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uifdamengg ldnnune lidazidunguimsauay, mameimngiiganeunnd was iasugeans luns
Fupidasz il lddnmdunouiB mausranuduesgaaiauuRaIsa Inaides Khan uaz Yildirim
1] wilui@n91n Shahzad uag Zegeye asindouly “strong condition” vun1sasiifeadosiuisnisii

%1 wazAnwinisiigaunguiunnisgnuuugeuasnsginkuutvaanisaslivenenatealul3giviua

wan N lamiiegsidennaeatung v unnandnae
Abstract

The fixed points problem of multivalued mappings is a topic that has been studied very
intensively by numerous researchers because it can be applied to solve many problems such as control
theory, convex optimization, and economics. In this independent study, we study the approximation
fixed points of multivalued mappings from Khan and Yildirim's research [1]. The anothers used an
idea from Shahzad and Zegeye to removes a "strong condition" on the mapping involved in the
iteration scheme and to prove the weak convergence theorem and strong convergence theorem of
multivalued nonexpansive mappings in Banach spaces. Moreover, we give an example to support the

main theorem.
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UNN 1

UNU (Introduction)

9

W E Juiigliviwe (Banach space) waz K Wungesves E azBen K nsendiida

(proximinal) ghdmsuwias = € E siandn k € K 7199
d(z, k) =inf{llz —yll:y € K} =d(z,K)

\ufinsuiufegudiinengosyunssdunuugsu (weakly compact convex subsets) ¥a4U3QiuuIALAY

9

watosUayu (closed convex subsets) vasU3giunnawuuiensiluniondiia
fmualdt P (K) duranaveaendesniondfivaiifivevwnves K

wae CB (K) Juranaveswndeslaiifivevwnves K
svuald H B windnendeesniiinanunin d ves B tufe

H (A,B) =max {supd(x,B),supd(y, A)
€A yeB

dwiun A, B € CB (E)
nsdswuuvaeAl T« K—P (K) 98gniseniiveea (contraction) sdlenasil ¢ € [0,1) vl

dwmiunn z,y € K
H (Tz,Ty) < |z -yl
wazdn £ = 1 azSon T 7ndunisdauuliivgns (Nonexpansive)
H(Tz,Ty) < |lz -yl

dwiunn o,y € K
90 = € K 2913603190034 (fixed point) 483 T 01z € T wae W F (T) WNUnvesqnssavianie

N



A19819 1.1 1 B = R meldvsgiiviwe uag K = [0,100] Wuwngesyula dveuwailiduwninmes

Euagli T: K—P (K) dvualae T (z) = [O, g] Wz € K sl F (T) = {0}

Msfnugamssdmsumsdanadiuay msdsuuubiverevansalaglfm s niednesu fn3 Gy
Andulny Markin 2] deunngufannTaitnauladimivnmsdadananlasumsiaundad nsUszgndldlu
NQufN13AIUAN (control theory) msmmmmsﬁqmaumsﬁ (convex optimization) N1553uANBITWITY
3 (differential inclusion) wagAsygAans (economics) Beluniifumsiiegvesgnnsedmiunisddlavens
waneaTbulIgiivnakuuengUlafigaiilae Lim [4]

nguanessosnisdslivenevateatusnn nauiuesnisddldveneanfeifinslinszuaums

g uanaaiuieyseanuAansdmsunsaslivenenang s

Agarwal wagany [5] wugthguwuunsvigseluiidmsunisdanuuaiifien

r1 =z € C,

Tnt1 = (1 — ap) Tan + anTyn, (1.1)

Yn = (1 _ﬁn)xn +,BnT33n, n €N

e {an )} waz {8,) € (0,1)

Tul A.A. 2012 Klan wag Yildiim [1] Tdveneduneuisnisvign (1.1) WWdnsdd 7 WHunisdawuu

[

MANYAT A9l

¢

xr1 € K,
Tpnt1 = (1 = X)) vp + Auy, (1.2)

