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8.2 TRIGONOMETRIC INTEGRALS

1. fcostdx = %fcost -2dx = 3sin2x + C

[\
[Nl

. j:r3 sin %dx:9j: sin % %dx:9{—cos§]z :9(—cos% +COSO) = 9(—% + 1) =

3. fcos3x sinxdx = —fcos3x (—sinx)dx = —jcos*x + C

&

fsin42x cos2xdx = %fsin“Zx cos2x -2dx = %sin52x +C

e

fsin3xdx = fsinzx sinxdx = f(l - cos2x) sinxdx = fsinxdx - fcoszx sinxdx = —cosx + jcos’x + C

6. fcos34x dx = fcosz4x cosdxdx = %f(l - sin24x) cosdx - 4dx = lfcos4x - 4dx — %fsin24x cos4x - 4dx

4
= sindx — {5sin*4x + C
= ;SIN4X — g5sin X +

~

fsinsx dx = f(sin2x)2sin x dx = f(l — cos?x)’sin x dx = f(l — 2co0s?x + cos*x)sin x dx

= fsin x dx — f2cos2x sin x dx + fcos“x sin x dx = —cos x + Zcos’x — cos’x + C
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8. f sin’ dx (using Exercise 7) = j;sm( dx—f 2cos? )sm(%)dx—i—f:c()s“(g)sin(g)dx
o)+ oo Lo (3)]1 = 0) - (244 - ) = &

9. fcos3x dx = f(COS2X)COS xdx = f(l — sin®x)cos x dx = fcos x dx — fsin2x cos x dx = sin x — 3sin’x + C

/6

(1 — sin23x)%cos 3x - 3dx = f

16 16 16
10. fﬂ 3cos’3x dx = fﬂ (cos23x)"cos 3x - 3dx = fﬂ o

o (1 — 2sin®3x + sin*3x)cos 3x - 3dx

76 /6
= f cos 3x - 3dx—2f sin?3x cos 3x - 3dx—|—f sin'3x cos 3x - 3dx = {sm 3x — Q83X sin’ "}
0
=(1-3+3) -0 =15
11. [ sin’xcos’xdx = fsin3x cos’x cos xdx = fsm x (1 — sin®x)cos xdx = fsin3xcosxdx — fsinsx cos x dx

= %sin“x — ésinﬁx +C

12. fcos32x sin"2x dx = %fcos32x sin°2x - 2dx = %fcos 2x cos?2x sin’2x - 2dx = %f(l — sin?2x) sin2x cos 2x - 2dx
= %f sin°2x cos 2x - 2dx — %f sin’2x cos 2x - 2dx = sin® 2x — Lsin®2x + C

13. fcoszxdx:f%dx——f(l—l—cosh fdx—i— fcostdx— fdx—i— fcost 2dx
:%x—i—%sian—i—C

/2 .5 71/2]_‘:0gzx 1 /2 1 /2 1 /2 1 /2 1 /2
14. j; smxdx:f0 de:ﬁﬁ) (1—cost)dx—§ 0 dx—ij;) cos2xdx:§ﬁ) dx—zﬁ) cos 2x - 2dx

=[x Jsin2x] 7 = (3(5) ~ sin2(5) = (400) - Jsin2(0)) = (5-0) ~ 0-0) = §

/2 w2 w2 w2 /2
) j;) sin’y dy = f sin®y siny dy = fo (1 — cos?y)’ siny dy = j; siny dy — Sﬁ) cos’y sin y dy

/2 /2 6<) o cos’y cos’y cos’y /2 3 1 16
+3f cosysmydy—f cosysmydy:[—cosy—l—?) oY 3y 4 =2 }0 =0)—(-1+1-34+1) =4

8]

1

W

16. f7cos7t dt (using Exercise 15) = 7 {fcos tdt— 3fsin2t cos t dt 4 3fsin4t cos t dt — fsinGt cos t dt}

:7(sint—3s‘2—3‘ —1—3“';5t — sint ) + C = 7sint — Tsin3t + 2 5 Lsin®t — sin"t + C

17. fO 85in4xdx:8f0 (%)de:2f0l(1—2c0s2x+c0s22x)dx:2f0 dx—2f01cos2x.2dx+2f0ll%dx
:[2x—2sin2x]g‘+j; dx—i—j; cosdxdx =27 + [x + sindx|| =27 + 7 =3n

