8.4 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS

L 255 =25+:25 = x—13=AK—-2+Bx—3)=(A+B)x— (2A+3B)
A+B=5 - - o L
2A+3B:13} = “B=(10-13) = B=3 = A=2thus, o 555 = 25+ 2

2. xzsj(iizz(xjé)(;ll):xATz‘i'xﬁl = 5x—T7=AE—-1)+Bx—-2)=(A+B)x — (A +2B)
A+B=5

. _ A, 5x =17 _ 3 2
} = B=2 = A—3,thu8,m—x72+xfl

A+2B=7
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A=1
AQ+D+B_AVHA+E:$A+B:4}:>A_lmdB:1

x+4 _ _
(xi_l)z_x+1+(x+1)2 = X+4=
Xx+4 _ 1 3
thus, I~ x+1 T aiIp
Zx+2  _ =42 _ A x4+ 2= A DB =A A+B A=12
ot - G- x-1 T & 1)2 = X+ x—=D+ x+(-A+B) = —A+B=2
x+2 2 4
ookt T Tt

= A=2and B = 4;thus, 55557 = =5
= z+1=A2z-1D)+Bz—-1)+C2> = z+1=A+0Oz>+ (-A+B)z—

zzi;r—ll) % + z% + zgl
A+C=0
= —A+B=1) = B=-1 = A=-2 = C=2thus, 55 = 2 + 3 + ;2
-B=1
6. == a3y — 5t = 1 =AZ+2)+B(z—-3)=(A+B)z+ (A - 3B)
A+B=0 1 1. , 1 _1
248 _ 5 +2 S5t+2 A
1. gimg=1+¢ ‘;Jrﬁ(afterlongdlvmon), Tiii (175;(:72) 2o+ B
A+B=5
(A+Bﬁ+GQA—3m:$_QA_3B:2}:>—B_(W+2L_Q

= 5t+2=A(t—-2)+B(t—-3)=
= B=-12 = A=17; thus,t2 5t+6 1+t1,73+_22
9249 =445 Cub

—92 49 (after long lelSlOn) 2 (2 +9)

149 92 4+9 _
8. t}:—%z =1+ t4itg-12 _]+t3(tz+9
92 +9=At(>+9)+B (> +9) + (Ct+ D) = (A+ O)* +
A+C=0
B+D=-9 -
OA — 0 = A=0=C=0B=1= D=—10thus, ;5% = 1 + 3 + 7%
9B =9
9 re =5+ = 1=A0+0)+Bl—x)sx=1= A=§;x=—-1 = B=1;
flixﬁ: fl—x+ fl+x—%ln|1+x|—ln|1—x|]+c
=-2=B=-1;

= 1=Ax+2)+Bx;x=0 = A=

1 _ A B
10, ooy =% 52
Jetm=1Je 1)t =tk -2+ C
fﬁﬁﬁzw:%fﬂ¥+7fﬁ%—me+a+%mh—u+cz%kaHW@—Dﬂ+C
12 2l = A B o x4 1=AKx-3)+Bx—4;x=3 = B==-T;x=4 > A=]=0;
X X 28 4y
fx237filzdxz9fx‘i4—7fﬁz291“|X—4|—71“|X_3|+C n’ﬁ‘—i—c
i—%;y:3=>A=%§

= y=Aly+D+By—-3sy=-1= B===
8 8

_ 3 d d I3 1 87 3

=3y sty =y -3+ iy +1],=(fIn5+;m9) -

y _
B ys =5ty
8
d 3 1
4$ (ZlnlJernS)
_ 1 1 _Inls
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y+4 =242 > y+4=A0+D+Byy=0=> A=4y=—-1 = B= 2 =-3;

4. y? y+1

16.

17.

18.

20.

21.

22.

