CHAPTER 8 TECHNIQUES OF INTEGRATION

8.1 INTEGRATION BY PARTS

1. u:x,du:dx;dv:singdx,v:—2005%;

fxsin%dx:fZX(:os%ff(fZCos %) dx:72xcos(%)+4sin(%) +C

2. u=0,du=df;dv=cosnbdf,v=1sinnb;
f@cowr@dﬁzgsin?r@—f?—lr sin 70 d§ = £ sin 76 + % cos 70 4+ C

3. cost

, () .
{2 ———  sint

(-)

2t =———— —cost
2 i» —sin t
0 ft2costdt:t2sint+2tcost—25int+C
4, sin X
(+)

X mm—) —COS X
DX ———)  —SIN X

2 =——— CcOoSX

0 fX2SiIleX:—XQCOSX+2XSinX+2COSX+C

S

5. u=lnx,du=&;dv=xdx,v=1%;
X

2 9 2 22y 212 3
Jixmxax=[$mx] - [[¥ & =2m2- 5] =2m2-F=m4-
dx.

6. u=1nx,du=7,dv:x3dx,\/:

e (S € e
3 'S okt et x| 3t
flxlnxdxf[z‘lnx]l ‘/‘14)(*4 e =5

7. u=x,du=dx;dv =¢e*dx, v=1¢*;

fxe"dx:xe"—fe"dx:xe"—e"—i—c

8. u:x,du:dx;dV:ehdx,v:;

fxe3"dx =¥ — %fe”dx =Ze™ —le™+C
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_|_
2 ) —e*

0 [xedx = —x?e¥ —2xe* —2e 4+ C
10. e

_l’_
x2 —2x + 1 L» 1e™
PP G B L
+
) LN
0 f(x2 —2x+ e dx = $(x* — 2x + 1)e* — 1(2x — 2)e* + {e* 4+ C
S (g e

11. u=tan"ly,du = %;dVZdy,VZy;

Jrnydy=ytny— [ 2% —ytnty-Lhn(1+y)+C=yanly—In\/T+y?+C

12. u=sin"ly,du = \/ldi—yz;dv:dy,V:y;

fsinflydy:ysinfly—f yl‘iyyz =ysinly+/1—-y2+C

13. u =X, du = dx; dv = sec? x dx, v = tan x;

fxsecQde:xtanx—ftanxdx:xtanx—l—ln |cos x| + C

14. f4xsecQ2xdx;[y:2x] — fysechdy:ytany—ftanydy:ytany—ln\secyH—C
= 2x tan 2x — In |sec 2x| + C

15. e

s (B

X} — e

3x2i» e
(+)

0 [ xPer dx = xPer — 3x2er 4 6x¢" — 66" + C = (x* — 3 + 6x — 6) & + C
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18.

Section 8.1 Integration by Parts

+
pt L —eP’

(-)
(+)

12p? ——— e

(-)

24p ——) 7P

(+)

24— e
0 f pe ™ dp = —ple® —dple® — 12p%e® — 24pe® — 24e? + C
= (—p* —4p® —12p> —24p —24)e? +C

0 f(x2 —5x)e*dx = (x? — 5x)e* — (2x — 5)e* + 2e* + C = x%e* — Txe* + 7e* + C
=x*2-7x+7)e+C

0 f(r2+r+1)e’dr:(r2+r+1)e’7(2r+1)e‘+26‘+C
=[FP4+r+1)—Qr+ 1) +2le+C=(*-r+2)e+C

0 fxsex dx = x5e* — 5x*e* + 20x3e* — 60x2e* 4+ 120xe* — 120e* + C
= (x® — 5x* +20x3 — 60x? + 120x — 120) e* + C
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20.

21.

22.

23.

24.

25.

26.

27.

e
AN
2t —»(_) %Ge‘“
2 i' Lt
0 ft2e‘“dt:%e‘“—ﬁe‘“—l—me‘“—i—c tZ ge‘“—i-%e‘“—i-c

I:fe"sin@d&; [u:sinH,du:cos@dﬁ;dv:e"dﬂ,v:e”]éI:e"sinﬂffe“cosﬁdH;
[u=cosf,du=—sinfdf;dv=e’df,v=e’] = I=¢"sinf — (e"cos@—l—fe"sin@d@)

=e¢'sinf —e’cos —1+C = 2I=(e'sinf —e’cos ) +C' = I =4 (e’ sinf —¢’ cos ) + C, where C = §

another arbitrary constant

1= fe’y cosydy; [u=cosy,du=—sinydy;dv=e?dy,v=—e?]

