502 Chapter 8 Techniques of Integration

8.6 NUMERICAL INTEGRATION

1. f 2x dx X f(x;) m | mf(x;)
l b—a _ 2-1 _ 1 Ax _ 1. X0 1 1 ! 1
L@ Forn=4Ax="2="" =7 = F =4 x| 54 | 54 | 2 | 2
Yomf(x) =12 = T=§(12)=3; xa | 32 | 32 | 2 3
f(x)=x = f/®x)=1=f"=0= M=0 x3 | 7/4 714 2 712
= |ET| =0 X4 2 2 1 2
2 2 2 3 2
®) [xde= 5] =2-4=1 = |Bf= [[xax-T=0
(©) Frgevae X 100 = 0%
II. (a) Forn=4,Ax = 'ﬁ = 2;—1 = % = % = %; X; f(x,) m mf(x;)
me(x)_18:>S—12(1):%, Xo| 1 1 1 1
) — X\ | 54 | 54 | 4 5
®=0= M=0= [E|=0 | 32 | 32 | 2 3
(b)flxdx:%:>|Es|:fxd —s=3-3=0 X5 | 74 | 74 | 4 7
© 5L %100 = 0% ] 2 |2 | V] 2
2 [ex- 1 n M) | m | miGx)
Il E — 4 Ax—b=a _3-1_2_1 Ax _ 1. X0 1 ! ! 1
- () Forn=4, X*n*4*1*5:>7*1’ x | 32 | 2 | 2 4
>Yomf(x) =24 = T=71(24) = X2 | 2 3 2 6
fx)=2x—1 = ffx)=2 = =0 = M=0 x3 | 52 | 4 2 8
= |[Ei| =0 X4 3 5 1 5

b [x-Dax=[-x}=0-3)-(1-D=6= [E|=[ @x-Ddx-T=6-6=0

(©) ol x 100 = 0%

II. (@) Forn=4, Ax:%:%:% % = %:%; X f(x;) m mif(x;)
> mf(x) =36 = S ={(36)=6; X | 1 1 1 1
1)(x) = _ _ xi| 32 | 2 g 8
f3(x) 0= M=0 = |E| 30 = = : i
=6-6=0 x| 3 5 1 5
(C) Tru‘eEélalue x 100 = 0%
3.0 [ x [ fo) [ m [ mfx)
1l F _4A_—a_17(71)_2_1 A 1. %o —1 2 1 2
(a) Forn X = =i=y > T =1 (x| 12| 54 | 2 | 2
> omf(x) =11 = T =1 (11) =275 x| 0 I 5 3
f)=x>+1 = fx)=2x = f'(x)=2 = M=2 |X3| 112 | 54 2 5/2
= B < =50 (1)%2) = L 0r0.08333 Xg | 1 2 1 2
1 1 |
Ol x2+1dx:[§+x}_1=<§+1>—<—%—1>=§;»ETszxul)dx_T:;_
= |[E;| = |- | ~ 0.08333

e Value

© ik 100 = (1

woc|,\,p

) % 100 ~ 3%

Sh=
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II. (a) Forn=4, Ax—%:ﬂ—%:% = & =15 X; f(x;) m | mf(x;)
Y omf(x) =16 = S =1(16) = ¥ =2.66667; X | -1 | 2 ! 2
D00 — 0 o FH0 0 > M0 o [El—0 x1| 12| 5/4 | 4 5

0=0= 00 = o = [Es| = x2| 0 I 2 2
(b) f,l(x2+1)dx= [? +x} =4 X3 | 172 | 5/4 4 5
1 - Xq | 1 2 1 2
= El= [ (+)dx-S=8-5=0
(©) Trgvame X 100 = 0%
4 f‘)z (2 — 1) x2 f(;(i) Ii’l mfgxi)
X0 —
b—a _ 0-(=2) _ 2 _ Ax _ 1

L (@ Forn=4Ax="2="2"2=2=3= =1 T332 54 2 | 5~
Ymfx)=3 = T=103)=3: X3 | —1 0 2 0
fx)=x2-1 = f'x) =2x= f'(x) = x3 | —1/2 | =3/4 2 —3/2
= M=2= [E|<S52 (1)) = li —oo0s333 Ll O [ 2L T ] -l