18. f8cos427rx dx = 8f(1+“2’wydx = 2f(1 + 2cos 47x + cos?4mx)dx = 2fdx+4fcos47rxdx+2fw dx
= 3fdx+4fcos47rxdx+ fcos87rxdx =3x+ Lsin4rx + Lsin8rx + C

19. [16 sinxcos?x dx = 16 [ (1=e2x) (e gx — 4 (1 — cos?2x)dx = 4 [[dx — 4 [ (Led)dx
:4x72fdxf2fcos4xdx:4x72xf%sin4x+C:2xf%sin4x+C:2xfsin2x0052x+C

= 2x — 2sin xcos x (2cos®> x — 1) + C = 2x — 4sin x cos’ x + 2sin xcos x + C
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20. fOWSSin“ycoszdy:8ﬁﬂ(1762052y)2(1+c2052y) dy:j;ﬂdy—j;ﬁcos2ydy—fOﬂCOSQ2ydy+‘[:cos32ydy
=[y- %SinZy]:—j;ﬁ (Lot dy+j;7r(1 — sin?2y)cos 2y dy = 7 — %j:rdy— %foﬁcos4ydy—|—j;ﬂ0052ydy

™

2

ol

T . 3 T
- j; sin?2y cos 2y dy = 7 + [—%y— gsin 4y + Zsin 2y — 1 - %} LT
21. f 8cos20 sin 20 df = 8(—%)% +C = —cos*20 +C

/2 w2 /2 w2
22. fo sin?26 cos*26 df = j; sin?26(1 — sin*26)cos 260 df = j; sin?26 cos 260 df — fo sin*26 cos 26 df

ﬁzw\/@dxzﬂfﬂ
4. [ 1—c032xdx:J:T\/i|sin2x|dx:j:\/§sin2xdx:[ \/—cos2x} — 2+ /2=22

23. fj:ﬂsingdx:[—2005%]?:24—2:4

W

in X
SlIl2

m m /2
25. j; \/l—sin2tdt:j;|cos.t|dt:f0 costdt—f/zcostdt—[smt] —[sint;,=1-0-0+1=2
26. Lﬂ\/l—coswd@:ﬁqsin6‘|d9:j:sin9d9:[—cos@]§:1+1:2

27 fﬂ/z sin® x dX_fﬂ/z sin® x \/1+cosx fﬂ/2 sin?x /1 + cos x dx — /2 sin’ x\/1+c0sxd
" J7r/3 \/1—-cosx m/3 /1 —cosx \/1+cosx V1 —cos2x /3 V/sin? x

= fr/zsmx\/l—i—cosxdx— [—% 1+ cosx)%/z} j3 =-3(1+ cos(g))m—i— 21+ cos(%))y2 =-24+Z )3/2

2
3

[S1[S%}

2

/6 /6 /6 /6 - /6
2 [, Vs = [T A g = [ T ax = [T et an= [ dx
= [_2(1 — smx)l/z}:/6 =-2y/1 — sin (Z) +2/1 — sin0 = —2\/§+2\ﬁ: 2-2

29 fﬂ cos? x fﬂ cos? x \/1+smx f cos? x\/1+s1nx f cos? x\/1+s1nx dx
*Jsn/6 \/lfsmx 57/6 /1 —sinx \/1+smx 57/6  \/1—sin?x 57/6 Vcos2 x

s us ™
= cos'x /1 +sinx v1+smxdx:—fsﬁmcos X 1+smxdx——fjﬁ/6cosx(1—sm x) v/ 1+ sinxdx

57/6 —CoS X
fﬂ' us ) 2
= — X1 in x dx xsin“x /1 in x dx;
52/6 008XV 1+ s dx + 52/ COSX S + sinx dx; u?y/udu

[Letu:1—|—sinx:>u—1:sinxédu:cosxdx,x:5—”:> u:1+sin(5—”):%,x:7r:> uzl—i—sinwzl}

6
= [—%(1 + SIHX)%/Z} ;/6 + f;/z \/—du = [——(1 + sinx)" /2] /s

+f3/2( 5/2 2032 4 \/u) du
_ (—2(1+sin7r)3/2+ (1+sin(i))3/2) n [gum 4 w2 4 2u3/2]
3 3 6 3/2

