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VOLUMES USING CYLINDRICAL SHELLS

For the sketch given, a =0,b =2;

b hell hell 4
V:.[QZ”(rid?us)(hsei;ht)d _[ZM(H )dx 27rj (x+ )dx Zﬁ[ )16_6}

=2r-3=6rx

For the sketch given, a =0,b =2;

b hell \( shell 2 2 T
V=72 () (e ) e = [ 2 (2 )dx 27|, (2x——)dx 2ﬂ[x —E} = 27(4-1)=67

0

For the sketch given, ¢ =0, d = V2 ;
V2

d_ [ shell [ shell V2 2 V2 3 »
V=L 2ﬂ(radius)(height)dy=...() 2ﬂy'(y )dy=2ﬂ'J-0 ydy=2r 4 o =2z
For the sketch given, ¢ =0,d = \/5 ;
NE)
d_ ([ shell [ shell V3 2 V3 o3 s 9
V=L 2ﬂ(radius)(height)dy=...0 Z”y'[S_(‘%—y )]dy:2ﬂ.|-0 y dy=2ﬂ' 4 o =7”

For the sketch given, a =0,b = \/5 ;

= [ () (el ) = [ 2 (N Ja

radius

[u=x2+13du=2xdx;x=03u=1,x=\/§:u=4}

- V=7r.|.14u1/2du =7r[%u3/2r :27”(43/2_1)_(7”) 8-1) :T”

For the sketch given, a =0,b =3;

b shell ) { shell 9 .
= [l ) (e Y- | m( J_jd
u=x"+9>du=3x>dx=3du=9x> d;x=0=>u=9,x =3 =u =36]

36
SV = 2;rj9363u‘“2du - 67r[2u1/2 ]9 =127 (36 -+9) = 367

a=0,b=2;
b shell \ [ shell 2
V= J.a 2”(radius ) (height )dx = J.O 2ﬂx[x—(—§)}dx

2 2 2
ZJ 27rx2~§dx:7rj 3x2dx=7r[x3] =8r
0 2 0 0
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444 Chapter 6 Applications of Definite Integrals

8. a=0,b=1

= [y (i) (v = 2 (23

efeg)ocefpseo{ ] -

.

9. a=0,b=1;

= [0 (i e = [p2mx[ 00 -2

- 2nfy(ax- == 2e [ 2 -5 5]
10. a=0,b=1,

b shell \( shell 1 2 2
V= ja Zﬁ(radius)(height)dx = I02ﬂx [(Z—x )—x ] dx

= 2ﬂj;x(2—2x2) dx =4ﬂ_[;(x—x3)dx
1
mar| o] en (b4) - . ,
11. a=0,b=1,

b shell ) ( shell 1
V= ja Zﬂ(radius) (height )dx = j027rx [\/x —(Zx—l):| dx
1 1
= 2ﬂ_[0(x3/2 —2x? +x) dx =271 [% 2 —% ¥ +1 xz}

27 1o
(22 1) (12-20415) _ Tz
_2”(5 3+2) 2”( 30 ) s

12. a=1,b=4;

b shell ) [ shell _r4 3 12
V_ja 272-(radius)(heigh‘t)dx_jl 2ﬂx(§x )dx

=3ﬂj14x“2 dx=37r[§x3/2]f=27r(43/2—1) 1l k

s =l | —
1 2 3 4 ¥
x-S gcx<g sinx, O<x<rm . .
13. (@) xf(x)= x =>xf(x)= ; since sin0 =0 we have
X, x= 0, x=0

sinx, O<x<rx .
xf(x)=< . Sxf(x)=sinx,0<x<7x
sin x, x=0



14.

15.

16.

17.