0 0 0
b [1,0¢ 1) dx= [?B—XLQZO—(—%JJ):% = Er= ) (- Ddx-T=2-3=-1
= |E| = 12
© =l x100= :> x 100 ~ 13%
True Value %
II. (a) Forn=4,Ax="%= 0*51*2) =2= % x | fx) | m [ mf(x)
Ax _ 1. 1 2. X -2 3 1 3
(x)—0:>f(4(x)—0:>M 0:»\E|—o x| Z32 ] 54 | 4 5
. ; s x2| -1 | 0 2 0
(b) f_z(x ~dx=2 = [El= [ (x-1)dx-S xs | —12| 34| 4 | -3
2 2 _ X4 0 -1 1 -1
=5-35=0
(C) TruLE\Sllalue x 100 = 0%
s [T+ L[ Q) [ m i)
; - R I ] 0 | 0 1 0
(@) Forn=4,Ax =2 =" =7=3 | 12 | 58 | 2 | 54
= & =1:5mf(t) =25 = T=1(25 = | 1 2 2 4
f(t) =3 +t = f()=32+1 = f'(t) =6t ts | 3/2 | 398 | 2 39/4
= M=12=f") = |ET|§20( ) (12)__ ty 2 10 1 10
)12 ” 2
O [[@+od=[5+5] =(3+2)-0=6 = [El=[[@+0d-T=6-2=—1 = 5| =1
© ==l %100 = il x 100 ~ 4%

I (a) Forn_4,Ax=Ta:2;—°=%=%:%=g; t [f@ [ m [mi@)
> mf(t) =36 = S =1(36) =6; th| O 0 1 0
Bty=6 = fIH)=0= M=0 = [E|=0 :1 1{2 5£8 ; 54/12

2 2 2
® [(E+yd=6= [E|=[ (@ +0d—s ] 32 | 398 | 4 | 392
—6-6=0 1y 2 10 1 10

[Es|
(C) True Value

x 100 = 0%
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o [+

L.

(a) Forn=4,Ax = _a:ﬂ—% %
= 2 =1Ymft)=8 = T=
fi)=6+1 = (1) =32 = (1) = 6t

= M=6=f"(1) = [E| <57 (3)°6) =}

T
~~

)
N

I

&)

1
4
© Jerna=ind] = (o) - (Fren) =2 = m= e

©) —El_ %100 =0%

True Value

G f(t:) m mf(t;)
to | —1 0 1 0
ty | =12 7/8 2 7/4
to 0 1 2 2
tg | 12 9/8 2 9/4
ty 1 2 1 2