= (30307) G- - (GO - %(%)5/2 ORI EHONEOKSE

f77/12 / — sin2xdx = f77r/12 v/ 1 —sin2x \/1+sm2x f77r/12 V1 —sin?2x sm22x f7ﬂ/l2 /cos? 2x dx

1 \/I+sm2x l+sm2x l+sm2x

Tr/12 Tr/12
_ —cos 2x _ T\ _ 1 \/— 1
_L/z \/ﬁdx { \/1+s1n2x} o *\/1+Sln2 +\/1+s1n2§ \/7+1—1—%— NG
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72 /2 . /2 . N
31.]; 9\/1—c0529d9:j; 9\/§|sm9|d9:\/§j; fsin 0 do = \/2[— fcosf +sin 0]~ = =/2(1) =2

T m 0 ™ 0
32. f — cos?t)®/? dt = f_T (sin20)*? dt = f | sin®t| dt = ff_ sin’t dt + f sin’t dt = ff_ (1 — cos?t)sint dt
0 0
+ fo (1 — cos?t)sint dt = ff_ sint dt 4 f cos’tsint dt + f sint dt — f cos’tsint dt = {costf %ﬁzt} .

K
+{—cost+%ﬂ0:(1—§+1—§)+(1—§+1—§):§
33. fseczxtanxdx: ftanxseczxdx: %tan2x+C

34, fsecxtanzx dx = fsecxtanxtan xdx; u = tan x, du = sec? x dx, dv = sec x tan x dx, v = sec x;
= sec x tanx — fsec3 xdx = sec x tanx — fsecz x sec xdx = sec X tanx — f(tanzx + l)secxdx
=sec X tanx — (ftanzxsec xdx + fsecxdx) = sec x tanx — In|sec x + tanx| — ftanzxsecxdx
= fsecxtanzxdx = sec X tanx — In|secx + tan x| — ftanzxsecxdx

= 2ftan x sec xdx = sec X tanx — In|sec x + tan x| = ftan xsecxdx = isec x tanx — 1In|secx + tanx| 4+ C
35. fsec3xtanxdx = fseczx secxtanx dx = {sec®x 4+ C

36. fsec3xtan3x dx = fseczxtanzx sec x tan x dx = fseczx(seczx — 1)sec x tan x dx

= fsec“xsecxtanxdx — fseczxsecxtanxdx = ésecsx — %sec3x +C
37. fseczxtanzx dx = ftanzx sec?xdx = 1tan’x + C

38. fsec4x tan®x dx = fseczxtanzx sec2x dx = f(tanzx + l)tanzx sec2x dx = ftan4x sec2x dx + ftanzx sec?x dx
= %tansx + %tan3x +C

0
39. f_m 2 sec®x dx; u = sec X, du = sec x tanx dx, dv = sec?x dx, v = tan x;

0 0 0
ffm 2 sec®x dx = [2 sec x tan x] (iﬂ/g — 2f77r/3 secx tan’x dx =2-1-0—2-2- \/§ - 2f77ﬂ3 sec x (sec’x — 1)dx
0 0 0
=4y/3 - 2];,3 sec3x dx + 2f4/3 sec x dx; Zfim 2 sec®x dx = 41/3 + [2In | sec X + tan x|](l7r/3

2" 2 sectxdx = 44/3+2In| 1+0] — 2In| 2 ~ V3| =4/3-2In (2 - V3)
fi/3256c3x dx = 2v/3 —In (2 - \/5)

40. fexsec3(ex)dx;u = sec(e¥), du = sec(e*)tan(e*)e*dx, dv = sec?(e*)e*dx, v = tan(e¥).
fe"sec3(e") dx = sec(e*)tan(e*) — fsec(e")tanz(ex)e"dx
= sec(e*)tan(e*) — fsec(ex)(secz( *) — 1)e*dx
= sec(e*)tan(e*) — fsec (e*)e*dx + fsec *)e*dx
2fe"sec3(e") dx = sec(e*)tan(e*) + In|sec(e*) + tan(e*)| + C
fexsec3(ex) dx = 1 (sec(e*)tan(e*) + In|sec(e*) + tan(e*)|) + C
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41. fsec4t9 do = f(l + tan?)sec’d df = f56029 do + ftan20 sec’f df = tan 6 + {tan®d + C
= tan 6 + 3tan f(sec’d — 1) + C = 1tan fsec’d + 3tan 4 C

