8.3 TRIGONOMETRIC SUBSTITUTIONS

9+x2=9(1+tan?0) =9sec?d = L = Lo — ool _ cosp,

_ ™
1. x—3tan9,——<9<— dx = Vot x2 3[sec 0]

cosz [

(because cos 6 > 0 when — 5 <6 < /,) .
\/9dix2 - 3f oty = fcosﬁ In |sec @ +tan ] + C' = In ‘m 43

ln‘\/9+x2+x‘ +C

3 dx _ du _ T T __dt 2 _ .
2. \/1+92’[3X_u] - f nmsu=tant -5 <t<g.du= oo, V1 +u = [sect| = sect;

\/l+u2 :fcosztd(tsec[) :fsectdtzln|sect—|—tant|+C:1n‘ u2+1+u‘+C=ln‘\/1+9x2—|—3x‘+C

2 X —1 x]2 — - T s s
3 L e = a3, = et - e = (1) (5) - (3) (- 5) =5

2 2 _ 2 _ _
b Lt b e et s = G b 0) = () () () -0

7. t=5sin6, -5 <0< §,dt=5cosfdf, /25— t> =5 cos 0,
f\/25—t2dt:f(Scos@)(Scos@)dG:25f00520d9:25f”C—‘MdH:ZS(g—F%)—FC
=35 (@ +sinfcosh)+C=2 {sin‘1 (H)+ (%) (— = tz)} +C=Bsin !t (H)+ VB4 C

5 5

8. t=1sinf, -2 <O<Z dt=1%cosfdb, \/1—92=cosb;
[V1-92dt=1 [(cosO)(cos #)df = L [ cos? 9d9:g(9+sin6?cos€)+C:é{sin‘1(3t)+3t\/1—9t2} +C

9. x=1sech,0<6<3, dx:zsecé)tanede,\/4x2—49:\/49sec29—49:7tan9;

%ec()tan(ﬂ % Vax2 —
\/4x2 = f 7 —%fsec&dez%1n|sec€—|—tan9|+C:1 n %—k#‘—i—C
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10. x:%sece 0<9<E,dx:%sec&tanGdQ,\/25x2—9:\/9se020—9:3tan9;

\/25532"_9 f se;ti;dga 6:fsec&dezln|sec€+tan0|+C:1n %+7v25;‘u’ +C

11. y=7sech,0< 6 < Z,dy="7sechtantdf, \/y?2—49 =7 tan 6,

f—vy2_49 dy = | Qun@lsecbmb b _ 7 ftan?9 df =7 [(sec?d — 1) df = T(tan 6 — ) + C

=17 [@ —sec™! (%)} +C

12. y:55609,0<9<ﬁ dy =5secftan 6 df, \/y? —25 = 5tan 0,

f—V y?; 2 dy = f—(s tan 6)(5 sec § tan 6) df ftan2 0 cos? 0 df = 1 f sin? 6 df = ;5 f(l — cos 26) df

125 sec® 0

- - o et () (455) ()] v = (S50 7 v

y

13. x =sec,0 <0 < 3,dx =secftand df, \/x* — 1 = tan 0;
fx2\/>(2—1 :fsecf)tanGdG:f%:sine_'_C: \/xx— L C

sec? 6 tan 6

14. x =sec,0< 0 < g,dx:secetanedﬁ, v/x2—1=tan9,

fxﬁjfzxﬁ = f7221r23{965?§n99d9 = 2fcos2 6 do = 2f (LE<228) 49 = 6 + sin 6 cos 6 + C

=0 +tan 6 cos?f +C =sec” ! x + \/xz—1(%)2+C:sec*1x+7”‘;[1 +C

15. u=9—x*= du = —2xdx = —1du = xdx;

soc — [ Zdu=— i+ C=—/0-x+C

16. x=2tanf, — 5 <0 < 3 ,dx = 2sec?60 df, 4 + x% = 4sec®d

f" dy :fw:f2tan29d0:2f(seczt971)d9:2f56020d072fd0:2tan9720+C

44+ x2 4sec? 0

=x—2tan"'(3) +C

_ _ 24 _
17. x =2tan 0, — <6’<”dx coqm"/ m,

x3 dx f 8tan36 (cos 0) do 8fs|n30d6 8 f (cos>0—1) ( sin 6) d9
Vxira c0526 - costd cost @

