥y} e E(G)
Amun LSH(G,G') Ao wavasilanduaniadugiuwuuduanizdiuan Gl G

Med1d 2.3 Amiun B war C, wavli /:V(B) >V (C,) Ay

Py f  Cy

auiiud {£(0), £(1)} ={1,0} € E(C,)

waz f(f(0) =/ (1)=1{0,2}

wag (D) =/7(0)= {1}

s‘éqﬁm%’unn Xe f(F0)={0,2) axdl v e £ (FQ) = {1} il ¥, )} e E(B)
wazdmiunn ¥ e f1(F) ={1} 2wl X e £(F(0) = {0,2} M {x', )"} € E(P,)

sady £ Wuilsiduaniiaduguivuduamzduan B U C,

Med1d 2.4 fviua B war C, uagli f:V(B) > V(C,) sy
Ps f Cs
0

1

2 2
Wil {£(0), £(2)} ={0,2} € E(C;)

B 0)=10)

war () =12

L6l {0,2} ¢ E(R)

sty £ Biluiledduanfiadugunuuduanizduain B 1 C,



uni 3

NANISANEI

£% Y a g = o & IS £ 1 aa
n1sAuaidaseiliiunmsfnwiminuuiinduafiaduguiuuduanzdinnia P, T
§eindns C, §9919839A1U39INN13ANY T Locally strong endomorphism of paths ¥89

Sr. Arworn, U. Knauer, S. Leeratanavalee
JUWIN 319snuiliiduafiadugiuiuuduanizdmain B luds C, laei n>3

ke 11% neN uaz n>3 awldi \LSH(P,C,)|=n

wgad Wi ie{0,L...,n—1}

diuin £ V(B)>V(C) ngil f(0)=i Wuilsiduaniadagruuuuduanizdiuain
30 B, Wdaindns C,
faiu [LSH(P,C,)| =V (C,)

=n

A998 3.1 Puuilinduafiadugiusuuduanedinnnid B lWddigins C,
fvuali £V (R) -V (C,) Wuilsiduaiiadugrunuuduamzdan B i C,

uiitud f; anunsadsgeeenly B ludweeanlu C; lanad

nsal 1 £,(0)=0 Nl 2 £,(0)=1 Nl 3 £,(0)=2
P fo Cs P fi Cs P o G
0

2 2 2

ufe f, anunsodwegenly P, ludwagesly C; lanswun 3 suuuuy
Aty Puauilanduaniadugiuwuuduanizdian B lUgs C, Iviavun 3 flandu

w30 |[LSH(R,Cy)|=|V(C;)|=3



aoll avmdnunuilsiduaadugiuiuuduanizdiuain P, W C, el m>1 uag n>3

unien 219 moneN way m>1 way n>3

Avun L={{eN|l<n-11

(m—1)} Tped l‘(m—l) WNBES m —1 W398 [ agen

way dmsuusay le L

v m_l I o a o v
0 5 Wud1uud Avuali

— m—1
0=1{2il]i=0,1,..| ——
imo.] 21
t_z{2il+t|i=O,1,...,{m—_lJ}u{2il—t|i=1,2,..{m—_lJ} dmsu 0<t</
2 2
— m—1
[ ={Qi+D)l]i=0,1,.,|2—
{Q2i+ 1] { Y J}
! (2i — 1)I (2i + 1)1

2il—t 2l4+t

=p.

AT 2.1 mMswusgatu V(P,) senilu 7+1 we lunsdl

auwiuin 0,1,...,/ Junaudsiuves V(P,)

m — 1 < o ' ° v
Juduiue uagmmuali

— m—1
0={2il|i=0,1,...,| —
aimo.] 21

?:{2il+t|i:O,l,...,{mz—;lJ—l}u{%l—th:1,2,..{”12—;1} dmsu 0<r<I

T={Qi+Dl|i= 0,1,...,{’”2—;1—1}



2l

i m—1

AT 2.2 Mswusgatu V(P,) sondu 7+1 we lunsdi Juduaug

/
auwiuin 0,1,...,/ Junaudsiuves V(P,)

A99819 3.2 eiduanadugunuuduangdnannid B Wdindns C,
Wi m=5 uway n=6

wly L={{eN|l<n-1l|(m-1)}={eN|I[<5,]4}={1,2,4

QETVel %=4 \uduaug

sutsgeeenly P, oanilu 2 wa el
0={2i|i=0,1,2} ={0,2,4}
T=0i+1]i=0,lU{2i—1]i=12} ={,3 U{1,3} = 1,3}