42. f 3sec*(3x) dx = f(l + tan?(3x))sec?(3x)3dx = fsecz(3x)3dx + f tan®(3x) sec?(3x)3dx = tan (3x) + itan*(3x) + C

/2 /2 w2 w2 /2
43. fm csctf df = frr/4 (1 + cot’§)csc?0 df = fm csc?0 df + fm cot’f csc?0 df = {—cot@ — et i

SURCEDEE

44. fsecex dx = fsec“x sec’x dx = f(tanzx + l)zseczx dx = f(tan“x + 2tan’x + l)seczx dx

= ftan“x sec2x dx + 2ftan2x sec?x dx + fseczx dx = ttan®x + Ztan®x + tanx 4+ C

45. f4 tan®x dx = 4f (sec’x — 1)tan x dx :4fsec2xtanxdx—4ftanxdx = 4% —41Inlsec x| +C
= 2tan’x — 41In|sec x| + C = 2tan?x — 21n [sec® x| + C = 2tan®x — 21In (1 + tan? x) + C

/4 /4 /4 /4
46. f_ﬂ/46 tan*x dx = 6f_ﬂ/4 (sec?’x — 1)tan’x dx = 6f_7ﬂ4 sec?x tan’x dx — 6f_7r/4 tan’x dx
w4 w4 5.7 /4 /4 w4
= 6f4/4 sec’x tan’xdx — 6 |~ (sec’x — 1)dx = {GW‘TX} T 6f7ﬂ/4 sec’x dx + 6f7ﬂ/4 dx
/4 /4

=2(1—(~1)) = [6ranx] ", +[6x] ", =4 —6(1 — (-1)) + T+ F =37 -8
2
47. ftan5x dx = ftan4x tanx dx = f(seczx - 1) tanx dx = f(sec4x — 2sec?x + l)tanx dx
= fsec“xtanx dx — 2fseczxtanx dx + ftanx dx = fsec3xsecxtanx dx — 2fsecxsecxtanx dx + ftanx dx

2
= Isec*x — sec’x + In[secx| + C = %(tanzx + 1) - (tanzx + 1) + Injsec x| + C = Jtan*x — tan?x + In|secx| + C

48. fcot62x dx = fcot42x cot?2x dx = fcot42x (csc?2x — 1) dx = fcot42x csc?2x dx — fcot42x dx
= fcot42x csc?2x dx — fcot22x cot?2x dx = fcot42x csc?2x dx — fcot22x(csc22x — 1)dx
= fcot42x csc?2x dx — fcot22x csc?2x dx + fcot22x dx
= fc0t42x csc?2x dx — fc0t22x csc?2xdx + f(CSCZZX — 1)dx
= fcot42x csc?2x dx — fcot22x csc?2xdx + fcsc:22x dx — fdx = —%cotSZX + %cot32x — %cot 2x —x+C

/3 /3

/3 3 /3 ’ /3 » 9 3
f cot’x dx = f (csc*x — 1 )cotx dx = f% csc*x cotx dx — f cotx dx = {—% + In | csc x| )
7 /6

/6 /6 /6

=-1(l-3)+ (m%—m) =13

49.

Nel

50. fS cot*t dt = 8f(csc2t — 1 )cot?tdt = 8fcscztcot2t dt — Sfcotzt dt = —3cot’t — 8f(csczt —1)dt
= —Scot’t + 8 cott+ 8t + C

51 fsin 3x cos 2x dx = %f(sinx—l—sin 5x) dx = —1cos x — {5c0s 5x + C

f(sin(—x) + sin 5x) dx = lf(—sinx + sin 5x) dx = Lcosx — cos 5x + C

52. [ 'sin 2x cos 3x dx = :

DO [—=
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53. f:rsin3xsin3xdx: %fj (cos 0 — cos 6x) d f dx — —f;cos6xdx: %[x— Esm6x] . =5t5-0=
/2 m/2 /2

54. fo sinx cos x dx = %j; (sin 0 + sin 2x) dx = %fo sin 2x dx = —{[cos 2)(]7/2 —i(-1-1)=1

55. fcos 3x cos 4x dx = %f(cos(fx) + cos 7x) dx = f(cosx + cos 7x) dx = 1sinx 4+ 4sin 7x + C

[l

56.

