
CHAPTER 8  TECHNIQUES OF INTEGRATION

8.1  INTEGRATION BY PARTS
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 9. e�x

 x e# �ïïïïî �
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�
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13. u x, du dx; dv sec x dx, v tan x;œ œ œ œ#
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Ð�Ñ

x

6    eïïïïî
Ð�Ñ

x

 0 x e  dx x e 3x e 6xe 6e C x 3x 6x 6 e C' $ $ # $ #x x x x x xœ � � � � œ � � � �a b

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



Section 8.1 Integration by Parts 463
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20. e4t
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21. I e  sin  d ; u sin , du cos  d ; dv e  d , v e I e  sin  e  cos  d ;œ œ œ œ œ Ê œ �' ) ) ) ) )
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22. I e  cos y dy; u cos y, du sin y dy; dv e  dy, v eœ œ œ � œ œ �' � � �y y yc d
 I e  cos y e ( sin y)  dy e  cos y e  sin y dy; u sin y, du cos y dy;Ê œ � � � � œ � � œ œ� � � �y y y y' 'a b c
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# #
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#
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3
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28. u ln x x , du ; dv dx, v x; ln x x  dx x ln x x x dxœ � œ œ œ � œ � �a b a b a b# # #�
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œ Ä œ �
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"
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"
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x ln x x ln x
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1
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37. x e dx Let u x , du 4x dx du x dx x e dx e  du e C e C' ' '3 x 4 3 3 3 x u u x1 1 1 1
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38. u x , du 3x dx; dv x e  dx, v e ;œ œ œ œ3 2 2 x x1
3
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œ œ � œ � �

39. u x , du 2x dx; dv x 1 x dx, v x 1 ;œ œ œ � œ �2 22 1
3
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x x 1 dx x x 1 x 1 2x dx x x 1 x 1 C' '3 2 2 2 2 2 22 1 1 1 2
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3 2 3 2 3 2 5 2È a b a b a b a b� œ � � � œ � � � �
Î Î Î Î

40. x sin x dx Let u x , du 3x dx du x dx x sin x dx sin u du cos u C' ' '2 3 3 2 2 2 31 1 1
3 3 3’ “œ œ Ê œ Ä œ œ � �

 cos x Cœ � �1
3

3

41. u sin 3x, du 3cos 3x dx; dv cos 2x dx, v sin 2x ;œ œ œ œ 1
2

sin 3x cos 2x dx sin 3x sin 2x cos 3x sin 2x dx' 'œ �1 3
2 2

u cos 3x, du 3sin 3x dx; dv sin 2x dx, v cos 2x ;œ œ � œ œ � 1
2

sin3x cos 2x dx sin 3x sin 2x cos 3x cos 2x sin3x cos 2x dx' 'œ � � �1 3 1 3
2 2 2 2” •

sin 3x sin 2x cos 3x cos 2x sin 3x cos 2x dx sin 3x cos 2x dx sin 3x sin 2x cos 3x cos 2xœ � � Ê � œ �1 3 9 5 1 3
2 4 4 4 2 4

' '

sin 3x cos 2x dx sin 3x sin 2x cos 3x cos 2x CÊ œ � � �' 2 3
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42. u sin 2x, du 2cos 2x dx; dv cos 4x dx, v sin 4x ;œ œ œ œ 1
4

sin 2x cos 4x dx sin 2x sin 4x cos 2x sin 4x dx' 'œ �1 1
4 2

u cos 2x, du 2sin 2x dx; dv sin 4x dx, v cos 4x ;œ œ � œ œ � 1
4

sin 2x cos 4x dx sin 2x sin 4x cos 2x cos 4x sin 2x cos 4x dx' 'œ � � �1 1 1 1
4 2 4 2” •

sin 2x sin 4x cos 2x cos 4x sin 2x cos 4x dx sin 2x cos 4x dx sin 2x sin 4x cos 2x cos 4xœ � � Ê œ �1 1 1 3 1 1
4 8 4 4 4 8
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sin 2x cos 4x dx sin 2x sin 4x cos 2x cos 4x CÊ œ � �' 1 1
3 6