Yn = (1 =n)xp +nv,, n €N

10ei v, € Pr(zy),un € Pr(y,),0 < A\,n<1
wag Pr(z) ={yeTx:|z—y| =d(z,Tx)}
Tumsduaindasell Wfnwinisussanuaigassavesnisdsliveenanealagliiunewisnisving

v
o

Tud3giivina (1.2) wenanllifandegsiiaenadaiunguiunmananae



UNN 2

¥
%

AUIWUFIU (Preliminaries)

unienn 2.1 1 A Juwsuay S Wuwegosves A a35en S 91 weda (closed set) dvn 9 9nddinves S

agluign A

unilen 2.2 Wi C \uwngesves S winazFen C Indulnyu (convex set) AudunsINdey o uag y og

Ty ¢ vufe
1-t)ya+tyeC
dwiunn o,y € C uay t € [0, 1]

undenu 2.3 197 S ¢ R lhiduwning uagli o € R agi58n a 1
1. wauwmuY (upper bound) ¥89 S 01 = < o dwsunn z € S

2. Yaulwna (lower bound) ¥81 S 0 o < = dmsuyn z € S

unilenn 2.4 W X WWuuinlinnwmes (vector space) Uuladvesd1Iuase Ui uasy vu X fe n1sds
|| : X—R Ingfidmdunnandn o € R uagnnasndn o,y € X donndosiuanTRceluil

(1) ||z =0

@)z =0&2=0

(3) llaz|| = lell]]

(4) [lz +yll < llzll + Iyl

warawnaydn (X, |-[) W Ysgiiuasu (normed space)



a a 3

undenu 2.5 18 X Wudiofinnmesuuilanvesdiuiuass azSenileddu () : X x X > R

71 wanun1eluul X (inner product on X) i1 (-, -) denadasnmaudfnelul
(1) (z,2) > 0dmsuNn 2 € X ude (z,2) =0 2 =0

2) (z,y) = (y,z) dwSuupas o,y € X

(3) (az,y) = a(z,y) @mTuwses 2,9,z € X hag a € R
@) (z +y,2) = (x,2) + (y, 2) dmFUusiae z,y,2 € X

s1vzisen X Indu Usglinagaunielu (inner product spaces)

uniie 2.6 W {z,} Wuddululiginagunely X wag 2 € X
(1) iFendiu {z, } 31 geliwuudy g = (converges strongly to ) 01 ||z, — || — 0 5WNU MY @, — =
58 lim Ty =X

n—o0

(2) WBEUNENU {2, } 31 geiuuudau d « (converges weakly to @) 01 (x5, y) — (z,y) dwsunn y € X

SNUAIY T, —

[

dadunn 2.7 dadugiinuuuduLaIR gL uUgouY

unlienn 2.8 &0 {z,} Tu X 9zSoninlu §1dulad (cauchy sequence) ddmsunn e > 0 azdiduau-

FuIn N #9861 n,m > N wd [lon — 2o < €

undeny 2.9 15azisen {2, } Maduiiveun (bounded sequence) H3TUIUAIS UIN M

7 en] < M dmiunan eN

undeny 2.10 T {z,} Wudduresiiuiuase agnani
(1) {x,,} Dudwivldan (nondecreasing sequence) & z,, < 2,41 YN 1 € N
(2) {x,,} Dudwiuladiiia (nonincreasing sequence) 1 x,, > 2,11 N n € N

(3) {z,} Hudrdiumaiien (monotone sequence) &1 {z,} WWuddulsian vide {2, ) d1eulsiifia



nguijun 2.11 W {a,} Judwivresdruiuase
(1) 1 {z,} Wudduliaauasiivevwauuwds {z,} {Wuddugdn

(2) & {2, } Wudwulidiuwesivouwnaind {a,} Hudiugidn

= o v 1w o v & o v aa
NOYHUN 2.12 m@mqmnﬂmmmﬂummmmaum

unilgna 2.13  ddlngfises (imit superior) ¥04 {x,} FIVUUNUMIY lim sup 2, Y50 lim x,, Bowlay

n—00 n—ro0
limsupx, = lim sup z,
n—oo N—oo n>N

a

wazdinduniSes (limit inferior) 909 {2, } FTeuunume lim infz, W50 lim z, dvulay
n—oo n—oo

liminfx, = lim inf z,
n—00 N—ocon>N

f198149 2.14 NAsananuvauallltdfunsen

1,-1,1,-1,... we x,=(-1)"""
el
Yp = SUp {(—l)k’drl k> n} =1, z,= inf{(—l)lerl k> n} =-1
ot
liﬂsolipxn =1, linrggolfxn =-1