Section 6.2 Volumes Using Cylindrical Shells

radius

b
®) V= [ 2 2 ) (e s = Jo 27/ () e and -/ () =sinx, 0 <x <7 by part (a)

=>V= 271'J.(;r sinx dx = 277 [—cos x]g =271(=cos 7 +cos 0) = 41

Jtan”x <Z 2 <
(a) xg(x)z{x o 0¥y :>xg(x)={tan x, O<x_77/4; since tan0 =0 we have
, x=0

tan’x, O<x<z/4 5
xg(x)= =>xg(x)=tan" x,0<x<7/4

tan> X, x=0

b /4
®) v =[ 2720, ) (e Jax = [, 27x-g(x) dix and x-g(x) = tan” x, 0 < ¥ < /4 by part ()

radius

=V = Zﬂj.(;r/“tanz xdx = 271"..0”/4(sec2 x—l) dx =27 [tan x—x]g/4 =27 (1 —%) = 4”—5”2

c=0,d=2;

d 2
V= [ 27 i) (e )t = [ 229 [y =0 |
5/2 3

2
2( 32, 2 2
:2ﬂj0(y +y )dyzZ;r[ ys +%}

0

= zﬂ[g(\/ﬁ)s +2—3} - 2n(¥ +§) —l67 (ﬁ%)

3 5

=162 (32 +5)

c=0,d=2;
d shell \{ shell 2 2
V= J.C 27 (radius )(height )dy = Io 2y [J’ —(—y)] dy

2
2l (070 -] o

c=0,d=2;
= a0t = 2y (2-?
gl o -3 ol

_ 1_1)\_327 _8x
_32”(3 4) 2 -3
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18.

19.

20.

21.

22.

23.

Chapter 6 Applications of Definite Integrals
c=0,d=1;
= [Tam( ) (e Yy = [ 2wy (2502 - )y
= 2ﬂf;y (y—yz) dy = 2ﬂj;(y2 —y3) dy

1
3 4
= Y Y| = 1 _1)_z
_27r[3 4}0—27r(3 4)_6

c=0,d =1,

d shell \{ shell 1
V= .[c 2”(radius )( height )dy = Zﬂjoy [y _(_J/)]dy
1

1
e e Rl

c=0,d=2;
= [$op( shell \(shell |, _ 2, ),
_J.C 7\ radius | | height y_J.O TY\Y =y
2 2
— Y _xz|,3| _8z
_Zﬂ.[ony—?[y ]O_T
c=0,d=2;

_ [ shell  ( shell _ (2 2
V= .[c 2”(radius)(height)dy _J‘O 2zy I:(2+)’)_,V :| dy
4

2
2 2 3 2 3
R ]

=2r(4+8-16) =2 (48+32-48)= 167

c=0,d =1,
_ [ shell \{ shell ! 2
V—L 2”(radius)(height)dy_J‘Ozﬂy I:(z_y)_y ]dy
1
1 2 3 2 3 4
zzﬂjO(Zy—y -y )dy=27f[y —%—yf}
0

- 1 _L\_zZqp_g4-3 =32
—27r(1 : 4)_6(12 4-3)=3

y=2-X

b, ( shell \( shell 2 2 5 32
@ V= J.a 2ﬂ(radius)(height)dx = J'O 27 x (3x)dx = 67TJ'0 x“dx = 277|:X ]O =16r

b hell \( shell 2 2 2
®) ¥ =27 s )l ) = [ 27 (=) Gy = 6 (4x=x7 ) v = 62 27 17|

=6n(8—§)=327r



24.

25.

(c)

(d)

(e)

()

(a)

(b)

(c)

(d)

(e)

(f)

(b)

Section 6.2 Volumes Using Cylindrical Shells

V:j:’zn(ri}é?}fs)(ﬁgeglﬁt)d _f 27(x+1) (3x)dx = 67r_[ (x +x)dx 6;{ x +éx2]§

=6r(8+2)=287
V:jjzﬂ(rzlé?}}s)(ﬁggﬁt)d j 2”)’( )dy 2”.[ (Zy—gy )dy 27Z'|: éyﬂo
=27(36-24) = 247
v = [ ) (e Vv = [T2m (=) (2L )y = 27 (14- By 152 )y
:zﬁ[14y—%y2+9y] =27(84~78+24) =607
V=Jf2ﬂ(rilé?35)(§§°glét)dy=J0627r (v +2)(2-4y)dv =27, (4+3y—gy ) av
=2z [4y+2 2 ly3]z=27r(24+24—24)=48ﬂ
(rilé?}lls)(lfgeglllﬁ)dx = IjZﬂ X (8—x3)dx = 271'.[02(8)6—)(4) dx = 27T[4x2 —%xS ](2)
=27 (16——)_9T
v =[P e )bl Jate = 227 ) (8- ) e = 27 [ 24 -8 =30 42 )