= I=—-e cosy— f ¥)(—siny) dy = —e Y cosy — fe ¥siny dy; [u = siny, du = cos y dy;
dv=evdy,v=—e¢?] = I=—-eYcosy— (—e’y siny — f(—ey) cos 'y dy) =—eYcosy+eVsiny—I+C
= 2l=e7(siny—cosy)+C = I= (e Ysiny —e ¥ cosy) + C, where C = 7 is another arbitrary constant
I= f e® cos 3x dx; [u = cos 3x; du = —3 sin 3x dx, dv = e* dx; v = § e*]

= 1= %ezx cos 3x + % fez" sin 3x dx; [u =sin 3x,du = 3 cos 3x,dv = e* dx; v = %ez"]

I+

= 1= %ezxcos3x—|—3 (%ez" sin3x—%fezxcos3xdx> = %ezxcos3x+3 * sin 3x

_9
4
= I 1 2*cos3x+3e2‘sm3x+C’ = —(3sm3x—|—2cos3x)+C whereC—%C

f 2 gin 2x dx; [y = 2x] — 3 fe’y sinydy =L [u=siny,du=cosydy;dv=e>dy,v=—e?
= 1=3 (—e’y siny + fe’y cos'y dy) [u=cosy,du=—siny;dv=e?dy,v=—e?]

:I:—%efysiny—i-%( e cosy— f —smy)dy) —Le(siny+cosy) —I+C

= 21:—%e’y(siny+cosy)+C’ = I:—Ze’y(siny—kcosy)—l—C:—esz(sinZX—l—cost)—i—C,whereC:

3s +9 =x2
feﬁHgdS;[dZ:%le(x] — fe"-%xdx:%fxe*dx;[u:x,du:dx;dv:e"dx,v:e"};

%fxe*dxz%(xe*—fexdx):%(xex—ex)+C:%(\/mem em)+C

u:xdu:dX'dV:\/l—xdxV:—%\/(l—x)3
[xv/T=xdx=[-2/T—0x] s+ 2 [ VTP de =2 [~ 20 -2 ) = &

u:x,du:dx;dv:tan2xdx,v:ftan2xdx:f“""dx—fl‘“’”dx fcosz —fdx

cos? x cos?

/3 r 7 /3
:tanx—x;j; xtan2xdx:[X(tanx—x)]o/s—j; (tanx—x)dx——(\/_——)—l—[ln|cosx|+%2]

:%(ﬁ—%)—i—ln%—f—%—i—an—’lﬁ
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28. uzln(x+x2),du:%;dv:dx,V:x;fln(x+x2)dx:xln(x+x2)—fxz(i—i})-xdx

=xIn(x +x%) — %:xln(x+x2)—f%dx:xln(x+x2)—2x—|—1n|x+1|—|—C

u=Inx
29. fsin (Inx)dx; | du = % dx | — f(sin u)e" du. From Exercise 21, f(sin u)e' du =e" (W) +C
dx =e" du

= L [-xcos(Inx) + x sin(Inx)] + C

u=1Inz
30. fZ(an)ZdZ; du:%dz — fe“~u2-e”du:fezu~u2du;
dz=-¢"du
eZu
_|_
u2 (_)’ %eZU
(_) 1 .2u
20— 7€
Jr
,
0 fuzez“du:%ez“—gez“—i—%ez“—i—C:%[2u2—2u+1]+c

=Z[2(nz)?-2mz+1]+C

31. fxsecx2 dx {Letu:x2,du:2xdx:> 1du :xdx] — fxse:cx2 dx = %fsecudu: Iln|secu + tanu| + C
= ln|sec x? + tanx?| + C

465

32. f%;dx {Letu: ﬁ,du: ﬁdx:>2du: ﬁdx] Hf% dx :2fcosudu :2Sinu+C:25in\/§+C

u=Inx
33. fx(lnx)de; du:%dx N feu'u2-eudu:fezu-u2du;
dx =e" du
eZu
_|_
u? (—)> Te
(—) 1 .2u
U —— i€
+
2 L’ %32“
0 fu2ezudu:§62u_%e2u+%62u+cz%[2u2_2u+1}+c
:%[2(1nx)2_21nx+1]—|—C:x;(]nx)z_%zlnx_i_a_z_FC
35. u=Inx,du=ldx;dv=Ldx,v=—1;
IIZszX:*%+fX%dX:—%7%+C

