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8.6  NUMERICAL INTEGRATION

1. x dx'
1

2

 I. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 2 1 x

n 4 4 8
� � " "

#
?

 mf(x ) 12  T (12) ;!
i œ Ê œ œ"

#8
3

f(x) x  f (x) 1  f 0  M 0œ Ê œ Ê œ Ê œw ww

 E 0Ê œk kT

   x  f(x )    m   mf(x )
x 1 1 1 1
x 5/4 5/4 2 5/2
x 3/2 3/2 2 3
x 7/4 7/4 2 7/2
x 2 2 1 2

i i i

!

"

#

$

%

(b) x dx 2   E x dx T 0' '
1 1

2 2

Tœ œ � œ Ê œ � œ’ “ k kx 3
2

#
#

"

"
# #

(c) 100 0%k kE
True Value

T ‚ œ

II. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 2 1 x

n 4 4 3 12
� � " "?

 mf(x ) 18  S (18) ;!
i œ Ê œ œ"

#12
3

f (x) 0  M 0  E 0Ð%Ñ œ Ê œ Ê œk kS

(b) x dx   E x dx S 0' '
1 1

2 2

Sœ Ê œ � œ � œ3 3 3
# # #k k

(c) 100 0%k kE
True Value

S ‚ œ

    x  f(x )    m   mf(x )
x 1 1 1 1
x 5/4 5/4 4 5
x 3/2 3/2 2 3
x 7/4 7/4 4 7
x 2 2 1 2

i i i

!

"

#

$

%

2. (2x 1) dx'
1

3

�

 I. (a) For n 4, x   ;œ œ œ œ œ Ê œ?
b a 3 1 2 x

n 4 4 2 4
� � " "

#
?

 mf(x ) 24  T (24) 6 ;!
i œ Ê œ œ"

4

f(x) 2x 1  f (x) 2  f 0  M 0œ � Ê œ Ê œ Ê œw ww

 E 0Ê œk kT

   x  f(x )    m   mf(x )
x 1 1 1 1
x 3/2 2 2 4
x 2 3 2 6
x 5/2 4 2 8
x 3 5 1 5

i i i

!

"

#

$

%

(b) (2x 1) dx x x (9 3) (1 1) 6  E  (2x 1) dx T 6 6 0' '
1 1

3 3

T� œ � œ � � � œ Ê œ � � œ � œc d k k# $
"

(c) 100 0%k kE
True Value

T ‚ œ

II. (a) For n 4, x   ;œ œ œ œ œ Ê œ?
b a 3 1 2 x

n 4 4 2 3 6
� � " "?

 mf(x ) 36  S (36) 6 ;!
i œ Ê œ œ"

6

f (x) 0  M 0  E 0Ð%Ñ œ Ê œ Ê œk kS

(b) (2x 1) dx 6  E (2x 1) dx S' '
1 1

3 3

S� œ Ê œ � �k k
6 6 0œ � œ

(c) 100 0%k kE
True Value

S ‚ œ

    x  f(x )    m   mf(x )
x 1 1 1 1
x 3/2 2 4 8
x 2 3 2 6
x 5/2 4 4 16
x 3 5 1 5

i i i

!

"

#

$

%

3. x 1  dx'
�

#
1

1 a b�

 I. (a) For n 4, x   œ œ œ œ œ Ê œ à?
b a 2 x

n 4 4 4
1 ( 1)� " "� �

# #
?

 mf(x ) 11  T (11) 2.75!
i œ Ê œ œ à"

4

f(x) x 1  f (x) 2x  f (x) 2  M 2œ � Ê œ Ê œ Ê œ# w ww

 E (2)  or 0.08333Ê Ÿ œk k ˆ ‰T
1 ( 1)

1 1
� �

# # #
" "#

   x  f(x )    m   mf(x )
x 1 2 1 2
x 1/2 5/4 2 5/2
x 0 1 2 2
x 1/2 5/4 2 5/2
x 1 2 1 2

i i i

!