- m—1 4
W5 | —— |=| — | =1
[ 21 J LJ

<@ 1 4 [~4 ) 1
ALLAUN 5 =2 1 uuiug

[

wUgeeenty P, sandu 3 we il
0={4i|i=0,1}=1{0,4}
1={4i+1]i=0yU{di—1|i=1}={1,3}
2={4i+2]i=0}={2}



nsall /=4

- m—1 4
W50 | —— |=| —|=0
{ 21 J [8J

<@ ! 4 [ o N
CLUUIN Z =1 1 JuanuIuA

[

udsgaeenly P, eondu 5 e sil
0={8i|i=0}={0}
1={8i+1|i=0}={1}
2={8i+2|i=0}={2}
3={8i+3|i=0}={3}
4={8i+4|i=0}={4)

unae 3 el way rel(C,)
fwun £,V (P,)—>V(C,) lagi
f.(x)=r+t 01 xet
we g, :V(P)—>V(C,) lngil
g,(x)=r+(-t) 1 xe7
wasiun F={f, :leLreV(C)} waz G={g,:leL,reV(C,)}
wld FUGC LSH(P,,C,) uway |F|=|G|=n|L| way 2n|L|<|LSH(P,,C,)

¢ 1

Ngud Azwansdn F < LSH(P,,C,)

v

W £, e F duusnasuansh £, Juilsrduanfiadog
W {x,y} e E(P,)
auudld xe7 nunilens 4 agldin yer+l o yer—1
INNTANUA i aglein f.()=r+t waz £, (»)=r+@+1) w30 £, (y)=r+@-1)
sl 191 £, (y)=r+(+1)
nundiew 2 19 {r+t,r+(+1)} € E(C)

thide (f, (x), /, (»)} € E(C,)



Nl 2 1 f, (y)=r+(t-1)

nundiew 2 19 {r+1,r+ (1)} € E(C)

tude {f, (x), f,(»)} € E(C,)
sady f, Wuilsiduaniiadugiu
m—1

aolUazuansi f, e LSH(P,,C,) lasazwiseonidu 2 nsdl fie — Wudwaud

m-—1

[

< o '
IGE WuaIUIun

[ m_l & o a
a1 T LJUINUIUA

W {f, (0, f,(N} € E(C,)
W f,(x)=r+t waz f,(y)=r+@+1) dwsvvn te{0,1,..../-1}
wie f,(y)=r+t wag f,(x)=r++1) dmivun te{0,1,...,[-1}
sl 01 £, (x)=r+t way f,(y)=r+(+1)
wldi £, (f,(0) =7 wag £, (f,(n)=1+1
W opef, (f,())=7
N3l 1161 ¢=0
i £ (S0 =0 uag £ (f,00)=1
wuldden nnan@nlu 0 afiueandnlu T Asednfuiaue
uay ynaundnlu 1 sgdunsaandnlu 0 Mssdnfuiaue
A3l 1.2 01 >0
wlin pe? ={2il+¢]i=01,.. .k} U{2il—t]|i=1,2,....k}
NSl 1.2.1 01 pe{il+t|i=0,1,..,k}
gl p=2ul+t dwmsuue ue{0,....k}
SRR REY
s=p+1
=2ul+(t+1)
e 2il +(t+1)|i=0,....k}
C Qi+t 1) =0, k} O 20—t +1) i =1,....k}
—r+1
A VA
%3 {p,s} e E(P,)
N3l 1.2.2 o1 pe{2il—t|i=0,1,...k}
wlein p=2ul—t dwsuus uel0,....k}

< A
VCLNUIUY



s=p-1
=2ul—(t+1)
e2il-(t+1)|i=0,..,k}

C{2il+(t+1)]i=0,...k} Uil —(t+1)|i=1,...,

=t+1

=AY
Wds {p,s}y € E(P,)
ﬁﬂﬁ?ﬂﬁﬂ%%UV!ﬂﬁ@J’l%ﬂ pefi (f,(x) 2wl sef ' (f,(»)
Al {p,s} e E(P,)
Tuyhweaderiuamnsaigadlaindmsunn se £, (f,. ()
aedl pe £, (f,(x) Wl {p.s}e E(B,)
Asal 2 01 £, (y)=r+t waz £, (x)=r+(+1)
wdhansnsaigadldluiueadeaiunsdd 1

v & m—1
PINUU f ﬂu‘mx‘]ﬂsﬁuﬁ’maﬁmﬁ’mLLUUL‘UNLQ‘W’NE“{’J‘U (A T Lﬂummm

ﬂf

-1 :
T Judiuiue

a o N [ aa m_l I o =
mmiawzjﬁmnlmumuaqmeﬂumﬂiﬁu% T L UUINUIUA

v m—1
g3 f, Wuilsiduanadugruwuuduanizai i1 - \udwaug

1nnsdl 1 wag 2 aglaan f, e LSH(P,,C,)
ety F < LSH(P,,C,)