_ _ 34,1 57 e _1n . 32)_ 2647
—27r|:24x 4x -3 x +5x] =27(48-16-12+32) = 2642

V= .[:2”(;}(11?}115)(118221;)‘1" = _[227T (x+2) (8—x3)dx = 27TJ.02(16 +8x—2x> —x4) dx

5
qd shell \{ shell 1/3 4/3 /3 6 768
V—L Zﬂ(radius)(height)d .[ 2 y-y Ty = 2”.[ y Ty = [y JO o (128) =%

_d shell \{ shell 3 3, 3 453\, _ 43 _3 137
V= [ ( e ) heh Jav = [ 27 8-y = 22 [ (832 < )y = 226347 =277 ]

0

qd shell \{ shell (8 U3, _ 8( 43 13 _ 3.7/3 .3 43
) 2ﬂ(radius)(height)dy_jozn(y+1)y dx_zﬂjo(y +y )dy—Zﬂ[7y 3y ]O

_2n(3§4+12) 93761:

=27r[16x+4x2—%x4—%x5} =27(32+16-8-32) = 336z

V= j:27r (rz}éfgs)(}fgeglkllt)dx = _[_2127T (2—x)(x+2—x2) dx = 27r_[i(4—3x2 +x3)dx

2
3,14
—27r|:4x 4l ]_1=27r(8—8+4)—27r(—4+1+%)=277”

= [0 ) o= [ 27 o) (1022 v =2 (2430

2
)y |:2x+§ 2 %x4]_ =27 (4+6-4)-27(-2+3-1)= 2Lz
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448 Chapter 6 Applications of Definite Integrals

o 7 = e 202
=47r_|‘;y3/2dy+27r_|.14(y3/2—y2+2y)dy=8?”[y5/2} +2ﬂ[zy5/2 1y3+y T

=82 )+ 27(L-Lr16)-27(2-141) =22

d V= jjzﬂ (r;ﬁﬁgs)(;gg;t)dy =j;2;z (4—y)(ﬁ—(—ﬁ))dy+jl42n 4= (Jy~(r-2)dv
= 471'J.1(4 y —y3/2)dy+27rj.4(y2 —y3/2 —6y+4\/;+8)dy

4
_47{8 3/2 §y5/2]0+27r[1 3 g 512 _3,,2 .8 3/2+8y}

= 47r(§—§)+27r(%—%—48 +%+32)—2ﬂ(§—%—3+§+8) = 1087,

b hell ) shell 1 1
26 @ ¥ =[ 27 )k v = [, 27 (A=) (4-37 =t Jar =27 [ (=t 307 =347 —dx+4) e
3
3

1
= 27{%)(6 -1y +§x4 —x3 —2x? +4x} = 27r(L 1y

5% Ty -1- 2+4) 27r( +14341-2- 4):567”

5 5

0 ¥ =2 250 )t = s (4 2o 55
‘4”J. vy +4z Iy\/ ydy [u=d4-y=>y=4-u=>du=-du;y=1=>u=3,y=4=u=0]

_léz [y9/4} _4_ﬂj (4—u)\/;du:16_”(1)+ .[(4\/; u3/2)du_16_”+$[§ 3/2 §u5/2]z
83 — 18\/’) 167 88”:87271

45

9
loz _,,(
5+

d shell )/ shell 1 2.3 113 4 »oy 1
27. @ V=] Zﬂ(radius)(height)dy:j027ry-12(y —y )dy=247rjo(y —y )dy:247r z-x

2l -

0

) 7=’ 27 s ) e ) = fy270-) [12 (v -5 )] dy =247 (1-2)(* -»* )y

2 5
0

© = [or A (o= frli)[ () Jar=2uef o) 2o
1

5
1 5
- 24, (% 2 13y3+y dy 24;{% A :|=24ﬂ'(i—£+
0

= 24;rj;(y2 -2y +y4) dy = 24;r[y—;—y—4+y—5}1 =24z (L-L+d)=24n(L) =42

=2132-39+12) =22 -2z

@hpmmmwfwwaﬂwﬂﬂﬁwww
)