"

#

$

%

�
�

(b) x 1  dx x 1 1  E x 1  dx T' '
� �

# #
"

�"

"
#1 1

1 1

Ta b a b’ “ ˆ ‰ ˆ ‰� œ � œ � � � � œ Ê œ � � œ � œ �x 1 1 8 8 11
3 3 3 3 3 4 1

$

 E 0.08333Ê œ � ¸k k ¸ ¸T
"
#1

(c) 100 100 3%k kE
True Value

T ‚ œ ‚ ¸Š ‹"

#1
8
3
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II. (a) For n 4, x   œ œ œ œ œ Ê œ à?
b a 2 x

n 4 4 3 6
1 ( 1)� " "� �

#
?

 mf(x ) 16  S (16) 2.66667 ;!
i œ Ê œ œ œ"

6 3
8

f (x) 0  f (x) 0  M 0  E 0Ð$Ñ Ð%Ñœ Ê œ Ê œ Ê œk kS

(b) x 1  dx x'
�

#
"

�"1

1 a b ’ “� œ � œx 8
3 3

$

 E x 1  dx S 0Ê œ � � œ � œk k a bS 1

1'
�

# 8 8
3 3

(c) 100 0%k kE
True Value

S ‚ œ

    x  f(x )    m   mf(x )
x 1 2 1 2
x 1/2 5/4 4 5
x 0 1 2 2
x 1/2 5/4 4 5
x 1 2 1 2

i i i

!

"

#

$

%

�
�

4. x 1  dx'
�

#
2

0 a b�

 I. (a) For n 4, x   œ œ œ œ œ Ê œ?
b a 2 x

n 4 4 4
0 ( 2)� " "� �

# #
?

 mf(x ) 3  T (3) ;!
i œ Ê œ œ"

4 4
3

f(x) x 1  f (x) 2x  f (x) 2œ � Ê œ Ê œ# w ww

  M 2  E (2) 0.08333Ê œ Ê Ÿ œ œk k ˆ ‰T
0 ( 2)

1 1
� �

# # #
" "#

   x  f(x )    m   mf(x )
x 2 3 1 3
x 3/2 5/4 2 5/2
x 1 0 2 0
x 1/2 3/4 2 3/2
x 0 1 1 1

i i i

!

"

#

$

%

�
�
�
� � �

� �

(b) x 1  dx x 0 2  E x 1  dx T' '
� �

# #
!

�#

"
2 2

0 0

Ta b a b’ “ ˆ ‰� œ � œ � � � œ Ê œ � � œ � œ �x 8 2 2 3
3 3 3 3 4 12

$

 EÊ œk kT
"

12

(c) 100 100 13%k kE
True Value

T ‚ œ ‚ ¸Š ‹"

12
2
3

II. (a) For n 4, xœ œ œ œ œ?
b a 2

n 4 4
0 ( 2)� "� �

#

;   mf(x ) 4  S (4) ;Ê œ œ Ê œ œ?x 2
3 6 6 3

" "!
i

f (x) 0  f (x) 0  M 0  E 0Ð$Ñ Ð%Ñœ Ê œ Ê œ Ê œk kS

(b) x 1  dx   E x 1  dx S' '
� �

# #
2 2

0 0

Sa b k k a b� œ Ê œ � �2
3

 0œ � œ2 2
3 3

(c) 100 0%k kE
True Value

S ‚ œ

   x  f(x )    m   mf(x )
x 2 3 1 3
x 3/2 5/4 4 5
x 1 0 2 0
x 1/2 3/4 4 3
x 0 1 1 1

i i i

!

"

#

$

%

�
�
�
� � �

� �

5. t t  dt'
0

2a b$ �

 I. (a) For n 4, xœ œ œ œ œ?
b a 2 0 2

n 4 4 2
� � "

;  mf(t ) 25  T (25) ;Ê œ œ Ê œ œ?x 25
4 4 4#
" "!

i

f(t) t t  f (t) 3t 1  f (t) 6tœ � Ê œ � Ê œ$ w # ww

 M 12 f (2)  E (12)Ê œ œ Ê Ÿ œww � " "
# #

#k k ˆ ‰T
2 0
12

   t  f(t )    m   mf(t )
t 0 0 1 0
t 1/2 5/8 2 5/4
t 1 2 2 4
t 3/2 39/8 2 39/4
t 2 10 1 10

i i i

!

"

#

$

%

(b) t t  dt 0 6  E t t  dt T 6   E' '
0 0

2 2

T Ta b k k a b k k’ “ Š ‹$ $
# #

#

!

" "� œ � œ � � œ Ê œ � � œ � œ � Ê œt t 2 2 25
4 4 4 4 4

% # % #

(c) 100 100 4%k k ¸ ¸E
True Value 6

T ‚ œ ‚ ¸
� "

4

II. (a) For n 4, x ;œ œ œ œ œ Ê œ?
b a 2 0 2 x

n 4 4 2 3 6
� � " "?

 mf(t ) 36  S (36) 6 ;!
i œ Ê œ œ"

6

f (t) 6  f (t) 0  M 0  E 0Ð$Ñ Ð%Ñœ Ê œ Ê œ Ê œk kS

(b) t t  dt 6  E t t  dt S' '
0 0

2 2

Sa b k k a b$ $� œ Ê œ � �

6 6 0œ � œ

(c) 100 0%k kE
True Value

S ‚ œ

    t  f(t )    m   mf(t )
t 0 0 1 0
t 1/2 5/8 4 5/2
t 1 2 2 4
t 3/2 39/8 4 39/2
t 2 10 1 10

i i i

!