+1D)dt—-T=2-2=0

II. (a) Forn=4, Ax = % = %’1) = % = % t; () m mf(t;)
= &=l S mft)=12 = S=1(12)=2; | -1 | O 1 0
B _ N B B 4| 12| 778 | 4 712
Gty=6 = fU)=0 = M=0 = |E|=0 : 0 1 3 3
1 1 2
® [ @E+Dd=2= [El=[ @ +1)d—S | 12| 98| 4 | 2
—2_2-0 ty 1 2 1 2
©) Tresims * 100 = 0%
2
7. [ s s | fs) [ m [ mf(s)
I Forn—4 Ax— b=a _2-1 _1 Ax _ 1. So | 1 ! 1 1
- @ Forn=4Ax="F =" =3 = 5 =% st | 54 [ 16125 2 | 32/25
179,573 _ 179,573 \ __ 179,573
>omi(s) = 555 = T= 3 (44,100) = 352800 Sp | 372 | 49 2 8/9
N . . ) ) s3 | 7/4 | 16/49 | 2 | 32/49
~ 0.50899; f(s) = & = f'(s) = — 2 32 i : o
= f(s)=§ = M=6=1"(1)
_ 2
= |Ed < 251 (1)) = 4 = 0.03125
2 2
(b) fl Lds= f1 s2ds=[-i=-1-(-H=1= ET:fl Lds—T=1-050899 = —0.00899
= [E;| = 0.00899
[Ex 0.00899 N
() True Value x 100 = 05~ 100 ~ 2%
IL (2 Forn=4 Ax="0t =230 = f = & =4 s [ fs) | m [ mi(s)
_ 264,821 1 264,821 \ __ 264,821 So 1 1 1 1
2. mis) = %0 = S=m (44 lOO) = 29200 si | 5/4 | 16/25| 4 | 6425
~ 0.50042; fG)(s) = — 2 fW(s) = so | 32 | 49 2 8/9
= M=120 = [E| < I—(}] (1)* (120) ss | 7/4 [16/49 [ 4 | 64/49
) se| 2 1/4 1 1/4
= 5 ~ 0.00260
*1ge_ 1 1 _ _
(b) J Fds=§ = Es= [ %ds—S=1-050042 = —0.00042 = |Es| = 0.00042
|Es| __ 0.0004 ~
(C) Troe Value x 100 = 05 X 100 ~ 0.08%
4
8. |, (5_1)2 ds Si f(s;) m | mi(s;)
I Forn—4 Ax — b=a — 4=2 _ 1 Ax _ 1. 0| 2 1 1 1
- @ Forn=4,Ax=>"="3"=5 = T =33 si | 512 | 4/9 2 8/9
> mf(s) = L2 | 3 | U4 | 2 12
— 269\ __ 1269
= T=1(129) = 128 _ 0.70500; N N P P
f(s):(s—l)*z = 1) = — 25 il
= () = 2 = M=6

= |E;| <452 2()(6) 1=025
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4 4
® [ tmds =[], = () — () =3 = Br= [, gl ds— T =3 - 0705 ~ —0.03833
= |Ei| ~ 003833
(©) g x 100 = 29383 5 100 ~ 6%

True Value (i)
II. (a) Forn=4, Ax = ;a 4 2 % = % = % ; S; f(s;) m mf(s;)
3 mif(s;) = % So 2 1 1 1
R N si| 52 | 49 | 4 | 1609
:; S= %7(2}%) % ~0. 6120148 | 3 | 14| 2 | 12
fO(s) = =% W) = & = M =120 s | 72 | 425 | 4 | 16/25
= |Es| <421 ) (120) = iz 0.08333 o] 4 AL ] IR

® | sZmpds=3 = Es= f o ds — S~ 5 —0.67148 = —0.00481 = |Es| ~ 0.00481
© sl % 100 = %0981 100 ~ 1%

True Value ( 2 )

9. [ sintdt G [ [ m [ mi)
I. (@ Forn=4,Ax=0=8_1-0_1 o & _r. bl O 0 ! 0

' ’ n 4o L t| w4 |2 2 | V2
SO mf(t) = 2 + 2/2 ~ 4.8284 ) 3 3

= T=3(2+2/2) ~ 189%12; G |34 [ V2r| 2 | 2
f(t) =sint = f'(t) =cost = f’(t) = —sint Wl ™ 0 1 0

= M=1 = [E <52 (3% = &

~ 0.16149
() [ sintdi=[—cost]j = (~cosm) — (—cos0) =2 = [Eq| = [ sintdi—T~2— 189612 = 0.10388
© gl % 100 = %1888 100 ~ 5%

e Value

I (a) Forn=d4 Ax=123t =238 = § = 5 =5 t [ ft) [ m [mf(t)
S mf(t) = 2 4 4+/2 ~ 7.6569 | O 0 1
S=7x(2 4\/5 ~ 2.00456; t | w4 \/5/2 4 2\/5
M ( " ) D W] 2 | 1 p >
fO)(t) = —cost = fH(t) =sint ty | 37/4 \/5/2 n 2\/5
= M=1 = [E| < 220 (1)*(1) ~ 0.00664 | 1 0

(® [ 'sintdt=2 = Eq= [ sintdi—S~2-2.00456 = —0.00456 = [Es| ~ 0.00456
(©) i x 100 = 000456 5 100 ~ 0%