43. e sin e dx Let u e , du e dx e sin e dx sin u du cos u C cos e C' ' 'x x x x x x x’ “œ œ Ä œ œ � � œ � �

44. dx Let u x, du dx 2du dx dx 2 e  du 2e C 2e C' ' 'e e

x x
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2 x x
u u x

È Èx x

È ÈÈ È È’ “Èœ œ Ê œ Ä œ œ � œ �

45. cos x dx;  cos y 2y dy 2y cos y dy;

y x
dy  dx

dx 2y dy

' ' 'È Ô ×Ö Ù
Õ Ø

Èœ

œ

œ

Ä œ"
2 xÈ

u 2y, du 2 dy; dv cos y dy, v sin y ;œ œ œ œ

2y cos y dy 2y sin y 2 sin y dy 2y sin y 2 cos y C 2 x sin x 2 cos x C' 'œ � œ � � œ � �È È È
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46. x e  dx;  y e 2y dy 2y e dy;
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dy  dx
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È
È Èx y 2 y
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œ
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œ

Ä œ"
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Ð�Ñ
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y
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 0 2y e dy 2y e 4y e 4 e C 2x e 4 x e 4e C' 2 y y y y x x xœ � � � œ � � �# È È ÈÈ
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  cos 2) )
# "ïïïïî �

Ð�Ñ
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2   sin 2) )ïïïïî �
Ð�Ñ

"
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2    cos 2ïïïïî
Ð�Ñ

"
8 )

0  sin 2  d  cos 2  sin 2  cos 2'
0
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#
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"
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!
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1
#

4

( 1) 0 ( 1) 0 0 1œ � � � � � � � � œ � œ’ “ � ‘1 1 1 1
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4
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48. cos 2x

x    sin 2x$ "ïïïïî
Ð�Ñ

2
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Ð�Ñ

4

6x    sin 2xïïïïî �
Ð�Ñ

"
8

6      os 2x cïïïïî
Ð�Ñ

"
16

 0 x  cos 2x dx  sin 2x  cos 2x  sin 2x  cos 2x'
0

21Î
$

#

Î#

!
œ � � �’ “x 3x 3x 3

4 4 8

$ #
1

0 ( 1) 0 ( 1) 0 0 0 1œ � � � � � � � � � œ � � œ’ “ � ‘1 1 1 1 1$ # # #

16 16 8 8 8 16 4 16
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† † † † †

a b�

49. u sec t, du ; dv t dt, v ;œ œ œ œ�"

� #
dt t

t t 1È #

#

 t sec t dt  sec t  2' ' '
2 3 2 3 2 3

2 2 2

Î Î ÎÈ È È
�" �"

# #

#

#Î $ � �
œ � œ � �’ “ Š ‹ ˆ ‰t t dt 2 t dt

t t 1 2 t 13 3 6

# #

# #È È È† †

1 1

 t 1 3 1 3œ � � œ � � � œ � � œ � œ5 5 4 5 5
9 9 3 9 3 9 3 9

3 3 5 3 31 1 1 1 1’ “ Š ‹ Š ‹È È ÈÉ" " "
# # #

#
#

#Î $

�

È
È È È

50. u sin x , du ; dv 2x dx, v x ;œ œ œ œ�" # #

�
a b 2x dx

1 xÈ %

2x sin x  dx x  sin x x' ' '
0 0 0

1 2 1 2 1 2Î Î ÎÈ È È
�" # # �" # #"Î #

! � �

"
#

�a b c da b ˆ ‰ ˆ ‰œ � œ �
È

È È
ˆ ‰

†

2x dx
1 x 2 1 x6

d 1 x
% %

%
1

1 x 1œ � � œ � � œ1 1 1

1 1 4 1
3 6 3 12
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%

"Î #

!