Aellazlanain G LSH(P,,C,)

W g, € G lwhuesdviiuiu f, awlén g, Juilsituaitadugu

m—

aolUazuansin g, € LSH(P,,C,) lnsuisoondu 2 nsdl Ao T

m?
m—1

/

< 3 !
IGE Wuauun

ol Tl Dushuaud
1 {g,(x),g,(»} € E(C,)
10 g, (x)=r+(—1t) waz g,(y)=r+(—(t+1)) dmiuun te{0,1,...,
o g, (y)=r+(-t) waz g, (x)=r+({—(+1)) dmivun r€{0,1,...,
sl 01 g, (x)=r+(-t) uaz g, (y)=r+{—(+1)

wlih g,'(g, () =7 waw g,'(g,(») =t+1

10

ks

Wusuud

1-1)
-1}



W peg'(g,(x)=1
NS 1.1 01 £=0

v ] -1 T
e g, (g,(x))=0 uaz g, (g,(») =1
< Yo a = = a - A a o
wiulatndn NnaunBnly 0 aeluwamndnly 1 NUssdaiuae
wag Nnaudnty 1 aslivianndnly 0 NUsslniuaue
n38l 1.2 61 >0
Wl pe? ={2il+t]i=01,.. .k} Uil —t]|i=1,2,...k}

NSl 1.2.1 01 pe{il+t|i=0,1,..,k}
Aglan p=2ul+t dmsSuue ue{0,....k}
gLyl
s=p+1
=2ul+(t+1)
e 2il+(t+1)|i=0,....k}
C il +(t+1)|i=0,.., K} Uil —(t+1) i =1,...,k}
=1+1
A VA
N3y {p,s}e E(P,)
N3l 1.2.2 01 pe{2il—t]i=0,1,...k}
lin p=2ul—t dwsuus uef0,....k}
U
s=p-1
= 2ul —(t+1)
e 2il—(t+1)]i=0,...k
C Qi+ (1) =0, k} O 20l —(t+1)|i =1,..., k)
=r+1
=i (7))
%3 {p,s} e E(P,)
é’\’qﬁuﬁm%’unﬂam%ﬂ reg,(g,(x) 1l seg,'(g,(0)
7l {p,s} e E(P)
luvhueudgiuansaigatdlaidmiun seg, (g, ()
wil peg,'(g,(x) MK {p.s} e E(R)
nsal 2 o1 g, () =r+(-1) waz g,(x)=r+(I—(t+1))

wenaunsafigatlaluvihueufiediunsiil 1
m—1

may g, uilsiduanfiadagiuwuuduanizaiy 41 5 Wudwaud

11



v m_l < [ !
M —— Wuauaug

a o N [ A m_l I ° =
mmiawqwﬂlﬁlumummeﬂuﬂumm‘m T L UUANUIUA

Pl I & v a o 1% | ;Y m_l I o !
1@’3'1 & Lﬂuﬁaﬂ%ummaamgmuwmm«awwmu a1 T LUUR‘I’]‘U’J‘H@

91nnsil 1 was 2 azlen g, € LSH(P,,C,)

il G< LSH(P,,C,)

ey FUG < LSH(P,,C,)

MnMsimue F uae G wwlain FNG=Q uae |F|=|G|=|V(C,)||L|=n|L|
sy |[FUG|=|F|+|G|=n|L|< LSH(P,,C,)

Aqa814 3.3 landuaniadugiuwuuduanzdnnnia B ldvigdns C,
W m=5 uaz n=6
wlad L={{eN|l<n-LIl(m-1)}={eN|l<5,1]4}={1,2,4}

fonsanilanduantadugruwuuduanzdunnia B lWdvigdns C, an f, fll

nsal 1 /=1

sutsgeneslu P, oonidu 2 wn fail

0=10,2,4}

1={,3}
Wi £,0)= £, =f,@=r uaz [,()=1,0G)=r+1
w3 £, (0)={r} war £ ()={r+1}
NINNINTUARE 7~ € V(C,) = {0,1,2,3,4,5} dzladlan duanilad g uwuuidy
WWzd f,, fitundiail