[*))

/2 m/2 s
ffﬂ/z cos 7x cos x dx = %fiw/z(cos 6x + cos 8x) dx = 1 [%sin 6x+1sin 8x] 7/:/2 =0

57. fsin20c0339d9: fl’cfosw cos 36 df = %fcosSHde %fcos2000530d0
= 2fcos 360 do — —fQ(cos( —3)0 +cos(2+3)0)do = lfcos 360 d6 — lf(c:os(—@) + cos 50) df
= ifcos 30 df — chos& do — %fcosSGd&— 6sm?aG— lsin g — 0sm59—i—C

58. fc0s2 20 sin § df = f(Zcos2 9— 1) singdg = f(4cos4 6 — 4cos? @ + 1) sin 6 df
*f4cos4951n9d97f40052051n0d0+fs1n0d0*f 00559+ 00330 cosf +C

59. fcos3 6 sin 26 df = fcos3 6 (2sin 0 cos 0) df = 2fcos4 0 sin 6 d§ = —2cos’ § 4+ C

60. fsin3 0 cos 26 df = fsin2 0 cos 26 sin 6 df = f(l — cos? 9) (2cos? 6 — 1)sin 6 dO
= f(—2(:os4 6 + 3cos> @ — 1)sin 6 df = —2fcos4 6 sin 6 df + Z%fcos2 6 sin 6 d — fsin 6 do
= %00550700530+0059+C

61. fsm 6 cos O cos36 df = f2s1n 6 cos O cos 30 df = —fsm 26 cos 30 df = —f (sin(2 — 3)6 + sin(2 + 3)0) do
= Zf(sm(—&) + sin56) df = Zf(—sm@ + sin56) df = jcos# — 55c0s 50 + C

62. fsm 6 sin 260 sin 30 df = f (cos(l —2) — cos(1 + 2)0) sin30 df = %f(cos(fﬂ) — cos 30) sin 36 dé
= §fsin39 cosfdf — §fsin39 cos36df = %f%(sin@ —1)0 +sin(3 + 1)6)do — %f2sin39 cos 36 dd
— 1 [(sin20 + sin46)d8 — ! ['sin66 a6 = 1 [ (sin20 + sin46)d6 — 1 ['sin66 do
= —4€0820 — -cos 48 + 3cos 660 + C

sec’ x sec? X sec X tan’ X+1 secx tan? X sec X secx
63. f—dx:f _f :fiderfde:ftanxsecxderfcscxdx

tan x tan x tan X tan X

= secx — In|cscx + cotx| + C

sin’ x sin” x sin x 1—cos® x ) sinx sin X cos” X sin X
64. f —f fgdx:f—dx—f—dx—fsec3xtanxdx—fsecxtanxdx

cos* x cos* x cos* x cos* x cos* x

:fsec xsecxtanxdxffsecxtanxdx: %sec3xfsecx+C

tan” x sin x . 1-cos®x) .
65. f dx:f " smxdx:fi( )smxdx=
COS“ X C

cscx 0s? X

COS .
fc xsmxdx—fsecxtanxdx—fsmxdx

=secx +cosx 4+ C



66.

67.

68.

69.

70.

71.