"

#

$

%
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6. t 1  dt'
�

$
1

1 a b�

 I. (a) For n 4, xœ œ œ œ œ?
b a 2

n 4 4
1 ( 1)� "� �

#

;   mf(t ) 8  T (8) 2 ;Ê œ œ Ê œ œ?x
4 4#
" "!

i

f(t) t 1  f (t) 3t   f (t) 6tœ � Ê œ Ê œ$ w # ww

 M 6 f (1)  E (6)Ê œ œ Ê Ÿ œww � �
# #

" "#k k ˆ ‰T
1 ( 1)

1 4

   t  f(t )    m   mf(t )
t 1 0 1 0
t 1/2 7/8 2 7/4
t 0 1 2 2
t 1/2 9/8 2 9/4
t 1 2 1 2

i i i

!

"

#

$

%

�
�

(b) t 1  dt t 1 ( 1) 2  E t 1  dt T 2 2 0' '
� �

$ $
"

�"

�

1 1

1 1

Ta b k k a b’ “ Š ‹ Š ‹� œ � œ � � � � œ Ê œ � � œ � œt 1
4 4 4

( 1)% % %

(c) 100 0%k kE
True Value

T ‚ œ

II. (a) For n 4, xœ œ œ œ œ?
b a 2

n 4 4
1 ( 1)� "� �

#

;   mf(t ) 12  S (12) 2 ;Ê œ œ Ê œ œ?x
3 6 6

" "!
i

f (t) 6  f (t) 0  M 0  E 0Ð$Ñ Ð%Ñœ Ê œ Ê œ Ê œk kS

(b) t 1  dt 2  E t 1  dt S' '
� �

$ $
1 1

1 1

Sa b k k a b� œ Ê œ � �

2 2 0œ � œ

(c) 100 0%k kE
True Value

S ‚ œ

   t  f(t )    m   mf(t )
t 1 0 1 0
t 1/2 7/8 4 7/2
t 0 1 2 2
t 1/2  9/8 4 9/2
t 1 2 1 2

i i i

!

"

#

$

%

�
�

7.  ds'
1

2
"
s#

 I. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 2 1 x

n 4 4 8
� � " "

#
?

 mf(s )  T! Š ‹i œ Ê œ œ179,573 179,573 179,573
44,100 8 44,100 352,800

"

0.50899; f(s)   f (s)¸ œ Ê œ �" w
s s

2
# $

 f (s)   M 6 f (1)Ê œ Ê œ œww ww6
s%

 E (6) 0.03125Ê Ÿ œ œk k ˆ ‰T
2

1 4 3
�" " "
# #

#

   s  f(s )    m   mf(s )
s 1 1 1 1
s 5/4 16/25 2 32/25
s 3/2 4/9 2 8/9
s 7/4 16/49 2 32/49
s 2 1/4 1 1/4

i i i

!

"

#

$

%

(b)  ds s  ds  E  ds T 0.50899 0.00899' ' '
1 1 1

2 2 2

T
" " " " "�# #

" # # #s s 1 s
1 1

# #œ œ � œ � � � œ Ê œ � œ � œ �� ‘ ˆ ‰
 E 0.00899Ê œk kT

(c) 100 100 2%k kE
True Value 0.5

0.00899T ‚ œ ‚ ¸

II. (a) For n 4, x ;œ œ œ œ Ê œ?
b a 2 1 x

n 4 4 3 12
� � " "?

 mf(s )  S! Š ‹i œ Ê œ œ264,821 264,821 264,821
44,100 12 44,100 529,200

"

0.50042; f (s)   f (s)¸ œ � Ê œÐ$Ñ Ð%Ñ24 120
s s& '

  M 120  E (120)Ê œ Ê Ÿk k ¸ ¸ ˆ ‰S
2
180 4
�" " %

 0.00260œ ¸"
384

   s  f(s )    m   mf(s )
s 1 1 1 1
s 5/4 16/25 4 64/25
s 3/2 4/9 2 8/9
s 7/4 16/49 4 64/49
s 2 1/4 1 1/4

i i i

!