2a (-
(s

1
3 ) 34 3 4 )y
dy=247rJ. (%y +%y -y )dy=247t[%y +2—3Oy —y?]
0

2- %)—24”(8+9 12)=22 =27



28. (a)

(b)

(©)

(d)

29. (a)

(b)

30. (a)

Section 6.2 Volumes Using Cylindrical Shells 449
d hell \( shell 2 g fy? 2 2yt 203 5
V= L Zﬁ(ereius)(lfe:ght)dy = -[O 2ﬂy[y7_(y7_y7ﬂ dy = IO 27ry(y —yT)dy =2 0 (y _yT) dy
¢ »T 24 2)\_ 8z
_27Z'|:T—ﬂi|0 =271'(T——) 32”(2_ﬂ) 32”(__€)=32ﬂ(ﬂ)=T

ol hell \( shell » _ 2 2y
) 2ﬂ(r§d§’u5)(;efght)d = [*27(2- y)[——(T—T dy=["222-p)| Y2 -2 | dv

N e L ke e R S A B

V= [ ( e )(heh Jav = [ 275 - y)[——(yff—y—;ﬂdw IgZﬂ(5—y)(y2—y7:)dy
=2ﬂjj(5y2—%y4—y3+§jdy:zﬂ[%-%-§+;_j}z 2r(40-100 16, &) g,
V:jjz”(rz}ﬁs)(ffgieglﬁt)dy:jozz”(y*%) [%2_(%4_%2)} dy=[ 27 (y+3 )(yz—yT) dy
20 (et oot oy aa[ e g e (- -48) o

radius |\ height
NN P [
_27{2 512 3y3]222ﬁ(%_%):%_,, y=x Y

.o (b shell \[ shell ' . x
About y-axis: V—ja Zﬂ(radius)(height)dx o5 1

d
About x-axis: V :j 27r( shell )( shell )dy
c

= J‘;27rx(x—x2)dx =27TJ.;()C2 —x3)dx

B S o : _zﬁ(L_i)zz
3 4 0 3 4 6

About x-axis: R(x)=x and r(x) = XXV = _[jﬂ ([R()c)]2 —[r(x)]z) dx = J.;ir(xz —x4)dx

30 st
a5 - al-y)-
About y-axis: R(y)=+[y and r(y)=y =V = Ld” ([R(y)]2 -[r»F ) dy = I;ﬂ (y - ) dy
1

2 3
Y| A (l_1\_=z
_”[z 3}0 ”(2 3) 6

V= Jf;r ([R(x)]2 —[r(x)]2 ) dx = ﬁ_[(j[(%+2)2 —xz}dx

4 4
= 7r_|.0 (—%xz +2x+4)dx :ﬂ[—§+x2 +4x]0
=7(-16+16+16) =16~
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(b) szjZﬂ(rfi}é?Hs)(;;egl}ln)dx:J.(?Zﬂx(%+2—x)dx=I;Zﬁx(2—%)dx=2ﬁj§(2x—%)dx
= zﬂ[x2 —X—;]z :Zﬁ(16—ﬁ) -3
=T TSP A SRS PUtet A

4
= 27r[8x—2x2 +x—3] = 2;;(32_32 +ﬂ) — 64z
6 |, 6 3

d) V= j:’;r([R(x)]2 —[r(x)]z)dx = ﬁj(?[(S—x)z —(6—§)z]dx = ﬂ_[(?[(64—16x+x2)—(36—6x+x72)} dx