+4 ] 3
f 3t gy _4f1/” 3, =My =3y + 1]}, =@In1-3m2)— (4In}—31n3)
n%—l E‘i‘lﬂ%—lﬂ(@'g'lG):lnT

1 _ A B C _ I _ 1.¢
e =it tor = 1=At+2)(t—-D+Btt— D+ Cut+2);t=0 = A=—5t=-2

1. 1. _ dt 1 dt
:>B_€’t_1:>C_§’fr3+t—2t___f +5 ft+2 §fﬂ

—3Inftf+imft+2[+fInjt—1|+C

e =+ B+ S =2 L+ = AR+ DX - ) +Bx(x—2) + Cx(x+2):;x=0 = A= Z:x=
:>B:%;x:2:>C:15—6;f2;§+3 dX——— dx+16 e
=—3mlfx[+Lnx+2[+2njx—2/+C=L1n ("_Z)X#‘—FC
m (x = 2) + 25 (after long division); 2% = A7 + g = X +2=Ax+1D+B
—AX+(A+B) = A=3,A+B=2 = A=3,B=—1; | o2&
1 1 1
= Jlocm2paxs [t - [T S [ a3 1]+ ]
=(3—-2+3m2+4)—-(H=3m2-2
ﬁ :(X+2)+(i"_’l)2 (after long division); (x 1)2 = ﬁ+(x e = 3x—-2=Ax—-1+B
— — _ _ 1. d
=Ax+(-A+B) = A=3,-A+B=-2 = AfS,Bfl,flﬁx"H
0
_f (X+2)dX+3le +fl(X—1)2:[ +2X+31H|X*1|*X_1:| 1
= (040+3m1-&5) = (§-243m2- &) =2-3In2
1 )2:H1+ 1+(x+1)2+(x = l=A+Dx—1D?+Bx—Dx+1)?+Cx—-1)2+Dx+ 1%

(x2
x=—1=>C=:;x=1 = D— ; coefficient of x> =A+B = A+B=0;constant=A —B+C+D

— A-B+C+D=1 = A—B:%;thus,A:i = B=-1 [ %5

1 dx 1 dx 1 x+ 1 X
*fo+1 __fx—1+ f(x+1)2+1f(x—1)2 =3I |35 —se-n tC

T St ety = X = A+ D?+HBE- DE+ D+ Cx - Dix =1

= C=-1lix=1= A=licoefficientof * =A+B = A+B=1= B=13: [ —put
-1 3 In |(x = D(x + 1)f]|
fx—l fx+177f(x+1)2_1 x—=1[+ 3 ln\x+1|+2(x+1)+c 2 +2(x+1)+c

Ty — Tt 2t = 1=AX )+ Bx+ O+ Dix =1 = A= §; coefficient of x*

1

_A—|—B:>A—|—B—O:>B_— ; constant = A+C:>A+C:1:>C:%;j;(x+l)d%

1 1 | ) )
:1‘[(‘)x+1+ x+)dx_[%ln|x+1|*lln(x2+1)+ltanIX]O

0o x2+4+1

=(lm2-im2+itan'1) - ({lml-Iml+ltan?0)=1m2+](F) =22

Wrted — A L BEC o 32 444 =A(2+ 1)+ Bt+Ot;t =0 = A = 4; coefficient of >

=A+B = A+B=3 = B= —1;coefficientoft=C = C=1; fl %dt

-2
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V3 V3 | s
:4fl %Jrfl lzt:l)dt [4ln|t|*%ln(t2+l)+tan1t]1

- (4ln\[—%ln4—|—tan_l\/§) —(4ln1-1m24@n'1)=23-n2+3+1m2-7T

:21n37%1n2+%:1n(%)+{12

2
B =Tty 2 YAy I =Ay+B) (Y + 1) +Cy+D

=Ay’ +By’+(A+Qy+B+D) = A=0B=1;A+C=2 = C=2;B+D=1= D=0;
y 2y +1 . 1 y _ . 1
f(y2+1>2 dy_fyzﬂdy+2f(y2+1)2dy_tan Y_WJFC