True Value

1
10. [ sin rtdt t | f(t) [ m [ mf()
IO () Forn=4,Ax =b=2a —1-0_1  Ax_ 1. % 0 0 ! 0
' ST e e 2~ | 14 | V2| 2 | V2
S mf(t) = 2 +24/2 ~ 4.828 Y 5 5
= T=1 (2 + 2\/5) ~ 0.60355; f(t) = sin it t3 | 34 | V22| 2 2
| 1 1 0

= f'(t) = 7 cos it
= f'(t) = —r?sinwt = M =72

= [Bi| < 550 (4)* (72) ~ 0.05140
1 1
(b) j; sin 7wt dt = [— % cos Tt]} = (— % cos 7r) — (— % cos 0) = % ~ 0.63662 = |E;| = j; sinwtdt — T
—0.60355 = 0.03307

[Ex| 0.03307 N
(©) Trevame X 100 = S x 100 ~ 5%
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11.

12.

13.

15.

16.

17.

18.

IL.

()
(b)

(a)
(b)

()

(b)

. (a)

(b)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

Chapter 8 Techniques of Integration

b—a 1

-0

(a) Forn=4, Ax = > 7 i
S mf(t) = 2 + 4/2 ~ 7.65685

& (2+4v/2) ~ 063807;

fO)(t) = —7° cos 7t = (1) = 7 sin 7t

= M=n! = [E| <=0 ()" (#) ~ 000211

=

= S=

1 1
(b) [ sinmtdt=2~0.63662 = Es= [ sinntdt—

(©) e X 100 = S x 100 ~ 0%

G () m mf(t;)
| O 0 1 0
t| 14 [ V2r| 4 |22
6| 12 | 1 2 2
5| 34 | V2r| 4 |22
] 1 0 1 0

S~ 2063807 = —0.00145 = |E| ~0.00145

M = 0 (see Exercise 1): Thenn=1 = Ax=1 = |E{| = % (D?(0)=0< 107*

M = 0 (see Exercise 1): Thenn =2 (n must be even) = Ax =1 = |Es| = ﬁ (%)4(0) =0< 10

2

M = 0 (see Exercise 2): Thenn=1 = Ax=2 = [E;| =3 2?%*0)=0< 10"
M = 0 (see Exercise 2): Thenn =2 (n mustbe even) = Ax =1 = |Eg| = 1%0 (H*0)=0<107*

2

M = 2 (see Exercise 3): Then Ax = % = B¢ < 5

(;

= n>1154,s0letn =116

M = 0 (see Exercise 3): Thenn =2 (nmustbeeven) = Ax=1 = [Es| = 15 (D*(0)=0< 107"

M = 2 (see Exercise 4): Then Ax = 2 = |E,[ < & (2

= n>1154,s0letn =116

M = 0 (see Exercise 4): Thenn =2 (n mustbe even) = Ax =1 = |E| = 1%0 (H*0)=0< 1074

M = 12 (see Exercise 5): Then Ax = 2 = |E;| < 3 (
= n > 282.8,soletn = 283

(@) =5 <107 = n2>4(10Y) = n> /(10
@)= & <107 = n2>4(10Y) = n> /(10
2)%(12) = 8 < 107* = n2 > 8(10*) = n> /8(10%)

M = 0 (see Exercise 5): Thenn =2 (n mustbe even) = Ax =1 = |E| = 1%0 (H*0)=0< 1074

M = 6 (see Exercise 6): Then Ax = %
= 200, so letn = 201

2 (2
= [Edl < 5 (§

n

)26) = 4 <1074 = n2 > 4(10%) = n> /4 (10%)

M = 0 (see Exercise 6): Thenn =2 (n mustbe even) = Ax =1 = |Eg| = 1%0 (H*0)=0< 1074

M = 6 (see Exercise 7): Then Ax = 1 = |E;| < & (4

2 \n
= n>70.7,s0letn =71

M = 120 (see Exercise 7): Then Ax = &

n

1

= |Es| = 15

)%(6) = 55 <107 = n2> 1(10Y) = n> /1 (10

(1)'120) = 2 < 1074 = n* > 2 (10

n

= n> /3 (10*) = n> 9.04,s0letn = 10 (n must be even)

M = 6 (see Exercise 8): Then Ax = %
= n > 200, so letn = 201
M = 120 (see Exercise 8): Then Ax = 2

2 (2
= [Ed < 5 (3

2

= |Es| < 155

)26 = 4 <1074 = n2 > 4(10%) = n> /4 (10%)

(2)'120) = & <1074 = n* > % (10%)

n

= n> /% (10*) = n>21.5,s0letn = 22 (n must be even)



20.