£10(0)= {0}, £, (1) = {1}

S (0)={1}, £,(1) = {2}

S (0) =12}, £,,(1) = {3}

£ =35 (D) =14

£(0)= {4}, £,,(1) = {5}

£5(0) =15}, fi5(1) = {0}

1o Slsiduanfiadugiunuuduanizdi £, wavun 6 fendu

12



s 2 /=2

[

anansauUsaasenty B oonidu 3 wn fil
0=1{0,4}
1={1,3}
2={2}
W6 £, 0) =1, @ =r waz £, (1)=f,3) =r+1 waz f,,(2Q)=r+2
W3 [, (0)={r}, fo, (D) ={r+1}, £;,(2) = {r+2}
NINNIITUIUG AL eV (C,) ={0,1,2,3,4,5} aslailanduaniadugiuiuudy
WNEd f), fitwuagsil
S (0) =10}, /oy (1) = {1}, /(D) = {2}
S0 (0)={1}, £,,(D) = {2}, /,,(2) = {3}
S (0)={2}, £,,(1) =13}, £,,(2) = {4}
S25(0) =3}, fo(1) = {4}, £5(2) = {5}
S24(0)={4}, £,,(1) =15}, /2,(2) = {0}
S25(0)={5}, 25 (1) = {0}, £,5(2) = {7} )
1ordn Slsdduanfiadugiuiuuduanizdnt £, e 6 fendu

nsal 3 =4

[y

iEnsanUaeeaty P, eandu 5 we Al

1o fo,.O)=r, f,(D)=r+1, £, Q)=r+2, f,,3)=r+3 uaz f, (4)=r+4
wse [, (0)={r}, £, (D ={r+1}, £,(2) = {r+2}, £, (3) = {r+3} uaz
for (B ={r+4}

NINNIITUIGAE eV (C,) = {0,1,2,3,4,5} aslailanduaniadugiuiuudy
RNIEEIU 1, fitwuagsil
S20(0)={0}, f3, (D) ={1}, £1,(2) = {2}, f1s(3) = {3}, [ (4) = {4}
[a©@) =1, £,(D) =12}, £,(D) =3} [, (B) = {4}, f1,(H) = {5}
[0 =12}, £, (D) =3}, f,(2) = {4}, £,(3) = {5}, f1,(4) = {0}
[:(0)= 3}, fu(D = {4}, /(D) = {5}, £, (3) = {0}, [ (D = {1}
@) =4, £, (D) =15}, £u(2) = {0}, £1,(B) = {1}, f1,(4) = {2}
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[15(0) =15}, fis(1) =10}, f15(2) = s fas (3)={2}, fs($) =3}
1erdn Slsiduanfiadugiunuuduanizdns £, wavun 6 fendu
nnvamnsaiiai ald F < LSH(P, C,) warlé |F|=18=6x3=n|L]|
solufinsanitsifuaiiaduguuuuduamednnnid B lWddiadns ¢, an g, i
nsdl 1 /=1

[V

anunsaudagaeeaty P, oandu 2 e o
0={0,2,4}
1={1,3
i g,(0)=g,(2) =g, @ =r+1 uaz g, (1)=g,03)=r
30 g,(0)={r+1},g,(1)={r}
NINNIITUIUGAE eV (C,) ={0,1,2,3,4,5} alailanduaniadugiuiuudy
WWITEIU g, fisvuneail
80(0) = {1}, g,,(1) = {0}
g,(0)=1{2}, g, (1) = {1}
£,,(0) =13}, g, (1) =12}
g,;(0)= {4}, g,,(1) = {3}
2,(0) =15}, g, (D) =14

815(0) =1{0}, g5(1) = {5}
1o Slsdduanfiadugiuiuuduanizdt g, wavun 6 fandu
nsal 2 [=2

[

anunsoutagaeenly P, eondu 3 we aall

0=1{0,4}
1={,3}
2={2

161 g,,(0) =g, (H=r+2 uar g,,(N=g, 3)=r+1 waz g, (2)=r+2
W30 g,,(0)={r+2},2, (1) ={r+1},g,(2) = {r}
NINNINTUWABL 7~ e V(C,) = {0,1,2,3,4,5} dzladlan duanflad ugiuwuuidy
WWIZAI g, fitungiail

2:0(0) =12}, 250 (1) = {1}, 2,0(2) = {0}

2,(0)={3},2,,(1) ={2},£,(2) = {1}

8, (0)={4}, 8, (1) = {3},8,(2) ={2}

2,,(0)={5}, 2,5 (1) ={4},2,,(2) = 3}

2,,(0)={0}, 2,,(1) = {5}, £, (2) = {4}
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gzs((_)) = {1},g25 (T) = {0},g25 (5) = {5}
1erdn Slsiduanfiadugiuiuuduanizdn g, e 6 fandu