2. gﬁxﬁx&z = {xtB 4 @i?f = 8x?+8x+2=(Ax+B)4x*+1)+Cx+D

=4Ax* +4Bx>+ (A+C)x+(B+D);A=0,B=2;A+C=8 = C=8B+D=2 = D=0;
8 8 2 _ _
f)(<4; X2 dx = 2f4x2+l+8f4x2 Z—tan Iox — 4x2+l+C

2s +2 _ As+B C
25. E+DG-1@  £+1 +s—l + l)2+(s s = 2s+2

=(As+B)s— 12 +C(s®> + )(s—1)2+D(s +1)(s—1)+E(s>+1)
= [As? + (—=3A + B)s® + (3A — 3B)s’ + (—A +3B)s — B] + C(s* — 283 +2s* =25+ 1) + D (s* — s> +s— 1)
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+E(s?+1)
=A+0Cs*+(-3A+B—-2C+D)s*+ (BA—3B+2C —D+E)s> + (A +3B—-2C +D)s + (-B+C—D +E)
A + C =0
—-3A+ B-2C+D =0
= 3A-3B+2C—-D+E =0 p summing all equations = 2E=4 = E=2;
—-A+3B-2C+D =2

-B+ C-D+E=2

summing eqs (2) and (3) = —2B+2=0 = B =1;summingeqs (3)and (4) = 2A+2=2 = A=0;C=0

fromeq (1);then —1+0—-D +2 =2 fromeq (5) = D= —1;
f(@fi)ﬁ *fsul f(s—1)2+2f(s =—(-D7+6E-D " +an s+ C

26. S‘(‘;Jfgl)z =284 Bl (?;:;)2 = st 4+ 81 =A(s2+9)° + Bs+CO)s(s2+9) + (Ds + E)s
= A(s* + 18s? + 81) + (Bs* + Cs® + 9Bs? + 9Cs) + Ds? + Es
= (A+B)s + Cs®* + (184 + 9B + D)s? + (9C + E)s + 81A = 8l1A=8lorA=1;A+B=1 = B=0;
— 0 _ — 0 _ _ . 4181 d
C=09C+E=0 = E=0;18A+9B+D =0 = D=1 [ -8 as= [& 18 [ o
=1Inls| + 2+9)+C

27, B2 = AL PUC o 2 x4 2= AP+ x+ 1)+ (Bx+ C)(x — 1) = (A +B)x* + (A =B+ C)x + (A - C)

=A+B=1,A-B+C=—-1,A—C=2= adding eq(2) and eq(3) = 2A — B = 1, add this equation to eq(1)

:>3A:2:>A:2:»13:1—A:%:>C:—1—A+B:_§;f%dxzf(%+%)dx

:—f —Lodx + ] f —d {uzx+l:>u—%:x:>du:dx}

= f 2+3du7’f 2i3du

4
= %ln|x71|+éln’(x + %) + 3

u2 :f
1

\[tan (\[/2)+C 21n|x71|+%1n|xz+x+1|f\/gtan’l(z’i/%l)JrC
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28.

29.

30.

31.

32.

33.

34.

A= A B FE s 1= AR+ D —x+ 1) +Bx(x2 = x4+ 1) + (Cx +D)x(x + 1)
=(A+B+C)x*+(-B+C+D)x*+(B+D)x+A=A=1,B+D=0=D=-B,-B+C+D=0
= -2B4+C=0=C=2B,A+B+C=0=1+B+2B=0=>B=-1=C=-3=D=1

fx4+xdx_ f(% - xl—{-gl + fz/i):i:/g f dx — fx+l 3f 2X;-ll—1dx

=In|x| — }In[x + 1| — In[x> = x+ 1|+ C

2= A B+ SR o = A - (X2 1)+ B(x + 1)(x2 + 1)+(Cx + D)(x — 1)(x + 1)
=A+B+0O)x*+(-A+B+D)x*+(A+B-C)x—A+B-D=A+B+C=0,-A+B+D=1,
A+B-C=0,-A+ B —D = 0= adding eq(1) to eq (3) gives 2A 4 2B = 0, adding eq(2) to eq(4) gives