21.

22.

23.

24.

. (a)
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)= Vx+1 = f=3x+D"2 = f”(x>=—%<x+1>—3/2=—m = M:4($)3 =1
Then Ax = 2 = [Eq| < & (3)° (1) =12 <10 = n2> 2 (10%) = n> /2 (104) = n> 75,
soletn =76
) P =3x+D? = fWx)=-Bx+1)7?=- ﬁ = M= 16(15ﬁ)T = 13 Then Ax = 2
= |Es| < 135 (3) () = 16%(51(%))“4 <107 = nt > % = n> 35(1165()12(35?4) = n > 10.6, so let
n = 12 (n must be even)
(@) f(x)= h = X =—-1x+D?? = "O=3x+D??= ﬁ = M= 4(%),, =3.
Then Ax = 3 = [By| < & (2)7 (3) = 2% T s> /29 o 051299, 50 letn = 130
b) fOX) =-2x+1)7? = fWx) =12 x+1)2= ﬁ = M= ﬁ =195 Then Ax =3
= [Es| < 25 ()" (12) = S <107 = 0t > % = n> /20U = 0> 172550

let n = 18 (n must be even)

(@) f00)=sin(x+1) = f'(x) =cos(x+1) = "(x) = —sin(x+ 1) = M=1. Then Ax = 2 = [E;| < 2 (2)*(1)
=2 <10 n? > (113) = n> 8(1';)4) = n> 81.6,soletn = 82
(b) fOx) = —cos(x+1) = fW(x) =sin(x+1) = M=1. Then Ax =2 = [Es| < % (2) ()= 22 <107
= n*> 321(;84) = n> 32](8184) = n > 6.49, so let n = 8 (n must be even)
(a) f(x) =cos(x+m) = f'(x) = —sin(x+m) = {’(x) = —cos(x+7) = M = 1. Then Ax = %
= [E/| <3 (%)2(1): B <107 = > (1;)) = n> \/800) = n> 81.6,s0letn =82
b) £ =sin(x+m) = fDx) =cos(x+m) = M=1 Then Ax = 2 = [Eg| < & (2)"(1) = 22; < 1074
= n*> 321(;84) = n> 32](8184) = n > 6.49, so let n = 8 (n must be even)
%(6.0 +2(8.2) +2(9.1)... +2(12.7) + 13.0)(30) = 15,990 ft°.
Use the conversion 30 mph = 44 fps (ft per (f‘és)
sec) since time is measured in seconds. The 1804 /,.,-——"""'
distance traveled as the car accelerates from, :jg
say, 40 mph = 58.67 fps to 50 mph = 73.33 fps 120§
in (4.5 — 3.2) = 1.3 sec is the area of the 123
trapezoid (see figure) associated with that time 60
interval: % (58.67 + 73.33)(1.3) = 85.8 ft. The ;g
total distance traveled by the Ford Mustang ¢ (sec)
Cobra is the sum of all these eleven trapezoids
(usmg ! and the table below):
v (mph) 0 30 40 50 60 70 80 90 100 110 120 130
v (fps) 0 44 | 58.67 | 73.33 88 102.67 | 117.33 132 146.67 | 161.33 | 176 | 190.67
t (sec) 0 2.2 32 4.5 5.9 7.8 10.2 12.7 16 20.6 26.2 37.1
At/2 0 1.1 0.5 0.65 0.7 0.95 1.2 1.25 1.65 2.3 2.8 5.45
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25.

26.

27.

28.

29.