nsal 3 [=4

[

anunsoutagaeenly P, eondu 5 we fell

Il Il
~—™ =
- =2

| Wl N = Ol
Il

T

AN

4=1{4
6 g, (0)=r+4,g, )=r+3,g,2)=r+2,2, 3)=r+1 uaz g, (4)=r
e g, (0)={r+4},g,()={r+3},2,(2) ={r+2},2,(3)={r+1} uas
g, (H={r}
NINNINTUWARE 7 € V(C,) = {0,1,2,3,4,5} zladlan duanflad g uwuuidy
Wzd g, fitwuagsil
2:0(0) = {4}, 2,0(1) = {3}, 840 (2) = {2}, £,(3) = {1}, €4 (4) = {0}
2,(0)={5}, g, (1) ={4},2,,(2) = 3},8,(3) = {2}, g, (D = {1}
2,(0)=1{0}, 2, (1) ={5},2,,(2) = {4}.2,(3) = 3}, 2, (D) = {2}
25(0)= {1}, g,,(1) = {0}, 2,5, (2) = {5}, £,,(3) = {4}, g,5(4H) = {3}
21(0)=1{2}, 2, (1) = {1}, 2,,(2) = {0}, 2,,(3) = {5}, 2, (4) = {4}

8is (6) = {3}, 8is (T) = {2}9g45 (5) ={1}, 8us (g) =1{0}, 8s (Z) =1{5}
131 Hilanduanadugiusuuduenizd g, Nvun 6 fandu

nvaunsalinai 98l G < LSH(P,C,) uavléi |G| =18=6x3=n|L|

unis 4 W mneN war m>1 waz n>3 &1 £ Juilsiduinbfwesluilsiduafiadugiuan

muua V(P,)={0,1,...m—1} waz V(C,)=1{0,L,...n—1}
o f(V(P))={i,i+1,..,i+(n-1)} dwmiuuv ie0,l,..,n—1}
wlain £(0) =i+t dwmsSuue te{0,1,..n—1}
Wt D) =i+@+1) s fQ)=i+(—1)
asall M ) =i+(t+1)
WEasldn le £ G+ +1) fatu 1e £ G+ (1))
o {i+ni+(t—1)} e E(P) uar 1g £ (i+(t—1)
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aglan Widaundnlaly 7' G+ (@ —1) AUseBaiu 0e £ (i+1)
sady £ ldduiliiduanfaduguuuuduanizaiu
nsi2 o1 f()=i+(-1)

wannsafigaulaluiusafeadudunsd 191 f Tdduilsdduanadugiuwuy

RWIZEIY
91nnsdl 1 waz 2 aglein 41 WDuiladduiduaznduilsdduaniadugivainia P, U

v v @

Windns C, udn f Liduilsiduaniaduguiuuduanzdin

Fadann W f Juilsiduafiadugiu £ suduilaiduings delinisdegeeenain P, lude
goanngaty C, 3o ' (x) 2@ dmsunn x eV (C,) Fdmniiansanilanduainunea 2 1
W [=n—1 Azl f, way g, Wuilsddwindeenid P, ludigdns C, dufe f, uaz g,

arlifuilsiduantadugunuuduamzdiania P, ludiindns C,

A29819 3.4 Heidumnnaiduilsdduaitadugiuanid B, Wdigins C,
W m=3 waz n=3 waz r eV (C,)
wld [=n-1=3-1=2

sudsgaeenly P, eonidu 3 du fall

0=1{0}
1={1
2={2}

60 £,0)=r waz f,()=r+1uay £, (2)=r+2
dewn {£, (0, £, ()} ={r,r+2} € E(C,) ust {0,2} ¢ E(P)

saty f,, Wuilsddumdsinduiliduafiadugiuenia B Wdvigdns C,

naufun 519 mneN wag m>1 uag n>3 Wi FUG=LSH(P,,C,) uaz
|LSH(P,,C,)| =2n|L|
Weail mnunie 21691 FUG c LSH(P,,C.)

faiu |LSH(P,,C,)|> 2n]L|

melUazuansin LSH(P,,C,)c FUG

W feLSH(P,,C,)

desan £ Wuilsiduanfiadugiu

aglen f(V(P))=1{i,i+1,....i+[} dwmSuuw [<n-1
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Tneunds 6 axlddn [=n—1 dadhu 7 <n—1
dewn m>1 fadu 1>1
Amua [=k—1 199 [+1<n
soluaguansdn 7|(m—1)
Funsnazuaniy f(0)=i w30 f(0)=i+/
auudI £(0)=i+¢ dwmsuun refl,...[-1}
Fodu f()=i+@+1) o f)=i+(—1)
nsall 0 (D) =i+(+1)
WlEn Te £ G+ (e +1)) Sl Te £+ —1))