—2A + 2B = 1, adding these two equations gives 4B—1:>B— , using 2A+2B—0:>A——— using
—-A+B-D= O:>D— andusmgA—|—B C=0=C= Of dx—f( 1/44—1/4—1— 12 )dx

x+1 x—1 x2+1
= 7fo+ldx+ fo—l

R = A B OD 2 x = A(x +2)(x2 + 1) + B(x — 2)(x> + D+(Cx + D)(x — 2)(x +2)
=(A+B+0O)x*+(2A—-2B+D)x>+ (A+B—-4C)x +2A-2B—-4D=A+B+C=0,2A-2B+D =1,
A+B—-4C=1,2A — 2B — 4D = 0 = subtractin eq(1) from eq (3) gives —5C = 1= C = —é, subtacting eq(2) from

eq(4) gives =5D = -1 =D = substltutmg for Cineq(1) gives A + B = z, and substituting for D in eq(4) gives

1.
10°

dx = —iIn[x + 1| + {In|x — 1| + Jtan"'x + C =

m x+l‘+ Ltan='x + C

2A -2B = 5 =A-B= g, addmg this equation to the previous equatin gives 2A = % = A= 13—0 =B =-

2 4x 7]‘ 310 1/10 |, (=1/5)x+1/5 _ 3 (1 L[ 7;f x ;f 1
fx4—3x2—4dX— =2 x+2 T dx =5 | 52X = 15 ) 729X — 5 ) opdx 4+ 5 ) odx

n|x — 2| — {In|x + 2| — {5In|x? + 1| + ttan~'x + C

20° 456>+ 80+4 _ __AO+B CH+D 3 2 2
01201 2) —02+20+2+<0,+20+2>) = 20° + 50 +80+4—(A0+B)(0 +26+2)+C0+D

—A®+(Q2A+B)? +(2A+2B+CW+(2B+D) = A=22A+B=5 = B=1;2A+2B+C=8 = C=2;

93 6> 9 0 0

7]‘ do — f f 02+20+2 7‘[ (62 + 26 +2) f 1
92+20+2 02+20+2 @2 +r20+2° 0> +20+2 (0+|>2+1 T2 r20+2

=g+ m(?+20+2) —tan ' W+ D+ C

04_40’2;16?); 30+1 /22113 + (5’6:1)2 + (E6+1P;3 — 04 _4p3 +292 —304+1

=(A0+B)(02+1)°+(CO+D) (0 + 1) +EI+F = (A0 + B) (6* + 262 + 1) + (CO> + DI? + C + D) + E§ + F
= (A0° + BO* + 2A0° + 2BO? + A + B) + (CO> + DO?> + CO + D) + Ef + F

=AP +BO+ A+ O+ 2B +D)? +(A+CH+EW+B+D+F) = A=0;B=1;2A+C=—4

= C=-42B+D=2 = D=0;A+C+E=-3 = E=1;B+D+F=1 = F=0;

0t —46° +26%2 — 30+ 1 0.de 6do 1 2 1 1 2 -2
f 220 de_fgz -~ f(ﬁ? 2+f92+13—tan +2(0>+ 1) L@+ +C
%: _2X+X(x l)’x(xl—l) A+XE1 = 1=Ax-D+Bx;x=0= A=-1

x=1= B=1; fw f2xdx—fd"—|—fdx =x*—In[x|+In[x—1[+C=x*+In || +C

(g2 1 (2 1 . 1 _ A B .
=x+D+ 5= +])+(x+1)(x D> GaDx—1D  x+1 7 x—1 =AKx—-1D+Bx+1)