36. [ ax [Letu=Inx, du=Ltax] - [0 dx = [wdu = jut+C=fnx)*+C

X
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37. f)c?e"4 dx [Letu =x* du=4x3dx = %du =x3 dx} — fx%"4 dx = ife“ du = %e“ +C= %e’& +C

3 3
38. u=x% du =3x?dx; dv = x%e* dx,v = {e* ;

3 3 3 3 3 3
XX dx = | x%eX xMdx = 1x%eX — %fe" 3x%dx = 1x%e — 1e¥ 4+ C

39. u=x%du=2xdx;dv=+y/x2+1xdx,v= %(x2 + 1)3/2 :

fx3 Vx4 1dx = 1x3(x* + 1)*? - %f(x2 + 1) ?2xdx = IXA(x*+ 1) - Z(x*+ 1?4+ c

40. fx2sinx3 dx [Letu =x3,du = 3x%dx = %du = x2 dx} — fx2sinx3 dx = %fsinu du = —%cosu +C

= —%cosx3 +C

41. u = sin3x, du = 3cos 3x dx; dv = cos 2xdx, v = 3sin 2x ;

fsin 3xcos 2xdx = %sin 3xsin 2x — %fcos 3x sin 2x dx

u = cos 3x, du = —3sin 3x dx; dv = sin 2xdx, v = —$c0s 2x ;

fsin3x cos 2xdx = 1sin3xsin 2x — 3 [—%cos 3x cos 2x — %fsin3x cos 2x dx]

= %sin 3xsin 2X + %cos 3xcos 2x + %fsin 3xcos 2xdx = f%fsin 3xcos 2xdx = %Sin 3xsin 2X + %cos 3x cos 2x

= fsin3xcos 2xdx = —%sin3xsin 2X — %cos3xcos 2x +C

42. u = sin2x, du = 2cos 2x dx; dv = cos 4x dx, v = ysin 4x ;

fsin 2x cos 4xdx = %sin 2x sin 4x — %fcos 2x sin 4x dx
1

7€0s 4x ;

u = cos 2X, du = —2sin 2xdx; dv = sin 4xdx, v = —

fsin 2x cos 4x dx = §sin2xsin4x — § {— 1008 2x cos 4x — %fsin 2x cos 4x dx]

= %sin 2x sin 4x + écos 2x cos 4x + %fsin 2x cos 4xdx = %fsin 2x cos 4xdx = %sin 2x sin 4x + écos 2x cos 4x

= fsin 2xcos 4xdx = %sin 2x sin 4x + écos 2xcos 4x + C

43. fexsine"dx [Letu:e",du:e"dx} —>fe"sine"dx :fsinudu = —cosu+ C = —cose*+C
eVt 1 1 eVx \/—
44 [£=dx[Letu=\/xdu=glrdx > 2du= Jax] — [Srax =2 ferdu =2e' + C=2eV5 4 C

y =X
45. fcosﬁdx; dy:ﬁdx — fcosyZydy:f2ycosydy;
dx =2y dy
u=2y,du=2dy;dv=cosydy,v=siny;

f2ycosydy:2ysiny— f2sinydy: 2ysiny +2cosy + C = 2,/xsin \/E—I—ZCOS\/;—FC



46.

47.

48.

49.

50.

51.

y = 4/X
[/xevrdx; | dy = }/_dx — [yeroydy = [2y2eray;
’ 2/x ye 2y dy y- e’ dy;
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dx =2y dy
ey
+
2y2 L’ e)’
4y _ e’
(+)
4 —
0 f2yzeydy:2y26y74yey+4ey+C:2xe\/;74 xeV* 4 4eV* 4 C
sin 260
+
62 ) —%00529
26 i» — 2 sin26
(+)
2 ——— gcos20
/2 7T/2
0 fo 025in29d9:{—ez—zcos20+gsin29+%cos29}o
2 s m m—
sl S RGUAS SRS RC BCENESTIES S s
cos 2x
+
x3 L» 1 sin 2x
3x2 ) — 3 €08 2x
(+) L
6X =———— —¢sin2x
6 (;)» 72 €08 2x