Jlown {i+t,i+(t—1)} e E(P,,) uwagd O £ (i+1)

wakifigeeenlaaely £ +(¢—1)) fiusedaiiu 0

Fetaudatufiaundn £ Wuilriduafadusunuuduanzdi
NS 2 o1 f()=i+(—-1)

Wildin Te £+ (=) sy le £+ @ +1))

dlown {i+ti+(t+1)} e E(P,,) uaedl O £ (i+1)

waliiigneanlawely £+ (¢ +1)) fiUszdaiu 0
Fedaudeiuianudin £ Wuilsiduaiiaduguuuudinanzdi
NIt 1 wag 2 agld £(0) =i+t dmsunn te{l,...[-1}
Yufle £(0)=i w30 £(0)=i+]
pollaglansin f(m—1)=i so f(m—1)=i+I]
AU f(m—1) =i+t dwmivuvn tefl,...,[-1}
Folu fm—2)=i+(+1) W0 f(m—2)=i+(t—1)
Asil 1 01 f(m—2)=i+(t+1)
WEasldin m—2e £+ +1) S m—2¢ £ G+ (t—1)
losan {i+t,i+(-1)}eE(R,) wazil m—1e f'(i+1)
wakisigeeenlaaely £ +(¢—1)) fiUsedaiu m—1
Fadoudaiuiauuii £ Wuiliduaiadugiuuuduansdiy
NS 2 01 f(m—2)=i+(—-1)
WEagldn m—2e f G+ (-1) Sy m—2¢ £+ (E+1)

own {i+t,i+(t+1)} e E(P,,) wagd m—1e f(i+1)

walisigeeenlaaely £ @+ (¢ +1) MUsslndu m—1
Fetpudeiufiauudn £ Wuilsiduafiadugruiuuduenzaiy

NSl 1 wag 2 agld f(m—1) =i+t dmdunn te{l,...[-1}
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S fm—1)=i vse f(m—1)=i+l
ﬁaﬁu%aagﬂlﬁdq f(0)=i W39 f(0)=i+] waz f(m—1)=i ¥30 f(m—-1)=i+]
soluazuansd1 I|(m—1) lnsuvseendu 4 sl el
asall 0 £(0)=i uaz f(m—-1)=i
o fA)=i+1
WHANIN () =i+ dmTunn je{2,..0}
AUNRLA f() =i+t way f(t=1)= f+D)=i+(—1) dmSuun l<r<!
Fotu te £ G+1) way t—Li+le f i+ —1)
dlosan SWV(R))={i,i+1,....i+I}
wag {i+t,i+(+1)}eE(C)
walisigeeanlamely £+ (¢ +1)) fissdniu ¢
Fetaudstuauudsnd £ iWuilsiduaniaduguwuuduanydiy

ety f(2Q)=i+2

fy=i+i
WHANN f(j) =i+ —j) dmFunn je{2,..0}
dewin SV (P)=ti,i+1,...i+1}
gk fl+D) =i+ -1)
aUUALA fU+k)=i+(—k) way fU+k+D))=fU+(k=D)=i+(—-(k-1))
dmsuun 1<k </
ot I+ke f(i+(I-k) wag [+(k+1),l+(k-De fi+{—(k-1))
down f(V(P))={i,i+1,....i+1}
wae i+ —k),i+(—(k+1)}eE(C)
waliiiyneanlawely £+ —(k+1)) fiUssdaiu 1+k
Fadoudatvaunigiud £ Wuileiduafadugumuudianzd
Ful fU+2)=i+(-2)

fA+D=i+(-1) TR fQh=i
wenINiiaunsafigadluvhusadedfiuiuteulai
QI+ =i+l

f@) =i+l
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f(gh)=i dniuve geN
ALIAUIAINUA

0={2il|i=0,1,...k}
T={2il+t|i=0,1...k} U{2il—t|i=12,.. k}

I ={Qi+DI|i=0,1,..k}
W& f(x) =i+t e xe?
awiud £(0)= fQil)={i} waz f(m—1)=i
o 2jl=m—1 dwmivun je{0,1,..,k}
Tufe I|(m—1)
N I<n—1 uag [|(m—-1)
ey 1 e L uay f=f.eF
NS 2 £(0)=i uaz f(m-1)=i+[

ansofigaulldluvihueafeafufunsdli 1
Tude £(1)=f(QRi+D)={i+1} wey f(m—1)=i+l
Fodu 2+ 1) =m—1 dwduun je0,1,...k}
Tufe I|(m—1)
N I<n—1 uag [|(m—1)
Fotu el
6 feF wy f=f,eF
NS 3 f(0)=i+! way f(m—1)=i
o fO=i+(-1)
WHANIN f() =i+ —j) dmFunn je{2,..0}
il f(O) =i+ 1) way ft—-1)=ft+1) =i+ —(t-1)
dnsuun 1<r<!
fou te £+ —1) way t—Li+le G+~ -1))
dlosan SWV(P))={i,i+1,....i+1}
waz {i+(—1),i+(l—(t+1)} € E(C)

wakisigeeeanlaaely £+ - +1))) fiussdniu ¢

Fedaudaivanuignui £ Wuilsiduanfiadugiuwuuduanizdiu

Fau £(2)=i+(-2)
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fD=i+(-D= f()=i