[t =cos ] — 8f‘tjldt:8f(t%—[%)dt=8(—%+$)+C:8<—secﬁ+$>+c

) X 3/2
:8(—*7“%%)4& L2+ 4" 4/ r4+C=1x2-8)V/x2+4+C

18. x=tan, — § <0 < 5, dx =sec’ 0 df, /x> + 1 = sec 0;
f dx :f sec 6 df :f00§6d9:7 1 4c= —V/x2+1 +C

x2/x2+ 1 tan2 6 sec 6 sin2 0 sin 0

19. w=2sinf, -5 <0 < 5,dw =2cos 0 df, /4 — w? = 2 cos 0;

8 dw _ 8-2 cos 6 df o 2v/4—w?
fw2«/4—w2 - f 4sin?0-2cos 6 Zfsmzé’ —2cotf +C= w +C
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21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.
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w=3sinf, - <0< F,dw=3cos0df, V9 —w?=3cosb;
f\/9w—2w2 dw — f3u)s€3cos€d6’ fcot29d9: f(lf'sinzﬁ) do — f(cchQ— 1) df

9sin2 0 sin2 0

:fc0t970+C:77V"W—W2fsinfl (¥) +C

u=5x=du=5dx,a==6
J 36 8sadx =20 [ b Sax = 20 [ b du =20+ ban! () + € = Pian! (3) + C

u:x2—4:>du:2xdx¢ldu:xdx

fx\/mdx——f\fdu——u3/2+c L2 —4)3/2+C

3/2

x=sinf,0<6< %, dx=cosfdd, (1 —x*)"" =cos®0;

V3/2 /3 5 /3
ﬁ) 4x dx _ f 451ni(9)30059d9 4 L (120052399) do =4 L (SCC2 0 — 1) do
[tan 0—0]1° =43

Xx=2sin6,0<0 <%, dx=2cos0df, (4—X2)3/2=800539;

f‘ dx _f”/(’ 2cos¢9d6_lfﬁ/6 ) —l[tanH]”/G V3
0 (4—x2)3'/2 — Jo 8cos?d — 4 Jo cos?f T 4 - 12 T

s~
QIH
(95

x=secl,0 <0 <3, dx =secdtanfdf, (x* — 1)*? = tan® 9;
f(xz ijxl):‘wz = fsec fa;%nﬁe = f czisngge == 91110 +C= ./x;(,l +C

x=sech,0 <6 < J,dx =secftan 6 df, (x> —1)”? = tan® §;

x? dx sec” f-sec 6 tan § d§ cos 6 _ B x*
f (x2—1)"? _f tan® 0 fsm“? df = 351n30+c_ 3(x2,1)3"2+c

x=sinf, -7 <0< E,dx:COSOdﬂ,(l—XQ)?'/2 = cos® 6;
f(l—x2)3r’2dx _ f00q36c096d9 fCOt4QCSC29d9: _ @ +C= _% (\/1,,(2)5 e

x6 sinf 0

Xx=sinf, -5 <6< E,dx:cosedﬁ,(l—xg)m:cos&
o 1/2 3
f(l—xz) dX:fcosecost‘}dt‘) fCOtQGCSCZHdQZ_C()}#_'_C:_%<\/l_x2) +C

xt sin @

Xx=1tanf, —F <0 <3, dx =1 sec’6do, (4x2 + 1)* = sec? 0;
f( Sd"lz—f 3 %e*0) d9—4f00520d9*2(9+s1n00059)+C*Ztan’12x+(4x2+])+C

4x2 + sect 0
t=1tanf, — 5 <6< %, dt=]sec’fdf, 9> + 1 = sec’6;
2
f t,ffit . _f ::;g de_2fcos29d9—9—|—sm900s9+c tan‘13t+<912+1>—|—C

u:xzflédu:2xdxéldu:xdx

[ o= o o= [

=12+ %fﬁdu =1+ ilnfu| +C = ix* + iln|x?