x=-1=A=-lix=1=B=1; [ ax=[(drna-] [ 41 [

=i +x—Ltlx+1+inx—1|+C=%+x+in|*L[+C

x2—1




35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.
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2okl — 94 97)(;(2(_}(3)(“ (after long division); 79’;2&“3‘ =A B C
= 0x2-3x+1=Axx—D+Bx—-1)+Cx*x=1 = C:7;x:0 = B=—-1A4+C=9 = A=2;
Jolertax = fodx+2 [& - [S 47 [ —oxt2m|x|+ 1 +7lx—1]+C
% (4X+4)+4xlzxz&+1;(ﬁx:lz)‘z = 2fo1 +(2x131)2 = 12x—4=A2x-D+B
— G- _ _n. 16x° _ dx dx
= A=6-A+B=—4 = B=2 [ 1% dx=4 [+ Ddx+6[ ;27 +2 [ 58
=2x+ 1 +3In[2x — 1| — 55 +Cr =2x +4x+3In[2x — 1| = 2x — 1) + C, where C =2+ C;
4 2
SR EY iy =y et = 1=AG D+ By +Oy=(A+B)y +Cy+A

7= A=LA+B=0=B=-1:C=0; [Y " lay= [ydy - [& 4 [2%

yi+y 241

2
=L —Inly|+ilm(1+y*)+C

2y*
Y-y +y-1

_ 2 . 2 _ 2 _
_2y+2+y37y2+y*1 Cyi-yity-1 T (P+D-D T

= 2=A’+1)+®By+C)(y—1)=(Ay’+A) +(By>+Cy —By —C) =(A+B)y> + (-B+C)y + (A — C)

= A+B=0,-B+C=0orC=B,A-C=A—-B=2= A=1,B=-1,C=—-1;
dey—Zf(y—i-l)dy—f—f—— w1 dy - sz

=@+’ +Inly—1/—FIn(y’+1)—tan'y+Cy =y*+2y+Inly— 1| - $In(y* + 1) —tan'y + C,
where C=C; + 1

et dt _ _ y+1 _ 41
fe2‘+3e‘+2 I_Y]f y~+3y+2 y+1_ y+2 ln‘y+2’+C—ln (2‘+2)+C
_ 3| et ] y=¢' S4oy—1 1 i
fe Jerztziledt fe S red [dy:etdt]_)fy;gl dy:f( y2+1)dy:y7+fy2y+1dy

=Y 41l y’4+1) —tanly+C=1e*+1In(e*+1)—tan"' (') + C
2 T2 ly

cos y dy ; _ _ dy _ 1 1 1 _ 1 t—2
fsm—y+smy 6,[s1ny_t,cosydy—dt] - ft2+tf6 - EI(ﬁ_m) dt = 31n|l+_3|+c

71 siny — 2
- In smy+3‘+c

sin 6 d6 . _ _ dy _lf dy 1 dy _ 1 y+2 _1 cosf +2
f00§20+(:056 2,[C0$9—y] - f y2+y—-2 "3 y+2 3 y—1 —3111 y—1 +C_31n|cosﬁ |+C

=3I [FEE+C=— s[5 [+C

(x —2)% tan~! (2x) — 12x% — 3x f tan™! (2x) f
f @+ 1) (x—2)72 dx = AT T dx —3 x— 2)2

=1 [t @od (tan ! 20) — 3 [ (&5 —6 [ 2 = <‘a“j2X —3Injx—2/+ L5 +C

(x

(x + 1)% tan— (3x) +9x% 4 x tan—" (3x) f X
f O+ )+ 17 dx f ooy 1 X+ g dx

ftan’1(3x)d(tan’1(3x) +fx+l_ (Xixl)zzm+ln|x+l|+—+c
fx” dx—f\/— [Letu:\/;:>du—2\/—dx:>2du:ﬁdx}—>fuzz—71du;
u2{1=u11+u71:>2_ Alu—1)+Bu+1)=(A+Bju—-A+B=A+B=0,-A+B=2

_fd_y
yi+1
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=B=1=A=-1 [Zdu= (&5 +)du=—[rdut [Aqdu=—Inju+ 1| +Infu—1]+C