"

#

$

%

(b)  ds  E  ds S 0.50042 0.00042  E 0.00042' '
1 1

2 2

S S
" " "

# #s s
1

# #œ Ê œ � œ � œ � Ê œk k
(c) 100 100 0.08%k kE

True Value 0.5
0.0004S ‚ œ ‚ ¸

8.  ds'
2

4
"
�(s 1)#

 I. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 4 2 x

n 4 2 4
� � " "

#
?

 mf(s )!
i œ 1269

450

 T 0.70500;Ê œ œ œ"
4 450 1800

1269 1269ˆ ‰
f(s) (s 1)   f (s)œ � Ê œ ��# w

�
2

(s 1)$

 f (s)  M 6Ê œ Ê œww
�
6

(s 1)%

 E (6) 0.25Ê Ÿ œ œk k ˆ ‰T
4 2

1 4
� " "
# #

#

   s  f(s )    m   mf(s )
s 2 1 1 1
s 5/2 4/9 2 8/9
s 3 1/4 2 1/2
s 7/2 4/25 2 8/25
s 4 1/9 1 1/9

i i i

!

"

#

$

%
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(b)  ds  E  ds T 0.705 0.03833' '
2 2

4 4

T
" �" �" �" "
� � � #� �

%

#(s 1) (s 1) 4 1 1 3 (s 1) 3
2 2

# #œ œ � œ Ê œ � œ � ¸ �’ “ ˆ ‰ ˆ ‰
 E 0.03833Ê ¸k kT

(c) 100 100 6%k k ˆ ‰E
True Value

0.03833T ‚ œ ‚ ¸2
3

II. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 4 2 x

n 4 2 3 6
� � " "?

 mf(s )!
i œ 1813

450

 S 0.67148;Ê œ œ ¸"
6 450 2700

1813 1813ˆ ‰
f (s)   f (s)   M 120Ð$Ñ Ð%Ñ�

� �œ Ê œ Ê œ24 120
(s 1) (s 1)& '

 E (120) 0.08333Ê Ÿ œ ¸k k ˆ ‰S
4 2
180 12
� " "

#

%

    s  f(s )    m   mf(s )
s 2 1 1 1
s 5/2 4/9 4 16/9
s 3 1/4 2 1/2
s 7/2 4/25 4 16/25
s 4 1/9 1 1/9

i i i

!

"

#

$

%

(b)  ds  E  ds S 0.67148 0.00481  E 0.00481' '
2 2

4 4

S S
" "
� �(s 1) 3 (s 1) 3

2 2
# #œ Ê œ � ¸ � œ � Ê ¸k k

(c) 100 100 1%k k ˆ ‰E
True Value

0.00481S ‚ œ ‚ ¸2
3

9.  sin t dt'
0

1

 I. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 0 x

n 4 4 8
� �

#
1 1 ? 1

 mf(t ) 2 2 2 4.8284! È
i œ � ¸

 T 2 2 2 1.89612;Ê œ � ¸1

8 Š ‹È
f(t) sin t  f (t) cos t  f (t) sin tœ Ê œ Ê œ �w ww

  M 1  E (1)Ê œ Ê Ÿ œk k ˆ ‰T
1 1 1�

# #

#0
1 4 19

$

0.16149¸

   t  f(t )    m   mf(t )
t 0 0 1 0

t /4 2/2 2 2
t /2 1 2 2

t 3 /4 2/2 2 2
t 0 1 0

i i i

!

"

#

$

%

1

1

1

1

È È
È È

(b)  sin t dt [ cos t] ( cos ) ( cos 0) 2  E  sin t dt T 2 1.89612 0.10388' '
0 0T

1 1

œ � œ � � � œ Ê œ � ¸ � œ1
! 1 k k

(c) 100 100 5%k kE
True Value 2

0.10388T ‚ œ ‚ ¸

II. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 0 x

n 4 4 3 12
� �1 1 ? 1

 mf(t ) 2 4 2 7.6569! È
i œ � ¸

 S 2 4 2 2.00456;Ê œ � ¸1

12 Š ‹È
f (t) cos t  f (t) sin tÐ$Ñ Ð%Ñœ � Ê œ

  M 1  E (1) 0.00664Ê œ Ê Ÿ ¸k k ˆ ‰S
1 1� %0
180 4

    t  f(t )    m   mf(t )
t 0 0 1 0

t /4 2/2 4 2 2
t /2 1 2 2

t 3 /4 2/2 4 2 2
t 0 1 0

i i i

!