a o w o a 1Yo & 1 =
UNUYIN 2.15 S@1AUTDIIUNIUINT {2, } §UUIE = NABLID

liminfx, =limsupx, =z
n—00 n—o0

nguiiun 2.16 W {z,} Wuddu azldi
1. liminfx, <limsupx,

2.1 Tn < Yn Lan limz, < limy, %8¢ limz, < limy,

naufun 2.17 dmuali {z,} Judwu 61 ¢ < liminf|z,|| < lim |z,] < limsup ||z, < ¢ i
—_— n—00 n—00 n—00

n> N uaz ¢ > 0 e N 1udnufuuin udr lim ||z,] = ¢
n—oo

naufun 2.18 uiun luawlu-hiuesansiad (Bolzano - Weierstrass Theorem)

v [ ¥

ynaRuiveulnlzilafueaegiin



NQURUN 2.19 U {z,} §ing = Asieille ynardugey {z,} g =

nguiiun 2.20 {z,} Wudiuvesswueiegdn Adewdle Wudduled {z,}

L4

unileny 2.21 U3iu1ua (Banach space) Ao Usniiuesuuuuuiysal (complete normed space) neld

wesniildannuesu Wude d (z,y) = ||z — ||

a a

unfienw 2.22 Usgliuesu (X, ||-|) agnanniniu Usgliviysal (complete space) d1n 9 awiuladlu X

[N

auing X

Y
a t% < a a 4 a 4 . £% .
ngufun 2.23 1 B dudigiiuesunuuuiysel uae nlggo |zn — p|| = 0 wan nlg]go (xn, —p) =0

a a

unlienu 2.24 Usglinaguniely H sxgnisendn Usglidadsn (Hilbert spaces) 61 H Jud3giviysal

Y Y

(complete spaces)

a a 3

unilenu 2.25 Usgiiuasunuuanzy (uniformly convex space) A Uspiinimesuesu Naenadasiulouly

Y

Tty

doluil dmIunn 0 < e < 2 axdl § > 0 Favilot < 1-ddwsunn |z = 1,y = 1 uae

lz—yll = e

a ad vy A

unflen 2.26 awnavi B uliglinaenndesioulaleiea (Opial's condition) ddwiu {z,} Tu E g

U

WUUBoUg o Ui
limsup ||z, — || < limsup ||z, — y|
n—oo n—oo
ﬁm%funﬂyeEﬁy#x

unileny 2.27 msdsuuvianeal T : K— P (K) azienil willead (Demiclosed) 1y € K a1a16u {x,}

Tu K guuvugeud z wavdwiu {y,} W To, guiuuuding y ui y € Ta

unfiu 2.28 nsdsuulivenenate T : K—OB (K) el K Jugndesves E agnarindulus
Gouly (1) dililsddulaian £ : [0,00) = [0,00) Tae@l £(0) = 0, £(r) > 0 dwun r € (0,00) uin

d(z,Tz) > f(d(z, F(T))) &wsunn z € K



nquijun 2.29 [1J W T : K—P (K)\Junsdwuuvanee wae Pr(z) = {y € Tz : ||z — y|| = d (=, Tz)}
wérdereluilauyari

Dz eF(T);

(2) Pr(z) = {x};

(3)x € F(Pr)

wenanG F (T)=F (Pr)

nuun 2.30 T E iudiglivinawuuiensd uag 0 < p < t, < ¢ < 1 dwiuyn n € N fdwuali {z,}
wag {y,} Wuddvaes E Towil limsup ||z,| < r,limsup ||y, < 7 wag lm ||t,z, + (1 —ty) yull =7
n—oo n—oo n—0o

WU r > 0 wdd lim ||z, — gl =0
n—oo

nguijun 2.31 &1 Pr . Jumsdwuuldvenswdy F (Pr) azduwnide



UNN 3

nan1sAnewl (Results)

[y

Tuun?l 3 azuvseenilu 5 Widegesdsll 3.1 nadnssndulunsiigainguiunnisgdiuuusen
WAENTUNLUUNYBIARTY 3.2 MIGIUNIUUBUYBIEIAU {2,} 3.3 NMIGHNLUUIINYRIEIU {z,} Uay

diansdsaenndaaouly (1) szeSuigluiite 3.4 uaziegsiiaanndosiungufunvdnazlililuide 3.5