/2 3 . 2 X 7T/2
0 j; x3 cos 2x dx = X5sm2x—i-%cos2x—%"sm2x—%cos2x}o
_ | 3 3 3 3 _ 3,3 34
u=sec 't du= A ;dV:tdt,Vzg;
We—1
2 2 2 2
-1 — |2 et _ 2 dt  _ (p.m _ 2. 71\ _ tdt
fyﬁtsec tdt_[Qsec t}z/\/g j;/\/i(Z)qu_(z 3~ 5 6) j;/\/izfq
2
_ 5m 1 _sn 1 4 _sn 1 V3 _sr V3 _ 5133
—?—[5 t2_1}2/ﬁ_?_5(f_\/§_1)_7_5(\/5_7)_T_T_T
UZSin_l(XQ),dUZ%;dVZZXdX,V:XQ;
1/V2 L L 1/V/2 1/V2 x d N V24 (1-xt)
fo 2x sin™! (x%) dx = [x?sin! (x2)] VT — j; x2 - —\/ﬁ =) (g) +j; Vil

1/V2
_ oz / o 3 _ m46y/3-12
—EJF[ 1*"4]0 ﬁ*\ﬁ*l—T

(@) u=2x,du=dx;dv=sinxdx,v= —cosXx,

m m
51:‘/; xsmxdx:[—xcosx]g—i—j;cosxdx:w—i—[smx]g:7r
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52.

53.

54.

55.
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2 27
(b) S, = —f_ xsinx dx = — [[—x cos x]g7r + f_ CoS X dx} = —[-37 4+ [sin x]?r”] =37

3T
(©) ngj;wxsinxdx:[—xcosx]ZZ—i—f cosxdx—SW—i—[smx] =57

(n+1)m
(d) Spi1 = (fl)““j;;r x sin x dx = (—1)"' [[—x cos x]®)™ + [sin x]®D7]
= (="' [~ + Dm(=1)" + nm(— 1]+ 0 = @n + D

(a) u=x,du=dx;dv=-cosxdx,v=sinx;

37/2 . 37)2 /2 3
S;=— f x cos x dx = — |[x sin x].}) —f/2 sin x dx :—(__"__) [cosx]T/2 =2

5m/2 . 5m/2 -
(b) S, = j; x cos X dx = [x sin x]iiﬁ - j; sinxdx = [ — (= )] — [cos X]ZIZ =4r

/2 /2 2 2
/2 /2 -
— — /2 . _ _(_ I _ S_Tr _ /2
(c) S5= o XCOSX dx = [[x sin x];7)3 — j;m sin x dx} =— (=% —3) —[cosxl];; =67
d S | (2n+1)7/2 d Iy . (2n+1)7/2 N f(2n+l)7r/2 . d
(d) = (=1 niym2 X cos x dx = (—1)" |[x sin Xl an1yej2 — /2 sin x dx

— (1) {% (—1y — @o-br (—1)"*1} [cos X372 = L 2n 4 7 + 27 — ) = 207

In2

In2 In2
V= ["2rn2 e dc=2rln2 [ e dx 27 [ xerdx

In2
= Qrin2)[e]" - 27 ([xqu"2 — [T dx)
=272 27 (2In2— []") = —27 In2 + 27 = 27(1 — In2)

(a) V:j;IZTrxex x27r< *] +fe dx)

=2 (=14 e ]}) =2n (-1 L+ 1)
:2%—%

(b) V= j;IZTI'(I —x)e*dx;u=1-—x,du=—dx;dv =e>dx,
v=—e"*; V=21 [[(1 —x) (—e™)]) — f;lefx dx]

—or {[o— =D+ e])] =2 (141 -1) =2

e

/2 /2
(@) V= j; 27x cos x dx = 27 ([x sinx]g/2 - j; sinxdx)

=27 (5 +leosx]§*) =27 (540~ 1) =n(x —2)

/2
(b) V:fo 27 (3 —x) cos x dx; u =  — X, du = —dx; dv = cos x dx, v = sin X;

V:27r[(g— )smx] —|—27rfﬂ2smde—0—|—27r[ cosx]“/ =270+ 1) =27



Section 8.1 Integration by Parts 469

56. (a) V= j:27rx(x sin X) dx;
sin X

, (+)
X% =———  —COs X

(-)

2X =—)  —Sin X

(+)

2 =———— CcOosX
0 = V:Zﬂj;lXQsinxdx:27r[fx2cosx+2xsinx+2cosx]g:27r(7r274)
(b) V:j:27r(7r—x)x sinxdx:ZwZﬁ;x sin x dx — 27 ‘/:x2 sin x dx = 272 [—x cos X + sin x]§ — (273 — 8)