"

#

$

%

1

1

1

1

È È
È È

(b)  sin t dt 2 E  sin t dt S 2 2.00456 0.00456  E 0.00456' '
0 0S S

1 1

œ Ê œ � ¸ � œ � Ê ¸k k
(c) 100 100 0%k kE

True Value 2
0.00456S ‚ œ ‚ ¸

10.  sin t dt'
0

1

1

 I. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 1 0 1 x 1

n 4 4 8
� �

#
?

 mf(t ) 2 2 2 4.828! È
i œ � ¸

 T 2 2 2 0.60355; f(t) sin tÊ œ � ¸ œ1
8 Š ‹È 1

 f (t)  cos tÊ œw
1 1

 f (t)  sin t  MÊ œ � Ê œww # #
1 1 1

 E 0.05140Ê Ÿ ¸k k a bˆ ‰T
1 0 1

1 4
�
#

# #
1

   t  f(t )    m   mf(t )
t 0 0 1 0

t 1/4 2/2 2 2
t 1/2 1 2 2

t 3/4 2/2 2 2
t 1 0 1 0

i i i

!

"

#

$

%

È È
È È

(b) sin t dt [  cos t]  cos  cos 0 0.63662  E sin t dt T' '
0 0

1 1

T1 1 1 1œ � œ � � � œ ¸ Ê œ �" " ""
!1 1 1 1

ˆ ‰ ˆ ‰ k k2

 0.60355 0.03307¸ � œ2
1

(c) 100 100 5%k k ˆ ‰E
True Value

0.03307T ‚ œ ‚ ¸2
1
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II. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 1 0 1 x 1

n 4 4 3 12
� � ?

 mf(t ) 2 4 2 7.65685! È
i œ � ¸

 S 2 4 2 0.63807;Ê œ � ¸1
12 Š ‹È

f (t)  cos t  f (t)  sin tÐ$Ñ $ Ð%Ñ %œ � Ê œ1 1 1 1

  M   E 0.00211Ê œ Ê Ÿ ¸1 1
% %� %k k a bˆ ‰S

1 0 1
180 4

    t  f(t )    m   mf(t )
t 0 0 1 0

t 1/4 2/2 4 2 2
t 1/2 1 2 2

t 3/4 2/2 4 2 2
t 1 0 1 0

i i i

!

"

#

$

%

È È
È È

(b) sin t dt 0.63662  E sin t dt S 0.63807 0.00145  E 0.00145' '
0 0

1 1

S S1 1œ ¸ Ê œ � ¸ � œ � Ê ¸2 2
1 1

k k
(c) 100 100 0%k k ˆ ‰E

True Value
0.00145S ‚ œ ‚ ¸2

1

11. (a) M 0 (see Exercise 1):  Then n 1  x 1  E (1) (0) 0 10œ œ Ê œ Ê œ œ �? k kT
"
#

# �%
1

(b) M 0 (see Exercise 1):  Then n 2 (n must be even)  x   E (0) 0 10œ œ Ê œ Ê œ œ �?
" " "
# #

% �%k k ˆ ‰S 180

12. (a) M 0 (see Exercise 2):  Then n 1  x 2  E (2) (0) 0 10œ œ Ê œ Ê œ œ �? k kT
2

1#
# �%

(b) M 0 (see Exercise 2):  Then n 2 (n must be even)  x   E (1) (0) 0 10œ œ Ê œ " Ê œ œ �? k kS
2

180
% �%

13. (a) M 2 (see Exercise 3):  Then x   E (2) 10   n 10   n 10œ œ Ê Ÿ œ � Ê � Ê �?
2 2 2 4 4 4
n 12 n 3n 3 3k k a b a bˆ ‰ ÉT

# �% # % %
#

 n 115.4, so let n 116Ê � œ

(b) M 0 (see Exercise 3):  Then n 2 (n must be even)  x   E (1) (0) 0 10œ œ Ê œ " Ê œ œ �? k kS
2

180
% �%

14. (a) M 2 (see Exercise 4):  Then x   E (2) 10   n 10   n 10œ œ Ê Ÿ œ � Ê � Ê �?
2 2 2 4 4 4
n 12 n 3n 3 3k k a b a bˆ ‰ ÉT

# �% # % %
#

 n 115.4, so let n 116Ê � œ

(b) M 0 (see Exercise 4):  Then n 2 (n must be even)  x   E (1) (0) 0 10œ œ Ê œ " Ê œ œ �? k kS
2