ﬂj;(%xz —10x+28) dx = n[§—5x2 +28x}z = 7[16 = (5)(16) +(7)(16)] = 7(3) (16) = 487

d shell \{ shell 2
3@ V= 2ﬂ(radius)(height)dy=jl 229(y—1) dy
2

(T Az (a4 _5z
_27r(§ 2+2)_’3’(14 12+3) =32

®) V= 2m( e )b Jav = [ 2mx(2—x) de =27 [ (2027 ) v = zﬁ[x2 _iT

_2”[(4__) (I_L)] 2”[(1238) (331)} 2”(§ %) 47”
© V= 2m( e (e Ja = |2 (12—

2[R 3o (-2 ) (B3] 2n ()2

2
d hell hell 2 2 -1)°
@ v =[ 2 ( (e v = [ 27 =D =1y dy =27 (- 1)? =zﬂ[_<y3> l _

2@ V= [ (e (e )av = [ 22y (2 -0) ay
2
:271"..02y3dy=27r[%}0 —271'( 4) 81
®) 7 =[T2r( Bl )( e Y
—j 27rx( I)dx 27r.[ (2x x3/2)d
=2”[ 2_2 5/2] —27r(16—£)
=27r(16—65—4)—27”(80 64) = 32z
@ V= om( e (e Jav = [ 2ma—x) (2= ) dv = 27 (8- 4x"% 204672 )

_ _8,32_2 z 52 64 gL 64\ _ 27 iyan _ 2z _ 24z
—27r[8x 8 ] =27(32-8-16+8) = 22(240-320 +192) = 22 (112) = 24



33.

34.

d

~

(b)

(b)

(©)

(d)

d
V=L

=27

shell
27 ( radius )(

shell
height

_6_&) 327[ 27z(4-3)=

3 4

radius

- dzﬂ( shell )(
C

d shell
V= ¢ 2”(radius )(

d
V=L

shell
27 ( radius )(

1 2, .4 g
:2ﬂj0(y—y +y )dyzzﬁ[%—%-ﬁ’?

shell
height

shell
height

shell
height

_ 2z
—%(15

Use the washer method:

V:jjﬂ([R(y)]z _[r(y)]z) by :J.;”[lz _(y‘y3)2} dy =7rj;(l—y2 —y° +2y4)dy

3
Yy

1
_ Yy 2y
_”[y 3 7+5}0

Use the washer method:

= Ldfr ([R(y)]2 —[r(y)]z) dy = I;ﬂ[[l—(y—yﬂz —0} dy = ﬂfé[l—2(y—y3)+(y—y3 )2} dy

—ﬂJ' (1+y +y —2y+2y -2y )dy ﬂ[y+—+

—ﬂ'(l+ +l—1+5—%)

V:LZ

_z;r(

shell
radius

1
1-1+1 +4

[

shell
height

3)=%

Section 6.2 Volumes Using Cylindrical Shells

PR

)dy=j;2ﬂ(l—y)(y—y3)dy

4}2
0

)dy =j022;r(2—y) (y2)dy - 2;rj02(2y2 —y3) dy = 2ﬂ[§y3 -

)dy =I;2ﬂy [1—(y—y3)} dy

3 5

-10+6) =1z

!

—a(1-1-1,2) = 2 (105-35— _ 91z
—ﬂ(l +5)—135(105 35-15+42) =

317

210

)dy=jo27f(1—y) [l—(y—

1 3 2 4 1 2, .3
=2ﬂj0(1—y+y —y+y -y )dy=2ﬂj0(1—2y+y +y7 = )dy 27r[y y? +4+

2£(20+15-12) =

237r

Y

Z_(70+30+105-2-42) =

1
y y4 2y}

121z
210

y3ﬂ dy =2ﬂf;(1—y)(l—y+y3)dy

y

B
75

1

0
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35. (a) V= jjz;z(

—271"..2(2\/5 32 _ 3)d =27 a2 5/2_y_2
=27| (V27 =y | dy = = 7,

shell
radius

\/5)5_2

5

[

4

shell
height

= a5

4

_ 42° 44
]—2”(7 7 )

=2m (5ol =9 =5

(b) V=j:2ﬂ(

5

= 271-(2_25_£) = 277'(26

36. (a) V= jjzn(

shell
radius

32

shell
radius

[

[

shell
height

5

shell
height

4 4
)dx -, Zﬂx(\/;—%)dx -2z (x3/2 —i) dx = 2;;[%):5/2 '