WHAN f(j) =i+ j dmTunNn je{2,..1}

dewn fV(P) =1{ii+1,..i+1}

Fouk fU+1)=i+1

AUNALA f+k)=i+k wag f{+(k+1D))=fU+(k=-1))=i+(k-1])
dmuun 1<k <!

ot I+ke f'(i+k) way [+(k+1),I+(k-1)e f'(i+(k-1))
dowin f(V(P))={i,i+1,....i+1}

wae {i+k,i+(k+1)}eE(C)

walifigneanlaaely £ +(k+1) fiusedniu 1+k
Fedaudsivangui £ iduiladduafiadugiuuuuduenzdiy
Fou fU+2)=i+2

fU+D=i+] Tupe fQ =i+l
wennidsanansafiaadluiuesfeiuiutadulad

FQI+1) =i+ ~1)

f@3h=i

f(gh)=i dmivune geN
TUIEIF VU

0={2il|i=0,1,...k}
T={2il+1|i=0,1,...k} U{2il—t]|i=12,.. .k}

I ={Qi+D!|i=0,1,..k}
W& f(x)=i+(—1) o xef
wdiun ()= f(QRi+DD)={i+(-D}={i} way f(m—1)=i
Fou 2+ 1) =m—1 dmduun j e (0,1,...k}
tiudle 1|(m-1)
N I<n—1 uag [|(m—-1)

sy [eL way f=g,€G

20



sl d f(0)=i+/ way f(m—1)=i+/
anunsaigarlliluieafefudunsdil 3
Tude £(0)= fQil)=1i+1} way f(m—1)=i+]
o 2jl=m-1 dwmivun je{0,1,..,k}
ude 1 |(m—1)
N I<n—1 uag [|(m—1)
ety 1 e L uay f=g,€G

i 4 nsaidedu 1§ fe FUG

ety LSH(P,,C))c F UG

1o [LSH(P,,C,)|<2n|L|

faiu |LSH(P,,C,)|=2n]L]

A1a814 3.5 Iuuilnduafiadugusuudnenizdinainia B, Wdsindns C,
nlanglain n=6 warandiegne 2.2 a1 L={1,2,4}
Nnnguun 7 [LSH(P,,C,)| =2n|L|
tufle [LSH(P,C,)|=2n|L|=2x6x3=36
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unil 4
agunan1sAnen
NN3AnY uuilsiduatadugiusuudaemedinannia P, Wdigdns C, dmsu
$wautu m uay n>3 Tduamsing el
1. |LSH(R,C,)
2.00 m>11¢7 [LSH(P,,C,)

=n

=2n|L] oot L=/ eN|l<n-11

(m=1);
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LOCALLY STRONG HOMOMORPHISMS FROM PATHS TO CYCLES
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A homomorphism from a graph G to a graph G’ is a mapping f from V(G) to V(G’) which
preserves edges, i.e., if {z.y} € E(G) implies {f(z), f(y)} € E(G’). A homomorphism
is called locally strong if {f(z), f(y)} € E(G') implies that for all 2’ € f~!(f(x)) there
exists y € f'(f(y)) such that {2/,y'} € E(G), and for all y' € f~!(f(y)) there exists
2’ € fY(f(x)) such that {z’,y'} € E(G). In this independent study, we determine the
number of locally strong homomorphisms from paths to cycles.

Preliminaries

In this section, we give some basic definitions and examples.

Definition 1
A graph Gis apair G = (V(G), E(G)) where V(G) is a finite set whose elements are called
vertices, and E(G) is a set of un-order pairs of vertices, whose elements are called edges.

Example : Let G = (V(G), E(G)) where V(G) = {4, B,C, D}
and E(G) = {{A, B},{B, B},{A,C},{A,C},{C,D}}. Then G is a graph.

A B

G
Figure 1: Graph G
Definition 2
Let P, be a graph with V(P,) = {0,1,....n — 1} and E(P,) = {{i,i + 1}]i € {0, ....n — 1}}.
We call P, a path with n vertices.