180
% �%

15. (a) M 12 (see Exercise 5):  Then x   E (12) 10   n 8 10   n 8 10œ œ Ê Ÿ œ � Ê � Ê �?
2 2 2 8
n 12 n nk k a b a bˆ ‰ È

T
# �% # % %

#

 n 282.8, so let n 283Ê � œ

(b) M 0 (see Exercise 5):  Then n 2 (n must be even)  x   E (1) (0) 0 10œ œ Ê œ " Ê œ œ �? k kS
2

180
% �%

16. (a) M 6 (see Exercise 6):  Then x   E (6) 10   n 4 10   n 4 10œ œ Ê Ÿ œ � Ê � Ê �?
2 2 2 4
n 12 n nk k a b a bˆ ‰ È

T
# �% # % %

#

200, so let n 201œ œ

(b) M 0 (see Exercise 6):  Then n 2 (n must be even)  x   E (1) (0) 0 10œ œ Ê œ " Ê œ œ �? k kS
2

180
% �%

17. (a) M 6 (see Exercise 7):  Then x   E (6) 10   n 10   n 10œ œ Ê Ÿ œ � Ê � Ê �?
1 1 1 1
n 12 n 2nk k a b a bˆ ‰ ÉT

# �% # %" "
# #

%
#

 n 70.7, so let n 71Ê � œ

(b) M 120 (see Exercise 7):  Then x   E (120) 10   n 10œ œ Ê œ œ � Ê �?
" " % �% % %
n 180 n 3

1 2 2
3nk k a bˆ ‰S %

 n  10  n 9.04, so let n 10 (n must be even)Ê � Ê � œÉ a b4 2
3

%

18. (a) M 6 (see Exercise 8):  Then x   E (6) 10   n 4 10   n 4 10œ œ Ê Ÿ œ � Ê � Ê �?
2 2 2 4
n 12 n nk k a b a bˆ ‰ È

T
# �% # % %

#

 n 200, so let n 201Ê � œ

(b) M 120 (see Exercise 8):  Then x   E (120) 10   n 10œ œ Ê Ÿ œ � Ê �?
2 2 2 64 64
n 180 n 33nk k a bˆ ‰S

% �% % %
%

 n  10  n 21.5, so let n 22 (n must be even)Ê � Ê � œÉ a b4 64
3

%
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19. (a) f(x) x 1  f (x) (x 1)   f (x) (x 1)   M .œ � Ê œ � Ê œ � � œ � Ê œ œÈ w �"Î ww � Î" "

�2 4 4
2 3 2 1 1 1

4 x 1 4 1ˆ ‰È Š ‹È3 3

Then x   E 10   n 10   n 10   n 75,? œ Ê Ÿ œ � Ê � Ê � Ê �3 3 3 1 9 9 9
n 12 n 4 16n 16 16

2 4 2 4 4k k a b a bˆ ‰ ˆ ‰ ÉT 2
�

so let n 76œ

(b) f (x) (x 1)   f (x) (x 1)  M .  Then xÐ$Ñ �&Î# Ð%Ñ �(Î#

�
œ � Ê œ � � œ � Ê œ œ œ3 15 15 15 15 3

8 16 16 n16 x 1 16 1ˆ ‰È Š ‹È( ( ?

 E 10   n  n  n 10.6, so letÊ Ÿ œ � Ê � Ê � Ê �k k ˆ ‰ ˆ ‰ ÉS
3 3 15

180 n 16 16(180) 16(180)
3 (15)

16(180)n
3 (15) 10 3 (15) 10% �% %

5 5 5

%

% % %ˆ ‰ a b

n 12 (n must be even)œ

20. (a) f(x)   f (x) (x 1)   f (x) (x 1)   M .œ Ê œ � � Ê œ � œ Ê œ œ" "
�

w �$Î# w �&Î#
#

w

�È ˆ ‰È Š ‹Èx 1
3 3 3 3
4 44 x 1 4 1

& &

Then x E 10 n n  n 129.9, so let n 130? œ Ê Ÿ œ � Ê � Ê � Ê � œ3 3 3 3 3
n 12 n 4 48n 48 48

3 10 3 10k k ˆ ‰ ˆ ‰ ÉT
# �% #%

#

% % % %ˆ ‰ a b

(b) f (x) (x 1)   f (x) (x 1)  M .  Then xÐ$Ñ �(Î# Ð%Ñ �*Î#

�
œ � � Ê œ � œ Ê œ œ œ15 105 105 105 105 3

8 16 16 n16 x 1 16 1ˆ ‰È Š ‹È* * ?