=8n

57. (a) A:flelnxdx: [xlnx]e—fedx v

=(elne—1Inl) — [} =e—(e—1)=1

(b) V= fﬂlnx (l[x Inx) }?*ffZlnxdx) ) y=Inx
=7 (e(lne —1(Inl 2) ([2xlnx] —fdex)] /(

= :e - ((2elne = 2(1)In1) - [2X] j>]

R —(2e—2))} — re—2)

© V= f27rx-|—2)1nxdx-27rf x+2) 1nxdx_27r<[ 2 4 2x) lnxK—fi(%x—i—Z)dx)
:2%((%e2—|—2e)lne—(%+2)1n1—[ —I—ZX] ) & 42¢) — (2 +20) = 9)) = 2(2 +9)

(@ M= ["Inxdx = 1 (from part (@)); X = ! [ xInxdx = [% lnx]l — [Tixdx = (%ezlne— %(1)21111) _ [ixz]e

=t = (e = 1(1)°) = @+ 1y =1 [ 1 (nx)? ({ (Inx) } lenxdx> |

dx
:%<(e(lne)2_1 (In1)’) - ([2x1nx} fzdx)> 2e1ne—2(1)1n1)—[2x]:))

=1e—2e+2—-2)=1(e-2)= (X,y)= (624“,"’ 2) is the centroid.

1 1 1
58. (a) A:j;tan‘lxdx: [xtan‘lx] —f X
0

1

Lk

= (tan~'1-0) -1 {111(1 + xz)]O

)
|
)

27‘(’

(b) V

(In2—Inl) =7 — lIn2

b
4 42

1
2
27 xtan~! x dx —x
1
[% o] - L )
1 1
! tan 0——f (l—ﬁ)dx>:2w<%—%[x—tan‘lx} >:27r(% (1 —tan"'1—(0-0)))

l\)\»—t

\

R ]
S—
SN—

Il

3
=

3

el

&

s
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27
59. av(y) = % j; 2e~" cos tdt 2 .
_ 1 I:e—l (sinlfcosl)] 2m y y=2e
o 2 0
(see Exercise 22) = av(y) = % (1 —e™) av(y)t =7 t
n T
-2
2T
60. av(y) = %j; de ' (sint — cos t) dt y
27 27 - .
=2 [Tetsintdi— 2 [Tetcostdt y=4e™'(sint - cost)
_ % [e—t(—sintz—cost) _e—t(sint;cost)] 3” 1:/4/\&/4 2% .
=2[-e'sint];" =0

/3‘/4%4/

-4

6l. I = fx“cos x dx; [u = x®, du = nx"! dx; dv = cos x dx, v = sin x]

=1=x"sinx — fnx“‘lsin x dx

62. 1= fx"sin x dx; [u = x", du = nx"~! dx; dv = sin x dx, v = —cos X]
= 1= —x"cos x + fnx“flcos x dx
63. I = fx“eax dx; [u =x" du=nx""1dx;dv=e®dx, v = %e“x]

ax

== Xex Efx“‘leax dx,a#0

a

64. I:f(lnx)ndx; [u:(lnx) du—de dv = 1dx, V—X}

=I1=x(Inx)" — fn(ln x)" ! dx

65. fab(x—a)f(x)dx; [u:x—a, du = dx; dv:f(x)dx,v:fo(t)dt:—ﬂbf(t)dt}
X b b, rx b a b b
- [(x—a)jl; f(t)dt]a—j; (fb f(t)dt) dx = ((b—a)fb £t dt— (a—a) f(t)dt) - [ (—f f(t)dt) dx
=o+f:<f:f(t)dt) dx=j;b(j;bf(t)dt> dx

66. [V1—xdx; {u—mdu—\/zdx dV—dxv—x]
:xJW—fﬁdx xV1—x2 - [Lxad X_ldx—xm—( =2 dx — f¢1 )
ZX\/I—XZ—f\/l—deX-l—fm X
= [Vimea=xVT=x+ [Aoax- [VIi- a2 [Vi-xd=xVT-x+ [ Lodx
= [Vi—Xax=3V1-x+} [+

67. fsin_lxdx =xsin"'x — fsinydy =xsin"!x+cosy+ C=xsin"!x+ cos (sin"! x) + C

68. ftan’1 xdx =xtan"!x — ftan ydy = xtan"!x +In|cos y| + C = x tan~! x + In |cos (tan~! x)| + C