� �’ “È ÉÈ È

51. (a) u x, du dx; dv sin x dx, v cos x;œ œ œ œ �

S x sin x dx [ x cos x] cos x dx [sin x]" ! !œ œ � � œ � œ' '
0 0

1 1

1 1
1 1

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



468 Chapter 8 Techniques of Integration

(b) S x sin x dx [ x cos x] cos x dx 3 [sin x] 3#
# #œ � œ � � � œ � � � œ' '

1 1

1 12 2” • c d1 1
1 11 1

(c) S x sin x dx [ x cos x] cos x dx 5 [sin x] 5$
$ $
# #œ œ � � œ � œ' '

2 2

3 3

1 1

1 1

1 1

1 1
1 1

(d) S ( 1) x sin x dx ( 1) [ x cos x] [sin x]8�" œ � œ � � �n 1 n 1 n 1 n 1

n

n 1

n n
� � Ð � Ñ Ð � Ñ

Ð � Ñ'
1

1

1 1

1 1
c d

 ( 1) (n 1) ( 1) n ( 1) 0 (2n 1)œ � � � � � � � œ �n 1 n n 1� �c d1 1 1

52. (a) u x, du dx; dv cos x dx, v sin x;œ œ œ œ

S x cos x dx [x sin x] sin x dx [cos x] 2" # #œ � œ � � œ � � � � œ' '
1 1

1 1

1 1

1 1Î Î

Î Î
Î Î

Î Î2 2

3 2 3 2
3 2 3 2

2 2” • ˆ ‰31 1
1

(b) S x cos x dx [x sin x] sin x dx [cos x] 4# # #œ œ � œ � � � œ' '
3 2 3 2

5 2 5 2
2 2
2 2

1 1

1 1

1 1

1 1Î Î

Î Î
& Î & Î

$ Î $ Î
� ‘ˆ ‰5 31 1

1

(c) S x cos x dx [x sin x] sin x dx [cos x] 6$ # #œ � œ � � œ � � � � œ' '
5 2 5 2

7 2 7 2
2 2
2 2

1 1

1 1

1 1

1 1Î Î

Î Î
( Î ( Î

& Î & Î” • ˆ ‰7 51 1
1

(d) S ( 1) x cos x dx ( 1) [x sin x] sin x dxn
n n n

2n 1 2 2n 1 2

2n 1 2 2n 1 2
n 1 2

2n 1 2œ � œ � �' '
Ð � Ñ Î Ð � Ñ Î

Ð � Ñ Î Ð � Ñ Î
Ð# � Ñ Î

Ð � Ñ Î
1 1

1 1

1

1” •
 ( 1) ( 1) ( 1) [cos x] (2n 2n ) 2nœ � � � � � œ � � � œn n n 1 n 1 2

2n 1 2’ “(2n 1) (2n 1)� �
# # #

"1 1
�

Ð# � Ñ Î

Ð � Ñ Î

1

1
1 1 1 1 1

53. V 2 (ln 2 x) e  dx 2  ln 2 e  dx 2 xe  dxœ � œ �' ' '
0 0 0

ln 2 ln 2 ln 2
x x x

1 1 1

(2  ln 2) e 2 xe e  dxœ � �1 1c d c dŒ �x x xln 2 ln 2
0 0 0

ln 2'

2  ln 2 2 2 ln 2 e 2  ln 2 2 2 (1 ln 2)œ � � œ � � œ �1 1 1 1 1ˆ ‰c dx ln 2
0

54. (a) V 2 xe  dx 2 xe e  dxœ œ � �' '
0 0

1 1
x x x

1 1
� � �Œ �c d "!

2 e 2 1œ � � � œ � � �1 1Š ‹c d ˆ ‰" " ""
!e e e

�x

2œ �1
4
e
1

(b) V 2 (1 x)e  dx; u 1 x, du dx; dv e  dx,œ � œ � œ � œ'
0

1
x x

1
� �

v e  ; V 2 (1 x) e e  dxœ � œ � � �� � �x x x

0

1

1 ” •c da b "
!

'

 2 [0 1( 1)] e 2 1 1œ � � � œ � � œ1 1’ “c d ˆ ‰�x "
!