[
= o

3.1 WaanNsNIdu

v s o

Tuideilarfigainadnsndndulunsiigainguiunnsgdiuuudeunasnsgduuuduueqanss

unag 3.1 [1] Wi B Qudigiuesy war K Juwndosyulaiivevwnildiduwninees £ uwasli T

=

K—P (K) Wunisadauuuane nefl F(T) # 0 uag Pr Sunsdewuulaivens el {2, ) Wuddui
Aty (1.2) win lim |z, — pl| mels dmsunn p € F(T)
figau. Wip e F(T) nunRs 2.29 9wl p € Pr(p) = {p}
WATEUN |Zni1 — pll = [[(1 = A) v + Auy — p|
= (L =X vp+ Ap —p+ Aup, — Ap||
= 1A =Nvn =p (1 =A)+ A(up —p)l
=11 =A) (vn —p) + A(un — )
<@ =) (v =)l + 1A (un — )
< (1= A) lon = pll + Allun — pll
< (1 =A)H(Pr(zn),Pr(p)) + AH (Pr(yn), Pr(p))

< (1= ||z — pl| + Alyn — 2| (3.1.1)



Ll

lyn =Pl = [I(1 = n) 2n + non — p|
= [[(X =n) zn +np — p + nvn — np|
=X =n) 20— (A =n)p+n(va —p)|
=11 =) (zn — p) +n (vn =)
<N =n) (@n =)l + [In (va = P
< (L=n) [l(zn =)l +nll(vn = )|
< (L =n) [(@n =)l +nH (Pr (za), Pr (p))
< (L =n) [l(zn =)l +1ll(zn — P
= [lzn — 1l (3.1.2)

210 (3.1.1) akan

[#n+1 = pll < (L= A) [[(@n =PI + Al (yn — p)|
< (=N [[(@n =)l + All(@n = p)||
= |lzn — pl
Fofu  {|zn — pl|} Dudrwuliiuuariivevwndnaie 0 Tne ngufun 2.11 4o 2

awlgdn lim ||z, — p|| wenla dwsuyn p € F(T) [
n—oo



a a

unas 3.2 [1) I B fudsglivinewuuiensy wee K uendesyuleifiveuwailiduwainmes F uae

Y Y

W T : K—P (K) dunsdauuumaiean lnefl F(T) £ 0 uag Pr Dunsdwuldvens Taeld {2,) Hu

Suiifiealy (1.2) udr lim d(zn, Tan) = 0

n—o0

igad. Wip € F(T) 90 unad 3.1 1o lim ||z, — pl| w1l dvuald lim ||z, — p|| = ¢ dmsuun
n—oo n—oo

c>0
L'ﬁ@\‘l"iﬂﬂ
[vn, = pll < H (Pr(zn), Pr (p)) < [|zn — p|
lim sup ||v,, — p|| < limsup H (Pr (x,,), Pr (p)) < limsup ||z, — p|| = ¢
n—oo n—oo n—oo
ALY
limsup ||vy, — p|| < ¢ (3.2.1)
n—oo
TushusaReanu

|un —pl| < H (Pr(yn), Pr () < |yn —»ll < llzn — 2|

lim sup ||u,, — p|| < limsup H (Pr (yn) , Pr (p)) < limsup ||y, — p|| < limsup ||z, —p|| = ¢
n—oo n—oo n—oo n—oo

limsup |Ju, —p| < ¢ (3.2.2)
n—0o0
911 (1.2) 9zla

lim ||A(up —p) + (1 =X) (v, —p)|| = nh_}ngo |znt1 —pl =c¢ (3.2.3)