30.
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s = (44)(1.1) + (102.67)(0.5) + (132)(0.65) + (161.33)(0.7) + (190.67)(0.95) + (220)(1.2) + (249.33)(1.25)
+ (278.67)(1.65) + (308)(2.3) + (337.33)(2.8) + (366.67)(5.45) = 5166.346 ft ~ 0.9785 mi

Using Simpson's Rule, Ax =1 = §* = 1; X; Yi m my;
> my; = 33.6 = Cross Section Area ~ 1 (33.6) X0 0 L5 1 L5
= 11.2 ft%. Let x be the length of the tank. Then the il ; ig 3 22
Volume V = (Cross Sectional Area) x = 11.2x. Xz 3 1:9 7 7:6
Now 5000 Ib of gasoline at 42 1b/ft3 X 4 2.0 ) 4.0
= V= % = 119.05 f¢® X5 3 21 4 ]84
= 119.05=112x = x =~ 10.63 ft Xg 6 2.1 1 2.1

2410.019 + 2(0.020) + 2(0.021) + ... +2(0.031) +0.035] = 4.2 L

(@ B < Bzt (AxhMin=4 = Ax =0 =T f] <1 = M=1 = [E| < E=9 ()"1) ~ 0.00021
(b) Ax=1 = & =TI X, f(x)) mf(xy;)
S mf(x;) = 10.47208705 X| O 1 1
x - X1 | 7/8 | 0974495358 3.897981432
= S = Z (10.47208705) ~ 1.37079 !

Xy | 74 0.900316316
X3 | 37/8 0.784213303
Xy | w2 0.636619772

1.800632632
3.136853212
0.636619772

=R =] B

(©) ~ (220031} 5 100 ~ 0.015%

(@ Ax =200 =45 = 0.0 = erf(1) = (%) (yo +4y1 + 2y2 +4ys ... +4y9 + Y10)

n

S (€0 +4e700 26700 4700 4 467081 +e7T) 2 0.843

() |Es| < 1=0(0.1)*(12) ~ 6.7 x 10-°
180

T= %(yo +2y1 +2y2 +2y3 + ... + 2yn_1 + yn) where Ax = '% and f is continuous on [a, b]. So

T = %()’0+y1+)’1+)’2+)’2;---+}’n—1+)ﬁ—1+}’n) — %(f(x());f(xl) + f(xl);fb&z) 4.+ f(anl)erf(Xn)).

Since f is continuous on each interval [Xx_1, Xx], and ) #1049 g always between fi xx—1) and f(xy), there is a point ¢y in
2 y p

f(xie—1) +f(xx)
2

[Xk—1, Xk] with f(cy) = ; this is a consequence of the Intermediate Value Theorem. Thus our sum is

n

n
> (%)f(ck) which has the form kZ:lekf(ck) with Axy, = ? for all k. This is a Riemann Sum for f on [a, b].
k=1 =

S = %(yo + 4y, + 2y, +4y3 4+ ...+ 2yn—2 + 4yn_1 + ya) where n is even, Ax = % and f is continuous on [a, b]. So

_b—a(yotdyit+y y2+4ys+ys ya+4ys+Ye Yn2+4Yn-1+yn
=boa(ndintys 4 Yoty YatHedVe 4 B2t o1t

a [ f(xo) + 4f(x1) +f(x2) f(x2) + 4f(x3) + f(x4) f(x4) + 4f(xs) + f(x6) f(xp—2) + 4f(Xp—1) + f(Xn)
( 0 61 2 + 63 4 _|_ 4 65 6 + . _"_ 2 ¢ 1 )

b

[SE]

£(xax) + 4(xx+1) +F(Xok12)
6

is the average of the six values of the continuous function on the interval [Xyk, Xok+2], SO it is between
the minimum and maximum of f on this interval. By the Extreme Value Theorem for continuous functions, f takes on its
maximum and minimum in this interval, so there are x, and xp with Xk < X,, Xp < Xox4o and

f(x,) < fxan) +4f(x2k6“) + o) f(xp). By the Intermediate Value Theorem, there is ¢k in [Xox, Xak4+2] with

n/2

flcx) = fxai) +4f(x2‘g“) +f22) g6 our sum has the form kZlekf(ck) with Ax, = t(’n%Z)’ a Riemann sum for f on [a, b].