—1|+C



Section 8.3 Trigonometric Substitutions
32. u=25+4x> = du = 8xdx = ldu=xdx

[ 525mdx = 1 [1du= linjul + C = 1In (25 + 4x2) + C
33. v=sinf, -5 <0< ] ,dv = cos 0.df, (1 —v?)** = cos® 8
f idv52 _ fsm26c050d0

cos® @

3
ftan2956029d0: @+C: % ( 1V 2) +C
~ v
3. r=sinf, -5 <0< 3;
215/2 - 517
1—r%)""ds 5 7 1— 2
f( rrg r:fcosf“izgogedﬁ fC0t69CSC29d9:—CO;0+C:—%[ rr} +C
35. Lete' =3tan 6, t =In(3tan §), tan"' (§) < 0 <tan"'(3),dt = “[iffg df, \/e* +9 = \/9tan20 4+ 9 = 3 sec §
In4 tan™! (4/3) tan~! (4/3)
el dt 3tan f-sec>fdf __ tan™! (4/3)
Jors = Jury nd3secd = j;mil(l/z sec 6 df = [In |sec 6 + tan 6‘|]WL(]/z
_ 5, 4 V1o | 1
=i (3+4) - (424 1) =mo—m(1+/10)
36. Lete' =tan 6, t =In(tan 6), tan"!(3) < 0 <tan"'(3),dt = Stiflg dd, 1 4+¢e* =1-+tan’ 9 = sec®0;
f]n @A) g wn~ (4/3) (tan 0) <*§;ngf*) o pant@)
nG3/4) (1+e2)%? tan~! (3/4) sec3 0

tan 4/3) 4 3 _ l
ety SO 6 do = [sin 0] ol =35 3= 5

1/4 1
2de L[ 1
37. fu/lz Tt {U—Z\ﬂ, du= - dt} - f.

W 1Jruz,u—tane z <9§Z,du—sec 6do, 1 +u? = sec? 6,
1 /4
2du __ 2 sec’f df /4 _ s T _ m
ﬁ/ﬁ I+u2 = Jass sec?f [20]71'/6 - 2(1 6) — 6

38.

y=e"?0<0<I dy=e""sec?0dd, \/1+(ny?=+/1+tan?6 = sec
fe dy _fﬂ/ e’ gec?
1 yy/1+(Iny)? -

e’ sec

w/4
df = f sec 6 df = [In |sec 6 + tan 0[] )/* =
39.

o(1+v2)

x =sect,0 <0 < F,dx = secdtan 6 df, \/x2—1:\/sec29—1—tan0
S = sl =64 C=see xtC
40. x =tan 0, dx = sec?2 9 df, 1 + x2 = sec? 6

f sec’6 df
x2 +1

o =0+ C=tan”

Ix+C
41.

x—secﬁ,dx:secﬁtanﬁdﬂ,\/x2—1:\/seCQG—lftanQ

x dx _ fsec&-sec&tanf)dﬁ
N tan 0 -

—fsec29d9:tan9—|—C:\/x2—1+C

42. x =sinf,dx =cos0df, — 5 <0 < 3;

Joos = [l —grc=sinix+C

43. Letx®? =tan 6,0 <46 <

,2xdx = sec? 0 df = xdx = 3sec? 0 db; V1+xt=
X dx = fseczﬁ
/1+x4 sec 0

V14 tan? 6 = sec 6
do = —fsec&d&- 1n|secd + tan 6| + C = $In|\/1 +x* + x*| +C
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44.

45.

46.

47.

48.

49.

Letlnx =sinf), —5 <6 <0or0 <6< 7, -dx =cosfdo, 1—(lnx)2:cos9

1
X

f” d —f“’“zed@—fl_““zede—fcsc@d@—fsinGdHZ — Injesc @ + cotf| + cosf + C

xInx sin 6 sin 6
Inx)? 1 1—(Inx)?
—In|;L + <Xn> + lf(lnx)2+C:fln+?x(n) 1—(Inx)*+C

Letu:\/;:x:u2:>dx:2udu:>f 4—;"dx:f\/4;2“22udu:2f 4 — u2du;

u=2sinf,du =2cos0df,0 <0 §§,\/4—u2:20056’
2[Va—urdu=2[(2cos0) (2cos 0) 40 = 8 fcos? 0d0 = 8 [ 49 = 4 [ 40 + 4 [ cos 2040