n—o0

NDAUNT (3.2.1),(3.2.2),(3.2.3) Lay mngw 2.30 agle

lim |jvp, —upl =0 (3.2.4)
n—oo

10



a a

NNoANNT (3.1.2) MAdNngRisesvedeauns atlai

limsup ||y, — p|| < limsup ||z, —p|| =¢
n—oo n—oo

limsup ||y, — p|| < ¢ (3.2.5)
n—oo

AolUdzlansdn lim v, — p|| = ¢ Na15a4
n—oo
[#n41 —pll = I(1 = A) vn + Aup — p|
= [[(vn = p) + A (un — va)|
< llon = pll + Allun — vn||
< lvn = pll + [lon — ua]
91n9aNN1T (3.2.4) azld
lim inf [|z,4+1 — p|| < liminf v, — p|| + liminf [|v, — uy||
n—oo n—0o0 n—00
= liminf|jv, — p[| +0
n—o0o
¢ = liminf||z,41 — p|| < liminf||v, — p||
n—oo n—oo
¢ < liminf ||lv, — p| (3.2.6)
n—o0o
N0ANNTT (3.2.1), (3.2.6) Uay Nquun 2.17 agldl
lim |lv, —pl =¢
n—0o0
polUaguansdn lim |y, —pl| = ¢
n—oo
NN
lon = pll < llvn — unll + [Jun — pl|
< lvn = unll + H (Pr (yn) , Pr (p))
< lvn = unll + [lyn — pll
¢ < liminf||v, — p|| < liminf||v, — u,|| + liminf ||y, — p||
n—oo n—oo n—0o0o

= 0+ liminf ||y, — p||
n—oo

11



¢ < liminf||y, — p||
n—oo
NVANNTT (3.2.5), (3.2.7) Uay Nquiun 2.17 agld
lim |[yn —p = ¢
n—oo

1N

limsup ||z, — p|| < ¢, limsup ||v, —p| < ¢
n—00 n—00

waz lim |9 (vn —p) + (1 —n) (zn —p)|| = lim |y, —pl| =c¢
n—00 n—oo

Tnenguiun 2.30 agle

lim |z, —v,|| =0
n—oo
diesan d(zp, Txy) =inf{||lx, — 2| : 2 € Ta,} WoE v, € Txy,

Aglen d(xn, Txy) < ||zn — vn]

MIAALANVIEDIV9VDIDANNT

lim d(zy, Tan) < lim |2, — vl =0
n—00 n—oo

0 < limd(zy,Tx,) <0

n—oo

lim d (z, Tx,) =0

n—oo

12
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3.2 N5ENLUUBUYRIENY {7, }

naufiun 3.3 1% B Juvigiiunnauuuienguiiaenndesiuieulylewiva (Opial's condition) wag K 10y
LézmsjaméuﬂmﬁﬁmauLsumﬁhjtﬂuwmqwm B uadlif T - K—P (K) Junsdsuuunanee Taeft F (T) #£ 0
waz Prdunsadauuldvens el {o, hdudduiitewlu (1.2) &1 T — Pr Juwilead (Demiclosed) 7
0z = 0 ud3 {z,} \Dudduguuudeudnnsaves T

wgod. Wi p € F(T) Wnenquijun 2.29 aglein p € F (Pr) 99nuned 3.1 1697 lim ||z, — p|| wienle
v n—00

o w1 Y

AouaEAeININgatdn dvudesgiiwuudeud F (T) Wegaiied
W 21 wae 2o Wudlinvesdidudes {a,,} uag {z,, } 103 {z,} mud1au
970 (3.2.8) 8l v, € Tz, AU lim ||z, — vpll =0

n—o0

10 I — Pr Wuedllaaa #ign 0 azléd
0e(l—Pr)z
0€lz — Prx
0=2z21—y,dy € Prz;
21 =y,3y € Przn
z1 € Prz

MUY 2, € Ppz Wasylilain z; € F (Pr) = F (T)

Tuvhueadeatuavaninsaiigalledn zo € F(T)

4 =

Aounvziigaunsiiiiesgaied 1 21 # 2 lneleululawiiva

Y

azle

lim ||z, — z1]| = lim ||, — 2]
n—00 n;—00

A

lim |z, — 2]
N;— 00

= lim ||z, — 22|
n—o0

13



= lim H:Un—ZQH
nj—00 7

<t e, |

= lim ||z, — 21|
n—oo

NdaTauds Aty 2z = zo MatuNAPUEREVRY {7, } wgUULBRUE 21 € F (T) lnenguiun 2.19

§0U ()} azgiiuuudeud 2, € F(T) she faidu {2, } iiudduiigiuuudeud F (T) []