 E 10   n  n  n 17.25, soÊ Ÿ œ � Ê � Ê � Ê �k k ˆ ‰ ˆ ‰ ÉS
3 3 105

180 n 16 16(180) 16(180)
3 (105)

16(180)n
3 (105) 10 3 (105) 10% �% %

&

%

& % % & %ˆ ‰ a b

let n 18 (n must be even)œ

21. (a) f(x) sin (x 1)  f (x) cos (x 1)  f (x) sin (x 1)  M 1.  Then x   E (1)œ � Ê œ � Ê œ � � Ê œ œ Ê Ÿw ww #
?

2 2 2
n 12 nk k ˆ ‰T

10   n  n   n 81.6, so let n 82œ � Ê � Ê � Ê � œ8
12n 12 1

8 10 8 10
#

% %�% #
#

ˆ ‰ a bÉ
(b) f (x) cos (x 1)  f (x) sin (x 1)  M 1.  Then x   E (1) 10Ð$Ñ Ð%Ñ �%%

œ � � Ê œ � Ê œ œ Ê Ÿ œ �?
2 2 2 32
n 180 n 180nk k ˆ ‰S %

 n   n  n 6.49, so let n 8 (n must be even)Ê � Ê � Ê � œ% 32 10
180 180

32 10ˆ ‰ a b% % %É
22. (a) f(x) cos (x )  f (x) sin (x )  f (x) cos (x )  M 1.  Then xœ � Ê œ � � Ê œ � � Ê œ œ1 1 1 ?

w ww 2
n

 E (1) 10   n   n  n 81.6, so let n 82Ê Ÿ œ � Ê � Ê � Ê � œk k ˆ ‰ ÉT
2 2 8

12 n 12n 12 1
8 10 8 10# �% #

##

% %ˆ ‰ a b

(b) f (x) sin (x )  f (x) cos (x )  M 1.  Then x   E (1) 10Ð$Ñ Ð%Ñ �%%
œ � Ê œ � Ê œ œ Ê Ÿ œ �1 1 ?

2 2 2 32
n 180 n 180nk k ˆ ‰S %

 n   n  n 6.49, so let n 8 (n must be even)Ê � Ê � Ê � œ% 32 10
180 180

32 10ˆ ‰ a b% % %É
23. 6.0 2 8.2 2 9.1 2 12.7 13.0 30 15,990 ft .5

2
3a ba ba b a b a b� � Þ Þ Þ � � œ

24. Use the conversion 30 mph 44 fps (ft perœ

sec) since time is measured in seconds.  The
distance traveled as the car accelerates from,
say, 40 mph 58.67 fps to 50 mph 73.33 fpsœ œ

in (4.5 3.2) 1.3 sec is the area of the� œ

trapezoid (see figure) associated with that time

interval:  (58.67 73.33)(1.3) 85.8 ft.  The"
# � œ

total distance traveled by the Ford Mustang
Cobra is the sum of all these eleven trapezoids

(using  and the table below):?t
#

v (mph)    0     30     40      50      60        70         80        90      100     110    120 130
v (fps) 0 44 58.67 73.33 88 102.67 117.33 132 146.67 161.33 176 190.67
t (sec) 0 2.2 3.2 4.5 5.9 7.8 10.2 12.7 16 20.6 26.2 37.1

t/2 0 1.1 0.5 0.65 0.7 0.95 1.2 1.25 1.65 2.3 2.8 5.45?
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 s (44)(1.1) (102.67)(0.5) (132)(0.65) (161.33)(0.7) (190.67)(0.95) (220)(1.2) (249.33)(1.25)œ � � � � � �

(278.67)(1.65) (308)(2.3) (337.33)(2.8) (366.67)(5.45) 5166.346 ft 0.9785 mi� � � � œ ¸

25. Using Simpson's Rule, x 1  ;? œ Ê œ?x
3 3

"

 my 33.6  Cross Section Area (33.6)!
i œ Ê ¸ "

3

11.2 ft . Let x be the length of the tank.  Then theœ #

Volume V (Cross Sectional Area) x 11.2x.œ œ

Now 5000 lb of gasoline at 42 lb/ft$

 V 119.05 ftÊ œ œ5000
42

$

 119.05 11.2x  x 10.63 ftÊ œ Ê ¸

    x      y      m        my
 x 0 1.5 1 1.5
 x 1 1.6 4 6.4
 x 2 1.8 2 3.6
 x 3 1.9 4 7.6
 x 4 2.0 2 4.0
 x 5 2.1 4 8.4
 x 6 2.1 1 2.1

i i i   

5

!