Vx—1

Y| +C

=In

46. dex [Letx—u = dx = 6u5du] — fm6u5du= fufujldu: f(6—|— %)du

:6fdu+f%du; w1 ui

-A+B=6=B=3=A=

(u—1)+B( +1):(A—|—B)u—A—|—B:>A—|—B:0

u+1 u—l u_6u_3fu+l

—6u—31n|u+1|+31n|u—1|+C—6x'/6+31 16+1 +C

47. f—v’(}fldx {Letx—i—l:uzédx :2udu] —>fu2“_l 7‘/\”22“_21 ff(Z—I— )du
:2fdu+fi du; o2 =25+ 2 =>2=A@u—-1)+B(u +1):(A+B)u—A+B:>A+B:0
“A+B=2=B=1=A=-12[du+ [2ydu=20+ [(F5 + 2y)du=2u— [
=2u—Inju+ 1|+ Inju—1]+C=2yx+1+In J_Vijl;l +C

48. fxmdx {Letx+9—u édx—Zudu} HfﬁZUdu:f%g du; ﬁ:uéSJruL
=2=A+3)+Bu-3)=(A+Bu+3A-3B=A+B=03A-3B=2=A=1=B=-1;

2 1/3 1/3 1 1 1 1 x+9-3

fmdu:f(uf3—u43)du:§f qu du = 3Inju — 3| - ln|u+3|+C: In NIEERE +C

49, fxx4+1>dx—fx4(x4+1)dx [Letu:x“:>du:4x3dx]—>%fu< )du (+1):%+u31

> 1=A@+1)+Bu=(A+But+tA=>A=1=B=—1![lrdu=1[(!- 2 )du

u u+1
= 4 [au— 14 [ hydu = dinfu] = dnfju+ 1]+ C = §in( ) +C

50. fX6X5+4>dX—fde—[Letu—x :>du—5X4dx]—>;fu2<u+4>du u2(u+4>: A+ B +u+4
:>1:Au(u—|—4)+B(u—|—4)+Cu =(A+Cu?+ (4A+B)u+4B:>A+C:O,4A+B:O,4B:1:>B:%

_ _ 1.1 _ 1/16 1/4 1/16 __1[1 11 1 1
> A=—f=C= {1 [ o= f(—T trt u+4>du_ —gf hau+ 5 [ hdu+ g5 [ pau
:—8'—01n|u|—ﬁ+g—oln|u+4|+c———ln|x| s + Il + 4]+ C = ghln 4| — k-

SL(2-3t+2) & = ix= [0 = [0 [ o |22 4022 = Cet=3andx = 0
=1=C= 2=l :>x—IHIZ(%)‘:ln|t—2|—ln|t—1|—|—1n2

2. (3t4+4t2+1) % =2V3; X_2\/7f3r +4t2+1 - \/_ft2+1 ft2+1

=3tan! <\/§t)—\/§tan‘1t+c;t:1andx:#§ = —@:w—éw—i—c = C=-7

= x =3tan"! <\/§t) —V3tanlt—nx



53.

54.

55.

56. V

57.

58.

59.

60.
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@20 =323 = [etn o dmkrl=b -1 > mill =l
t=landx=1= In2=In3+C = C=ml2+ml3=mIn6 = In[x+1/=h6|5] = x+1=

t+2
:>X_t+_2_1t>0

t+ 1
= C—tan 10=0 = tan!x=In|t+ 1] = x=tan(n(t+ 1)), t > —1

t+DHE=x>+1 = fX2+1—f— = tan!'x=In|t+1]+C;t=0andx =0 = tan ' 0=1In|1| +C

0.5 3x

V=r Oisy?dx:w " — dx—37r(f25(—xl3+%))dx:[37r1n|ﬁﬂ§:i:37rln25

2
= [ixydx=2n [ g ax = an [ (1 () + 3 () @
:[—?(1n|x—|—1|—|—21n|2—x|)]oz4§(ln2)
Vi B V3 V3 M y
A:j; tan~! x dx = [x tan 1x]037f0 = dx el

:# [FIn(x*+1)], :”f In2;

_ 1 (= 3 T\ _ 1 (2rn 3\ ~
_K(§_T+6)_K(T_T>_llo
5 5 5 5
AZLWdX ﬁd%—f”% _dx :[31n|x\ In|x+3|+2In[x—1]];=1In12;

- 5
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