"
e e

21

55. (a) V 2 x cos x dx 2 [x sin x] sin x dxœ œ �' '
0 0

2 21 1Î Î

1 1Œ �1Î#
!

2 [cos x] 2 0 1 ( 2)œ � œ � � œ �1 1 1 1Š ‹ ˆ ‰1 11

# #
Î#

!

(b) V 2 x  cos x dx; u x, du dx; dv cos x dx, v sin x;œ � œ � œ � œ œ'
0

21Î

1 ˆ ‰1 1

# #

V 2 x  sin x 2 sin x dx 0 2 [ cos x] 2 (0 1) 2œ � � œ � � œ � œ1 1 1 1 1� ‘ˆ ‰1 1 1

#

Î#

!

Î#
!

'
0

21Î
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56. (a) V 2 x(x sin x) dx;œ '
0

1

1

sin x

 x cos x# ïïïïî �
Ð�Ñ

2x   in xsïïïïî �
Ð�Ñ

 2  cos xïïïïî
Ð�Ñ

0  V 2 x  sin x dx 2 x  cos x 2x sin x 2 cos x 2 4Ê œ œ � � � œ �1 1 1 1'
0

1

# # #
!c d a b1

(b) V 2 ( x)x sin x dx 2 x sin x dx 2  x  sin x dx 2 [ x cos x sin x] 2 8œ � œ � œ � � � �' ' '
0 0 0

1 1 1

1 1 1 1 1 1 1
# # # $

!
1 a b

 8œ 1

57. (a) A ln x dx x ln x dxœ œ �' '
1 1

e e’ “ e

1

 e ln e 1 ln 1 x e e 1 1œ � � œ � � œa b a b’ “ e

1

(b) V ln x dx x ln x 2 ln x dxœ œ �' '
1 1

e e

1 1a b a bŠ ‹’ “2 2
e

1

e ln e 1 ln 1 2x ln x 2 dxœ � � �1” •Š ‹ Š ‹a b a b ’ “2 2
e

1
'

1

e

e 2e ln e 2 1 ln 1 2xœ � � �1” •Š ‹a ba b ’ “ e

1

e 2e 2e 2 e 2œ � � � œ �1 1” •a b a ba b
(c) V 2 x 2 ln x dx 2 x 2 ln x dx 2 x 2x ln x x 2 dxœ � œ � œ � � �' ' '

1 1 1

e e e

1 1 1a b a b Œ �” •ˆ ‰ ˆ ‰1 1
2 2

2
e

1

2 e 2e ln e 2 ln 1 x 2x 2 e 2e e 2e e 9œ � � � � � œ � � � � œ �1 1Œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰” • ˆ ‰ ˆ ‰ˆ ‰ a b1 1 1 1 1 9
2 2 4 2 4 4 2

2 2 2 2 2
e

1

1

(d) M ln x dx 1 (from part (a));  x x ln x dx x ln x x dx e ln e 1 ln 1 xœ œ œ œ � œ � �' ' '
1 1 1

e e e
1 1 1 1 1 1
1 2 2 2 2 4

2 2 2
e e

1 1

2” • ” •Š ‹a b
 e e 1 e 1 ; y ln x dx x ln x 2 ln x dxœ � � œ � œ œ �1 1 1 1 1 1 1

2 4 4 4 1 2 2
2 2 22 2 2

e

1
Š ‹a b a b a b a bŒ �” •' '

1 1

e e

e ln e 1 ln 1 2x ln x 2 dx e 2e ln e 2 1 ln 2xœ � † � � œ � � " �1 1
2 2

2 2
e

1

e

1
Œ �Š ‹ Š ‹a b a b a bŒ �” • Š ‹a b ’ “'

1

e

e 2e 2e 2 e 2  x y  is the centroid.œ � � � œ � Ê ß œ ß1 1 e 1 e 2
2 2 4 2a b a b a b Š ‹2 � �

58. (a) A tan x dx x tan x dxœ œ �' '
0 0

1 1
� �

�
1 1

1

0

x
1 x” • 2

 tan 1 0 ln 1 xœ � � �a b a b” •�1 21
2

1

0

 ln 2 ln 1 ln 2œ � � œ �1 1

4 2 4 2
1 1a b

(b) V 2 x tan x dxœ '
0

1

1
�1

2 tan x dxœ �1� �” •x x
2 1 x

1
1

0

2 2

2
� "

# �
'

0

1

2 tan 1 0 1 dx 2 x tan x 2 1 tan 1 0 0œ � � � œ � � œ � � � �1 1 1Œ �ˆ ‰ ˆ ‰� �” • a ba b1 1
2 1 x 8 8

1 1 1
1

0

� � �" " "
# � # #
'

0

1

2
1 1

 2 1œ � � œ1ˆ ‰ˆ ‰1 1 1 1

8 4 2
2"

#
�a b
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59. av(y) 2e  cos t dtœ "
#1
'

0

2
t

1

�

eœ " �
#

#

!1

1� ‘ˆ ‰�t sin t cos t

(see Exercise 22) av(y) 1 eÊ œ �"
#1 a b�21

60. av(y) 4e (sin t cos t) dtœ �"
#1
'

0

2
t

1

�

e  sin t dt  e  cos t dtœ �2 2
1 1
' '

0 0

2 2
t t

1 1

� �

e eœ �2 sin t cos t sin t cos t
1

1� ‘ˆ ‰ ˆ ‰� �t t� � �
# #

#

!

e  sin t 0œ � œ2
1

1c d�t #
!

61. I x cos x dx; u x , du nx  dx; dv cos x dx, v sin xœ œ œ œ œ' n n nc d�"

I x sin x nx sin x dxÊ œ �n n' �"

62. I x sin x dx; u x , du nx  dx; dv sin x dx, v cos xœ œ œ œ œ �' n n nc d�"

I x cos x nx cos x dxÊ œ � �n n' �"

63. I x e  dx; u x , du nx  dx; dv e  dx, v eœ œ œ œ œ' n ax n n ax ax
a

� ‘�" "

I e x e  dx, aÊ œ � Á !x e n
a a

ax n axn ax ' �"

64. I ln x  dx; u ln x , du  dx; dv  dx, v xœ œ œ œ " œ' a b a b’ “n n n ln x
x

a bn�"

I x ln x n ln x  dxÊ œ �a b a bn n' �"

65. x a f x dx; u x a, du dx; dv f x dx, v f t dt f t dt' ' '
a b x

b x ba b a b a b a b a b’ “� œ � œ œ œ œ �

x a f t dt f t dt dx b a f t dt a a f t dt f t dt dxœ � � œ � � � � �” •a b a b a b a b a b a b a b a bŠ ‹ Œ � Œ �' ' ' ' ' ' '
b a b b b a x

x b x b a b b

a

b

0 f t dt dx f t dt dxœ � œ' ' ' '
a x a x

b b b bŒ � Œ �a b a b

66. 1 x dx; u 1 x , du dx; dv dx, v x'È È’ “� œ � œ œ œ2 2 x
1 x
�

�È 2

x 1 x dx x 1 x dx x 1 x dx dxœ � � œ � � œ � � �È È È Š ‹2 2 2x x x
1 x 1 x 1 x 1 x

' ' ' '� "� �" "� "

� � � �

2 2 2

2 2 2 2È È È È
x 1 x 1 x dx dxœ � � � �È È2 2

1 x
' ' "

�È 2

 1 x dx x 1 x dx 1 x dx 2 1 x dx x 1 x dxÊ � œ � � � � Ê � œ � �' ' ' ' 'È È È È È2 2 2 2 2
1 x 1 x
" "

� �È È2 2

 1 x dx 1 x dx CÊ � œ � � �' 'È È2 2x 1
2 2 1 x

"

�È 2

67. sin x dx x sin x sin y dy x sin x cos y C x sin x cos sin x C' '�" �" �" �" �"œ � œ � � œ � �a b
68. tan x dx x tan x tan y dy x tan x ln cos y C x tan x ln cos tan x C' '�" �" �" �" �"œ � œ � � œ � �k k k ka b
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