=40 +2sin20 +C = 49+4sm9c050+C—4sm’1( )+4( )(—“;”2)+C:4sin’1<4)+\/§\/4—x+c

:4sin—l(§) FVAx—x24C

Letu=x*? = x =u?? = dx = 3u™' du

f l—x3dx f / Uzu;z 2 71/3 du—fm 3u1* \/7 —S1I1 U+C —Sln (X3/2)+C
Letu:\/;:>x:u2:>dx:2udu:>f\/§ l—xdx:fum2udu:2fu2Mdu;

u =sin @, du = cos 6 d6, —E <40 <3 I m—cose

2f Mdu*2fs1n29cos9cos@d0*2fsm2900529d0*—fsm 20d6 = f““)“ede
fd&— —fcos49d9— 10 — {esin4f + C = 10 — ¢sin260cos 20 + C = 16 — ysinfcosf (2cos*§ — 1) 4+ C

= 10— —51n000530 +—s1n900s9+C —sm 1uf%u(l %/2 \/—112+C

= 1sin™!/x — 1/x( x)*? — LVxV/1-x+C

Letw:\/méwzzx—l :>2WdW:dx:>f%dx:j‘@2de:2f\/ﬁdw
w=secH,dx =secftanf db, 0 < 0 <§,\/ﬁztan€

2f w2—1dw:thanOSeCQtanQdQ;u:tanG,du:seczﬁdH,dv:seCHtaané',v:secQ
2ftanﬂsec9tan9d9:2sec0tan072fsec30dt9:2sec¢9tan072fsec205ec0d0
:ZSecﬂtanH—Zf(tanzﬁ—i—1)5600d9:2sect9tan9—2<ftan20secc9d0—|—fse(:0d9)

= 2sec 6 tan § — 2In|sec § + tan 6| —2ftan295609d9 = 2ftan295609d9 =sec f tanf — In|sec§ + tan | + C

=wyvw—1l—-Inw+vw?2—-1|+C=vx—-1vx—-2—-In|y/x—1++x—-2|+C

x=2sech,0<0<7
x%:\/x2—4;dy:\/X2—4d—;;y:f—v)(f£74dx; dx = 2 sec § tan 6 d§
Vx2—4=2tan0

— y= —(2tan9)(§zzzzm0>da = 2ftan29d0 = 2f(se<:29 —1)df = 2(tanf — ) + C

zz[Lgfksec*l (%)] +Cx=2andy=0= 0=0+C = C=0 = y=2 |~ —sec' &



50.

51.

52.

53.

54.

55.
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x=3sec?,0<0 <73
\/X2_9?1_Z =1,dy = oY = L?,g; dx = 3 sec 0 tan 6 df - y:f;“ecﬁ;ﬁl};“e
Vx2—-9=3tan0

14522 4 Cix=Sandy =In3 = n3=1n3+C = C=0

= fse09d9:1n|se09+tan9\—I—Czln
+ \/x;—9

= y=In|3

2+4 3y = 3f d 3tan’l"—I—C foandy—0§O—3tan’11+C

(x2+4) L =3,dy=23 S
x) _ 31

= C=-f 5 y=junt(3) - §

(x2+1 2dy—\/x2 dy— d">32 ;X = tan 0, dx = sec? 6 d6, (x* +1)3/2:sec39;

y:fw:fcosﬁdﬂzs1n9+C:tan0c059+C anb 4 C= \/x;‘ﬁJrC;X:Oandy:I

sec? 6 sec 6

= 1:o+c:>y:¢xgﬁ+1

3 2
:j; \/93—x~dX;X:3sin9,0§9§%’dxzf}cosﬁde \/9—x2 \/9 9sin2 60 = 3 cos 0,

/2 /2 .
:j; —3”39'3“’3“9:31; cos? df = 3 [0 + sin 6 cos 6] /2 = =3

S l=loy=2b/I-5A=4f b/1-Sdx=db) /1% dx

[x:asinﬂ,—ggﬂgg,dx:acosﬂd& 1—Z—i:COSH,X:O:asin0:>9:0,x:a:asin6’:>0:g

a /2 /2 /2
4bj; \/1—:—§dx:4b‘f; cos@(acos@)d9:4abj; 00520d0:4abj; Licosdbgg

—2ab [ 40+ 2ab [ cos20d0 = 2ab 0] :/2 +ab|sin 20] :/2 — 2ab(Z — 0) + ab(sin 7 — sin 0) = mab

12
(a) A= fo sin~'x dx [u = sin~'x, du = ﬁdx, dv=dx,v= X:|
1/2 1/2 1/2
= {xsm 'x} — A dx= = (3sin7'1 —0) + {\/1 — xz} = 77”“6\1@_12