"

#

$

%

'

26. 4.2 L0.019 2 0.020 2 0.021 2 0.031 0.03524
2 c da b a b a b� � � Þ Þ Þ � � œ

27. (a) E x M; n 4 x ; f 1  M 1  E (1) 0.00021k k a b k k¸ ¸ ˆ ‰S SŸ œ Ê œ œ Ÿ Ê œ Ê Ÿ ¸b a
180 4 8 180 8

0 0� % Ð%Ñ� � %
? ?

1 1

# #1 1
ˆ ‰

(b) x   ;? œ Ê œ1 ? 1

8 3 4
x

#

 mf(x ) 10.47208705!
i œ

  S (10.47208705) 1.37079Ê œ ¸1

#4

x f(x ) m mf(x )
x 0 1 1 1
x /8 0.974495358 4 3.897981432
x /4 0.900316316 2 1.800632632
x 3 /8 0.784213303 4 3.136853212
x /2 0.636619772 1 0.63

i i i1

!

"

#

$

%

1

1

1

1 6619772

 (c) 100 0.015%¸ ‚ ¸ˆ ‰0.00021
1.37079

28. (a) x 0.1 erf 1 y 4y 2y 4y 4y y? œ œ œ Ê œ � � � � Þ Þ Þ � �b a 1 0 2 0.1
n 10 33 0 1 2 3 9 10
� � a b a bˆ ‰È

 e 4e 2e 4e 4e e 0.8432
30

0 0.01 0.04 0.09 0.81 1È1
a b� � � � Þ Þ Þ � � ¸� � � � �

 (b) E 0.1 12 6.7 10k k a b a bS Ÿ ¸ ‚1 0
180

4 6� �

29. T y 2y 2y 2y 2y y  where x  and f is continuous on [a, b]. Soœ � � � � Þ Þ Þ � � œ?x b a
2 n0 1 2 3 n 1 na b�

�
?

T .œ œ � � Þ Þ Þ �b a b a
n 2 n 2 2 2

y y y y y y y y f x f x f x f x f x f x� �� � � � � Þ Þ Þ � � � � � �a b a b a b a b a b a b a b0 1 1 2 2 n 1 n 1 n 0 1 1 2 n 1 n� � �Š ‹
Since f is continuous on each interval [x , x ], and  is always between f x  and f x , there is a point c  k 1 k k 1 k k

f x f x
� �

�
#

a b a bk 1 k� a b a b in

[x , x ] with f c ; this is a consequence of the Intermediate Value Theorem. Thus our sum isk 1 k k
f x f x

�
�
#a b œ a b a bk 1 k�

f c  which has the form  x f c  with x  for all k. This is a Riemann Sum for f on [a, b].! !ˆ ‰ a b a b
k 1 k 1

n n
b a b a

n nk k k k
œ œ

� �
? ? œ

30. S y 4y 2y 4y 2y 4y y  where n is even,  x  and f is continuous on [a, b]. Soœ � � � � Þ Þ Þ � � � œ?x b a
3 n0 1 2 3 n 2 n 1 na b� �

�
?

S œ � � � Þ Þ Þ �b a
n 3 3 3 3

y 4y y y 4y y y 4y y y 4y y� � � � � � � � �ˆ ‰0 1 2 2 3 4 4 5 6 n 2 n 1 n� �

œ � � � Þ Þ Þ �b a f x 4f x f x f x 4f x f x f x 4f x f x f x 4f x f x
6 6 6 6

� � � � � � � � �
n
2

0 1 2 2 3 4 4 5 6 n 2 n 1 nŠ ‹a b a b a b a b a b a b a b a b a b a b a b a b
� �

 is the average of the six values of the continuous function on the interval [x , x ], so it is bf x 4f x f x
6 2k 2k 2

a b a b a b2k 2k 1 2k 2� �
�

� � etween

the minimum and maximum of f on this interval. By the Extreme Value Theorem for continuous functions, f takes on its
maximum and minimum in this interval, so there are x  and x  with x x , x x  anda b 2k a b 2k 2Ÿ Ÿ �

f x f x . By the Intermediate Value Theorem, there is c  in [x , x ]  witha b a ba b k 2k 2k 2
f x 4f x f x

6Ÿ Ÿa b a b a b2k 2k 1 2k 2� �
�

� �

f c . So our sum has the form  x f c  with x  a Riemann sum for f on [a, b].a b a b!k k k k
f x 4f x f x

6 n/2
k 1

n/2
b aœ œ ßa b a b a b a b2k 2k 1 2k 2� �

œ

�� �
? ?
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