14



3.3 NSEULUULNYRIENU {z,}

nguijun 3.4 W B Judtgliviun wey K Wuengesyulaidvevwailiiluwninwes B wagli T

v A

K—P (K) Wunsadauuvaned Wnefl F(T) # 0 uwag Pr Sunsdawuulaivens ool {2, ) Wudsui

Tl (1.2) 16U {,,} ghwvudagaelu F (T) Asdeidle liminfd (z,, F (T)) = 0
n—oo

figad. (—) M {z,} ghuuudugealu F (7) uad liminfd (z,, F (1)) =0

n—oo

Wi {z,} g pe F(T) 2lain lim ||z, —p|| =0
n—oo

N
A (n, F (1)) < |70~ 9]
: < 1 -
Jim_ d (2, F(T)) < lim_||zn —p[| =0
0< le d(xzn, F(T)) <0
nh_)n;od(a:n,F(T)) =0
ey

liminfd (z,, F (T)) =0

n—oo

(«) 01 liminfd (v,, F (T)) = 0 43 a0y {z,,} geiwuuidudanlu F (T)

n—oo

% lim inf d (2n, F (T)) = 0 9:9nunas 3.1 1640

n—oo
[ent1 = pll < llon —pllp € F(T)

inf ||z — < inf ||z, —
it o —pl <t =gl

d<$n+17F(T)) < d(me(T))

1991 lim d (2, F (T)) w1ele wag liminfd (2, F (T')) = 0

n—oo n—oo
39la7 lim d (@, F (T)) =0
n—oo
AoNazuansd {z, } \Wuswuladlu K
Wi e> 03 lim d(z,, F(T)) =08 ny € Ndwsunn n > ng
n—oo

§3 d (zn, F (T)) < i
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16097 inf {||zn, — pl| : p € F(T)} < i wan9dl p* € F(T) W08 ||lzn, — p*l| < %
AOINTNGI ||z — T || < €

1N m, n > ng NITU
|Zm — Tall = [[Tm — P* + D" — 4|
<||m = || + |z — p*||

< =+

o
IR

™M

<€

Mt {z, } \Juddulad luwsdesln K vesligiviune E agldin {z,} adhd g € K

FON1TUARNIIN ¢ € F (T)

lg = all < llg = @nll + llzn =yl + lly —al Vo€ Pr(q),vy € Pr(zn)

inf |lg—al < inf [g—a.|+ inf [z, —y|+ inf [y-—
Lt o=l < inf llg=wall+ pf -yl + dnf v =al

Hq - a” < ||q - :Iin” —+ d(xn7PT$n) + d(a7 PTxn)

inf |lg —all <llg = xnll +d(zn, Prag) + inf d(a, Prag)
(lEPTq

(lEPTq

d(Qa PTQ) < ||q - xn” + d([En, PT-TTL) + sup d(a) PT-TTL)
a€Prq

d(q7 PTQ) S ||‘TTL - QH + d(xn7PTxn) + H (PT‘Tna-PTQ)
< lzn = qll + llzn = vall + |lzn — 4|

T n—oo Al d (¢, Prq) = 0 usin Pp unisdsuuuliaens wad F (Pr) Wuswale

ety g € F(Pr) = F (T)
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3.4 nsdandennaacauly (1)

nguijun 3.5 W E Judigiviunanuuensd way K Wueegesyula fveuwaildiduwninmes E uaz
W T : K—P (K) Junsdswuuransaiaennaosideuly (1) lnefl F(T) # 0 uway Pp 1{Junisdawuull

vene Welii {2, } Wuaduiidendu (1.2) udd dwiu {z,} gduvudugyalu F(T)

Wgad. auudld p € F(T) 910 unee 3.1 lim ||z, — p|| wiald 1 lim ||z, — p|| = ¢ &9suu ¢ > 0
v n—00 n—00
N3N 1 8 ¢ = 0 aldi lim |z, — p|| = 0 ud? Wnengufiun 223 lim (2, — p) =0
n—o0o n—o0
Fslen

lim z, =p
n—oo

ASUN 2 01 ¢ > 0 T4

[#nt1 = pll < llzn = pll

inf ||z — < inf ||z, —
it o —pl <t =gl

Jalen

d(Tpy1, F(T)) < d(xn, F(T)) 4oz lim d(z,, F (T)) wela

n—0o0

sndouly (1) ez unss 3.2 avld
f(d(zn, F(T))) < d(zn, Tn)
nh_{I;Of (d(xn, F(T))) < nh_}IIOlod(l‘n,TﬂZn) =0

lim f (d(zn, F(T))) =0

n— 00
dloswn £ Juiledduliian uae £ (0) = 0 Falg lim d (zn, F (T)) =0

AN NQURUN 3.4 I §10U {z,} guiuuddqalu F (T) []
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3.5 A1981NNFOARRBINUNGBIUN 3.4