~ 160

28 ) —x2 (39 _90)—xL3 _x2'3 _48x
32

)dxzjéZﬂx[(Zx—xz)—x] d

= ZﬂJ.;x(x—xz) dx = 271'_[1()62 —x3) dx

1
3 4
s
4 1o

3

(b) V:jjzﬁ(

- 27rj;(x—2x2 +x3) dx = 2;7[%—%);3 +£]1 =27 (4-2+1)=22(6-8+3)=Z

shell
radius

0

=2r(3-3)=%

[

shell
height

)dx = I;ZH(I—x)[(2x—x2)—x] dx = ZHI;(l—x)(x—xz)dx

4 2 3 4] 12

0

37. (a) V=j:;r([R(x)]2_[r(x)]Z)dF,r1 (x—uz_l)dx

b) V= jzn(

shell
radius

[

shell
height

1/16

x [2x“2 —xI% - n[(z—l)—(z-%—%)]

)dy = I;ZHy(y—h—%)dy

— _11
=Z(2-6+16+3)=1z

1



39.

40.

41.

42.

(b)

(b)

(c)

(b)

(©)

(b)

V:

Section 6.2 Volumes Using Cylindrical Shells 453

b shell \{ shell ol 1 _ Lan _ 2 3/2  4* !
V= [ 27 S ) e ) = 27r(——1)dx_27rj1/4(x —x)dx—2ﬂ|i§x -

a radius /4 Ix : o
= 2_ A\ (2. 1_ 1\ (4 _1_1. 1\ Z (aA16_48_ iz
_2ﬂ[(§ 2) (3 8 32)}_71-(3 6+16)_48(4 16-48-8+3) = 18
Disk: V =V -V,

by b .
= J.allﬂ[Rl (X)]zdx and V, = jaj”[Rz(x)]zdx with Rj(x) = ,[%2 and R,(x) = Jx,

a; ==2,b =1;a, =0, b, =1= two integrals are required
Washer: V =V, +V,

v = Lfll;z([Rl(x)]2 —[rl(x)]z)dx with R;(x) =52 and 7 (x)=0;a; =-2 and b =0;

b 2 2 .
Vv, = jajﬂ([Rz(x)] [ )] )dx with Ry(x) = /X2 and ry(x) =x;ay =0 and by =1
= two integrals are required

Y shell \{ shell qd shell L2 2 _ 2.
Shell: V—J.C 2ﬂ(radius)(height)dy__|.c 2ﬁy(height)dy where shell height = y —(3y —2)—2—2y ;

¢=0 and d =1. Only one integral is required. It is, therefore preferable to use the shell method.
However, whichever method you use, you will get V' = 7.

Disk: V =V, =V, -V,

1

d.
v, =L_’7r[R,.(y)]2dy, i=1,2,3 with Rj(y)=1and ¢, =—1,d, =1; Ry(y) =+/y and ¢, =0 and d, =1;

Ry(y)=(- y)l/ 4 and ¢3 = -1, d3 =0 = three integrals are required
Washer: V =V, +V,

d; 2 2 . .
vi=| ”([Ri(y)] ~[n (] )dy, i=1,2 with Ri(»)=17(»)=[y,c; =0 and d; = 1;
R(y)=1 n)= (—y)1/4, ¢; =—1 and d, =0 = two integrals are required

v shell [ shell _ b shell L2 4\_ 2., 4 _
Shell: V= [/ 27( v, ) e Jx = [ 27 ey ), where shell height = 27 =(=2*) = +.x*, a =0

and b =1= only one integral is required. It is, therefore preferable to use the shell method.

However, whichever method you use, you will get V' = 5?”.

V= Jj”([R(x)]2 _[F(X)]z)dx - j:;{(\/zs—xz )2 —(3)2}dx = ﬁj:(zs—xz -9} dx =;rf4(16—x2)dx

rfton e T, —a(ot- ) n(oa ) -2

Volume of sphere = %71'(5)3 = % = Volume of portion removed = 50?” - 2536” = 2434”

b V1
[ 2 () (e ) e = [ 2 xsim (3 1) iy e = % =12 du = 2 di;
a

x=1=2u=0x=+1+7 =u =7T]—>7rJ'(;rsinudu =—7r[cosu]g =—n(-1-1)=2x