0 1 n-1
o—=o L ®

Pn
Figure 2: Path with n vertices
Definition 3
For n € N and n > 3, let C, be a graph with V(C,) = {0,1,...,n — 1} and
E(C,) ={{i,i+1}}i € {0,...,n — 1}} where + is the addition modulo n.
We call C,, a cycle with n vertices.

0/1\n-1
o—o0 oo o

Cn
Figure 3: Cycle with n vertices
Definition 4
Let G and G’ be graphs. A mapping f: V(G) — V(G') is called a homomorphism from G
to G'if {z,y} € E(G) implies { f(z), f(y)} € E(G").

Definition 5

Let G and G’ be graphs and let f be a homomorphism from G to G'. The homomorphism
1 is called a locally strong homomorphism from G to G' if {f(z), f(y)} € E(G') implies
that for all 2’ € f~(f(x)) there exists y' € f~!(f(y)) such that {z’,y'} € E(G) and for all
y € f7H(f(y)) there exists 2’ € f~!(f(x)) such that {’,y'} € E(G).

Let LSH(G,G'") denote the set of all locally strong homomorphisms from G to G.

Example : Consider P; and C; and f:V(P;) — V(C)) as in the picture below.

S
=

Figure 4: Locally strong homomorphism from P; to C,

We get that: {4, B} € E(P) = {f(A), f(B)} ={2.1} € E(Cy);

{B.C} € E(Py) — {f(B), /(C)} = {1,2} € E(C)).
Thus f is a homomorphism from P; to C}.
Consider {f(A), f(B)} = {1,2} € E(C)).
We see that for all 2’ € f~!(f(A)) = {4,C},
there exists y' € f~'(f(B)) = {B} such that {2',y'} € E(P),
andforally € f~'(f(B)) = {B},
there exists i’ € f~1(f(A)) = {A, C} such that {z',y'} € E(P).
Thus f is a locally strong homomorphism from P; to C,.

In this independent study, we find the number of locally strong homomorphisms from a
path P, to a cycle C,, i.e., |[LSH(P,,,C,)| for all integers m and n > 3. We first give the
number of locally strong homomorphisms from P, to C,, forall n > 3.

Lemma 6
If n e N where n >3 then |[LSH(P,C,)| =n.

We now give partitions of V/(P,) for definding locally strong homomorphisms from P, to
C, for m>1 and n > 3.

Definition 7
Let m,n € N where m > 1, n>3, andlet L={l e N[l <n—11|(m-1)}.
For 2! is odd, let
_ m—1
0={2illi=0,1,... s
il =01, "

m—1 . . m—1
5 JPu{2il —tli=0,1,..., | 3

t={2l+1tli=0,1,..,| 1} foro <t <1,

m—1
21

I={Qi+Dli=0,1,...[=—]}.

Figure 5: [ + 1 classes where % is odd.
For - is even, let
m—1

0= 2illi = 0,1, ., [T 11,
F= {20l +4)i=0,1,.., LmT;lJ —1yU{2i —t)i =0,1,... Lm; Uy foro<t <1,
- m—1 -

= {(2i+ DIl =0,1,... [ =] = 1},

(2i— 1)1

Figure 6: [ + 1 classes where "’l—*‘ is even.
By using above partitions, we get the following result.

Lemma 8

Let m,n € N where m >1 and n>3.Forl e Landr € V(C,),
define f;,: V(P,) = V(C,) by fi(x)=r+t ifz €t and

define g, : V(P,) = V(C,) by gi(z)=r+(l—1t) ifz et

Let F={f,:leL, reV(C,)} and G={g,:l€ L, reV(C,)}.
Then FUG C |LSH(P,,C,)| and |F| = |G| = n|L|.

Finally, the next theorem gives the number of locally strong homomorphisms from P,, to
C,for m>1 and n > 3.

Theorem 9
Letm,n € N where m > 1andn > 3.
Then FUG = LSH(P,, C,) and |LSH(P,,,C,)| = 2n|L|.

Example : Consider the number of locally strong homomorphisms from P; to Cj.
Weseethat L={leN[l<n—1, l|(m—1)}={leN|l <5, [[4} = {1,2,4}.
From Theorem 9, |LSH (P;,Cs)| = 2n|L| =2-6 - 3 = 36.

Therefore, the number of locally strong homomorphisms from P; to Cj is 36.

Conclusion

In this independent study, we determined the number of locally strong homomorphisms
from a path P, to a cycle C, for positive integers m and n > 3. We got the results as
follows :

1.|LSH(P,,C,)| = n;

2.1fm > 1then |[LSH(P,,C,)| = 2n|L| where L = {l e N|l <n —1,{|(m —1)}.
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