W B =R agldvigivium wag K = [0,100] 1uwndesyuln Jveuwaiiliduwniiwes £

wayli T : K—P (K) muualay
x
Tmy:@%}wxeK

agle F(T) = {0} #0, nmuali Pr(z) = {y € Tz : |z —y|| = d(z,Tx)} = % wae z,y € K

N5

|Pr (z) — Pr (y)| = H% - %H

r—y
)

-
= — ||l —
5 Yy

wldd  ||Pr(z) - Pr(y)| < |lz—y| wude Pr unsduuulivens wazaenndestiunnidoulylu
a Y o 4 a £Y o v 1

nouun 3.4 s lmhauenismageugidnludeiniay lunmegeuwsn Amuali o, = 5 1 =2,21=10

lng3svien ardundienlu (1.2) Tag A = 0.3, 7 = 0.4 Wedunanisgiiivesanuiiesly (1.2) nadnsuans

Faguit 3.1

Number of iterations

U7 3.1:

- & 1 a R =< & o
R]’mg’d‘w 3.1 WNRUIW 1 = "ﬂgQLqu%jﬁmmﬁ\iLﬁ']V]q@

| =
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a

Tun1sneaeunsadi 2 1den 2 = 2108 A = 0.3, A = 0.5, A = 0.7 uaz n = 0.5 HAdNSwARRIgY

3.2 Tunsvadeunssil 3 @en o1 = 2Tae A = 0.5 waz 1 = 0.3, = 0.5 1 = 0.7 waﬁwa‘uamﬁqgﬂﬁ 3.3

oss
|

lambda = 0.3 |

lambda = 0.5 ol | 4

lambda = 0.7 \

0.8

The values of x

0.6

0.4

0.2

0 5 10 15 20 25
Number of iterations

v

N3UT 3.2 aiiudnil A = 0.7 Sviuazgdndaaniudiiige

neta=0.3 L ‘\& i
18 neta = 0.5 e \
neta = 0.7 \\
1.6 N
\
yal % 4

The values of x
r

04 o5 —

0.2 =N

0 5 10 15 20 25
Number of iterations

U7 3.3:

Y

N3UN 3.3 aeiiudnil = 0.7 anuazgundyessaudinan wulddnin arduntenalu (1.2) gdhg o uaz

lim d(zy,, F(T)) =0

n—oo
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UNN 4

d3Unan1sAne (Conclusion)

Tunshupindaszll wlddnwgesssveansddiveenarealuvigliviue lduanslimiuin ns

Uszanauanganseesnisaslivenenane o vuwnyulaiivevwawazliluwninduligiviua lag

=

Tsnsvhalutigivine (1.2) dudindeuliledivalasinilaag wadwiu {z,} wguuuudougdnnss

(Mguiun 3.3) wazille WuReuly (1) (Mguiun 3.5) wddau {z,} wguuudugness uonantisd

8NFIRENTIdDAARI T UNg BMEaNBNAIEY
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Abstract

The fixed points problem of multivalued mappings is a topic that
has been studied very intensively by numerous researchers because it can
be applied to solve many problems such as control theory, convex
optimization, and economics. In this independent study, we study the
approximation fixed points of multivalued mappings from Khan and
Yildirim's research [1]. The anothers used an idea from Shahzad and
Zegeye to removes a "strong condition” on the mapping involved in the
iteration scheme and to prove the weak convergence theorem and strong

theorem of multi ive mappings in Banach
spaces. Moreover, we give an example to support the main theorem.

Introduction

Let E be a real Banach space. A subset K is called
proximinal if for each x € E, there exists an element k € K
such that

dx, k) = inf{llx - yll : y € K} = d(x, K).

Let P(K) be nonempty bounded proximinal subsets of K
and CB(K) be the class of all nonempty bounded and closed
subsets of K.