0 0

1/2 1/2 1/2
_ R _om+6/3-12, 1 P _ 12 -1
(b) M—j; sin” ' x dx = 5 ;X = HG‘@*IZ];’ X sin de_7ﬁ+6\/§712j; xsin” ' x dx
— ain—l _ 1 _ _ 12
[u— sin x,du—mdx,dv xdx, v ZX}
1/2 12
_ 12 1 X
= el o] T dx)
[x:sinﬂ,—g <0< F,dx=cosfdf, V1 —x2=cosf,x=0=sinf = 0=0, X———sm0:>0—%}

/6 in~ 6 T /6 .
= 7T+6\]}—12( 3 % sin” %) —0) - %fo im,, 0050d9> W+6\[ (_ — %‘/; sza(w)
_ 12 1 7/ 1— 20 12 1 /) 1 )/
B 7T+6\/_—12( 5 Locos2f dg) T+6V3-12 (ﬁ - Zj; de + Zj(‘) cos 26 d€>
_ 12 71' [ _ 3\/5—7r L= 1 1/21 s 1on\2
= e/ (@ + _Z + sm29} ) = 4(7”6\/5712), y= Hé{zgflzj; 5 (sin™'x)"dx

[u = (sin"x)z, du = 2sin Xdx dv=dx,v= x]

vV1=x

&lﬂ
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1/2 12
S 2 XSsin X
= m ([x(sm Ix dx) ] -4, %dx)

0

2x _ )
[u—sm xdu—\/—dx dv_\/_—xzdx,v_ 24/1 x}

12 5
- m ((%(Sin_l(%))z —0) + [2 1—x2 sin‘lx] fol/ 2\/—V]l__xxzzd )
0
? sin~ 1z 2 m 2 T —
56. V= f ( x tan~! x) dx = ﬂj;l x tan~! x dx [u = tan”'x, du = zdx, dv = xdx, v = %Xz}
1 1 . 1
— ([ <L) ) = n((Gan1 -0 < f (1= m)ax) < (54 (- m)

_ =z 1f1 1f11 _ =z 1 TP L N 1 1, -1 _ n(n-2)
=T 3 3 0dX+§ Omdx =T §+{—§X+§tan X:| 77r(§+(—§—|—§tan 1+0—0))— 7

0

57. (a) Integration by parts: u = x2, du = 2x dx, dv=x/1—x2dx, v_—%(l —x2)3/2

fx 1—x2dx = —1x*(1 - 3/2+ f 3/22)(dx — X2 (1 - x2)3/271(17X2)5/2+C

(b) Substitution: u = 1 —x> = x> :1—u:>du:—2xdxﬁ—§du:xdx
[ Vi=xd= [RVI-xdc= -1 [(1—w)Judu= -] [(Vu—u¥?) du= 124 132 4 C
= 11-)" 11—+ C

(¢) Trig substitution: x = sin 6, % <fg< g,dx = cos 6 db, m =cos
fx3 de:fsiﬁ& cos Hcosﬂdﬁzfsinzﬁ coszﬁsinﬁdﬁzf(lfcos2 6)cos? 6 sin 6 df
:fcoszt‘)siné)dﬂ—fcos“@sin@df):—%00539+%00559+C:—%(1—x2)3/2+%(1— )5/2+C

58. (a) The slope of the line tangent to y = f(x) is given by f’(x). Consider the triangle whose hypotenuse is the 30 ft rope,

the length of the base is x and the height h = 1/900 — x2. The slope of the tangent line is also —7”0(” , thus
f’(X) - _ \/9007)(2_
(b) f(x) = [~ ¥0=Ydx [x=30sin0, 0 < < F,dx = 30cos 0 df, /900 — x> = 30cos 0]
— [ 3e0030cos 9 do = 30 [0 do = —30 [ L= g9 — —30 [esc0.df + 30 ['sin 0 do

sin @ sin 6
— /900 — x>+ C; f(30) =0

— /900 — 302+ C=C = f(x) = 301n|3 4 ¥20=X| _ /900 _ x2

= 301n|csc 6 + cot§] — 30cosf + C = 301n| 20 4 V=X 900 x?

30 900 302
= 0= 301In|30 4 YO00-30°