72. A

73.
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o dx= fcsc 2x2dx = —In|csc2x + cot2x | + C

cotx COS X 2
. > = dx = -
cos? x sinx  cos?x 2sin X cos X S

fxsinzde: fxl’czﬂdx: %fx dx — %fxcostdx {u: X, du = dx, dv = cos 2xdx, v = %sinZX

x2 — %[%xsian — f%sian dx] = %xz — szmZx — §C082X+ C

Bl

fxc0s3de:fxcoszxcosxdx:fx(lfsinzx)cosxdx:fxcosxdxffxsinzxcosxdx;
fxcosxdx :xsinx—fsinxdx:xsinx—i—cosx;
[u:x,du:dx,dv:cosxdx,V:sinx}
fxsinzxcosxdx = %xsin3xf f%sin3xdx;

2

[u =X, du = dx, dv = sin“x cos xdx, v = %sin3 x]

= Ixsin®x — 3f 1 — cos?x) sinxdx = Ixsin’x — —fsmxdx—i— 3fcos xsinxdx = 1xsin®x + fcosx — §cos® x;
= fxcosxdx— fxsm xcosxdx = (xsinx + cos x) — (§xsin® x + fcosx — gcos’x) + C

= xsinx — ixsin®x + 2cosx + Scos’x + C

y = In(sec x); y" = S€M A% — ap x;( = tan’x; f V1+tan?x dx = f |sec x| dx = [In|sec x + tan x|]7T/4

ln(\/_—i-l) In(0 + 1) (f+1)

M= f /4secxdx—[ln|secx+tanx| ﬂ/4—ln(f+1>—ln|\/§—1|:ln£i

- /4 sec?x _ 1 T4 1 — 1
y= @f_m 7 dx = o —altanx] T, = o (1= (1) =

V2-1 V21 V21
-1
= &3 = (0 (%))
V= fosmxdxfﬂf Locos I gx =1 de,,f cos 2x dx = Z[x]( — F[sin 2x]§ = (7 —0) = 5(0—0) =

1+ cosdxdx = \/_COSZde—\/_ costdx—f cos2xdx+\/7 cos 2x dx
/4 3 /4
[smzx]”/‘* \/2—[s1n2x]37r/4—|— \/—[s1n2x]3ﬂ/4—\/_(1—0)—\/7—(—1—1)4— 0+1)=/2+/2 =22

/4

|3s

2m 2m
M= f (X + cos x)dx = {%xz + sinx} = (%(2702 + sin (27r)) - (%(0)2 + sin (0)) =272
0
2m 2m 2m 2T
i:Lf X(x+cos x)dx = 5 | - (x* +xcos x)dx = 57 xzdx—i—#ﬁ) X cos xdx
{u =X, du =dx,dv = cosxdx, v = sinx]

2m 2m 2m 2m
o [Xﬂ 2;2 ({x sin x]o — fo sin xdx> =87 —0) + 21? (27r sin2m — 0 — fo sin xdx>

2m 27
— dm oy 1 — 4m oy 1 _ _ 4m Y A | 1 2
=3 + 52 {cosx}o =T+ 52(cos2m —cos0) = F +0=F;y = 27r2ﬁ) 3 (x =+ cos x)“dx

27 2

2T 2T
_ 1 2 2 1 2 1 1 2
=12, (x* 4+ 2x cos x + cos” x)dx = ), X dx+_27r2f0 X COS xdx—l——wf0 cos” x dx
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27 27 27 27
| 3 1 : 1 cos2x 41 _ 2 1 1
= 122{"] + 52 {xsmx+cosx}o + 5= 0 > dx=F +0+ g 0 costdx+—8ﬂ2ﬁ) dx

2m 2m
_2r 1 : 1 _2r 1 _ 8m*+3 s1:o (4m 87243
=5+ 162[sm2x}0 + 3z [X}O =F+0+ 4 =5 :>Thecentr01dls(3, B )

/3 . ) /3 . .
74. V = j; 7(sinx +secx)“dx =7 (sin?x + 2sin x sec x + sec? x) dx

0

/3 /3 /3 /3 /3
= 7rf0 sin?x dx+7rf0 2tanx dx + 7rf0 sec’ x dx = ﬂj;) Locosdx gx + 27T|:1I1|SCCX|:|

™ /3
+ ﬁ[tanx}
0 0
/3 /3
= ‘Eﬁ) dx — %ﬁ) cos 2x dx + 27 (In|sec 5| — In[sec 0]) 4 (tan § — tan0)

5

(SIE

{X]Z/S -z {sian]z/3 +27In2+m/3 = 2(5 —0) — Z(sin2(%) — sin2(0)) +2rIin2+m/3

w(4n+2|\/§—48m2)
e

S}

=2 B 2 /3 =