In 2012, Klan and Yildirim [1], they defined iteration
scheme as follows:

XEK,

Xon = (1AW + Au,

W= (1-NXet NVa, N E N
where v,€ P(x,), u,€ Ply,)and 0 <A, n<1
and P() = {y € Tx: [Ix - yll = d(x, TX)).

A point x € Kis called a fixed point of T if x = Tx

and F(T) is set of all the fixed points of T.
We study is interested in approximation of the fixed
point of nonexpansive mappings in Banach spaces.
Moreover, we give an example to support the main theorem.

(1.2)

ition 1: Opial's condition

A Banach space E is said to satisfy Opial’s condition if for
any sequence {x.} in E, x,;~ x implies that
Lim sup l1x;- xII < lim sup |1y yII

forally € Ewithy  x.

Definition 2: Demiclosed

Amultivalued mapping T: K — P(E) is call demiclosed at y € K if
for any sequence (x, in K weakly convergent to an element x and y,& Tx,
strongly convergent to y, we have y € Tx.

Definition 3: condition (1)

Amultivalued nonexpansive mapping T: K ~ CB(K) where K a
subset of E, is said to satisfy condition (1) if there exists a nondecreasing
function f: [0, ee) ~ [0, o) with f(0) = 0, f(r) >0 for all r € (0, e0) such that
dlx, T 2 f(d(x, F(D)) for all x €

Results

Lemma 1: [1] Main Results

Let E be a normed space and K a nonempty closed convex
subset of E. Let T: K — R(K) be a multivalued mapping such that
F(T) # @ and B is a nonexpansive mapping. Let {x} be the sequence
as defined in (1.2). Then lim [x,- pll exists for all p € F(T).

Lemma 2: [1] Main Results

Let E be a uniformly convex Banach space and K be a
nonempty closed convex subset of E. Let T: K ~ P(K) be a
multivalued mapping such that F(T) # @ and P, is a nonexpansive
mapping. Let {x,} be the sequence as defined in (1.2).

Then lim d(x, , Tx) = 0.

22

Theorem 1: {x,} converges weakly

Let E be a uniformly convex Banach space satisfying Opial's
condition and K a nonempty closed convex subset of E. Let T: K —
P(K) be a multivalued mapping such that F(T) # @ and B, is a
nonexpansive mapping. Let (. be the sequence as defined in (1.2).
Let | - P, be demiclosed with respect to zero, then {x,} converges
weakly to a fixed point of T.

Theorem 2: {x,} converges strongly

Let E be a real Banach space and K a nonempty closed
convex subset of E. Let T: K = P(K) be a multivalued mapping such
that F(T) # @ and P is a nonexpansive mapping. Let {x, } be the
sequence as defined in (1.2), then {x,} converges strongly to a point
of F(T) if and only if lim inf d(x, ,F(T)) = 0.

Theorem 3: multivalued mapping satisfying condition (1)

Let E be a uniformly convex Banach space and K a
nonempty closed convex subset of E. Let T: K — P(K) be a
multivalued mapping satisfying condition (1) such that F(T) # @ and
P, is a nonexpansive mapping. Let {x,} be the sequence as defined
in (1.2), then {x,} converges strongly to a point of F(T).

Example satisfy theorem 2

Let E = (R,|.)) and K =[0,100]. Then, K is nonempty closed
convex subset of E. Let T(x) = [0, & 1 for all x € K. It can be seen that
F(T) = (0}, P(x) = ; and x,y € K and B is a nonexpansive mapping.

Frist, let x,=% ,%=2,%= 10, = 0.3, n = 0.4 by iteration scheme (x) as
defined in (1.2), the result is shown in Figure 1.

Figure 1

5, the result is shown in Figure 2.
the result s shown in Figure 3.

Second, let
Third, et x;

,A=03,A=05,A=07,n
,A=05,1=03,

Figure 3

Figure 2 A
From Figure 1, it can be seen that at poir
From Figure 2, other points.
From Figure 3, it can be seen than other points.

hat at = 0.7,
Then (x) converges to a point of F(T) and lim dx,(T) = 0.

Conclusion

We study the proof of the weak convergence theorem with Opial's
condition and demi (Theorem 1),a theorem with
condition (1) (Theorem 3) of multivalued nonexpansive mappings in Banach
spaces. Moreover, we give an example to support the main theorem.
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