
Section 6.2  Volumes Using Cylindrical Shells     443 

Copyright  2014 Pearson Education, Inc.  

2 2 2 2( ) 2 ( ) 10 6 ( ) 4 ( ) 4 ( ) 4
b b b
a a a

f x dx f x dx f x f x f x dx

(4 ( ) 4) 4 4 ( ) 4 4 ( ) ( ) 1 ( ) 1
b b b b b
a a a a a

f x dx f x dx dx f x dx b a f x dx b a

6.2 VOLUMES USING CYLINDRICAL SHELLS 

 1. For the sketch given, 0, 2;a b
2 3 2 4 22 2shell shell 164

radius height 4 4 2 16 2 160 0 0
2 2 1 2 2 2

b x x x x
a

V dx x dx x dx

2 3 6

 2. For the sketch given, 0, 2;a b
2 3 4 22 2shell shell 2

radius height 4 4 160 0 0
2 2 2 2 2 2 2 4 1 6

b x x x
a

V dx x dx x dx x

 3. For the sketch given, 0, 2;c d

4 22 2shell shell 2 3
radius height 40 0 0

2 2 2 2 2
d y
c

V dy y y dy y dy

 4. For the sketch given, 0, 3;c d

4 33 3shell shell 2 3 9
radius height 4 20 0 0

2 2 3 3 2 2
d y
c

V dy y y dy y dy

 5. For the sketch given, 0, 3;a b
3shell shell 2

radius height 0
2 2 1 ;

b
a

V dx x x dx

2 1 2 ; 0 1, 3 4u x du x dx x u x u

44 1/2 3/2 3/22 2 142
3 3 3 31 1

4 1 (8 1)V u du u

 6. For the sketch given, 0, 3;a b

3

3shell shell 9
radius height 0 9

2 2 ;
b x
a x

V dx x dx

3 2 2[ 9 3 3 9 ; 0 9, 3 36]u x du x dx du x dx x u x u
3636 1/2 1/2

9 9
2 3 6 2 12 36 9 36V u du u

 7. 0, 2;a b
2shell shell

radius height 20
2 2

b x
a

V dx x x dx

22 22 2 33
20 0 0

2 3 8x dx x dx x
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 8. 0, 1;a b
1shell shell

radius height 20
2 2 2

b x
a

V dx x x dx

2 11 1 2 33
20 0 0

2 3x dx x dx x

 9. 0, 1;a b
1shell shell 2

radius height 0
2 2 (2 )

b
a

V dx x x x dx

3 4 11 2 3 2
3 40 0

2 2 2 x xx x x dx x

12 4 3 10 51 1
3 4 12 12 62 1 2

 10. 0, 1;a b
1shell shell 2 2

radius height 0
2 2 2

b
a

V dx x x x dx

1 12 3
0 0

2 2 2 4x x dx x x dx

2 4 1
1 1

2 4 2 40
4 4x x

 11. 0, 1;a b
1shell shell

radius height 0
2 2 (2 1)

b
a

V dx x x x dx

11 3/2 2 5/2 3 22 2 1
5 3 20 0

2 2 2x x x dx x x x

12 20 15 72 2 1
5 3 2 30 152 2

 12. 1, 4;a b
4shell shell 1/23

radius height 21
2 2

b
a

V dx x x dx

44 1/2 3/2 3/22
31 1

3 3 2 4 1x dx x

2 (8 1) 14

 13. (a) 
sin , 0 sin , 0

( ) ( ) ;
0, 0, 0

x
xx x x x

x f x x f x
xx x

 since sin 0 0  we have 

sin , 0
( ) ( ) sin , 0

sin , 0
x x

x f x x f x x x
x x
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  (b) shell shell
radius height 0

2 2 ( )
b
a

V dx x f x dx  and ( ) sin , 0x f x x x  by part (a) 

00
2 sin 2 cos 2 ( cos cos 0) 4V x dx x

 14. (a) 
2 2tan

4, 0 tan , 0 /4( ) ( ) ;
0, 00, 0

x
xx x x xxg x xg x

xx x
 since tan 0 0  we have 

2
2

2

tan , 0 /4
( ) ( ) tan , 0 /4

tan , 0

x x
xg x xg x x x

x x

  (b) 
/4shell shell

radius height 0
2 2 ( )

b
a

V dx x g x dx  and 2( ) tan , 0 /4x g x x x  by part (a) 

2/4 /4 /42 2 4
0 4 20 0

2 tan 2 sec 1 2 tan 2 1V x dx x dx x x

 15. 0, 2;c d
2shell shell

radius height 0
2 2 ( )

d
c

V dy y y y dy

5/2 3 22 23/2 2
5 30 0

2 2 y yy y dy

35 8 2 282 2 1
5 3 5 3 5 32 2 2 16

16
15 3 2 5

 16. 0, 2;c d
2shell shell 2

radius height 0
2 2 ( )

d
c

V dy y y y dy

4 3 22 3 2 2 1
4 3 4 30 0

2 2 16y yy y dy

5 40
6 316

 17. 0, 2;c d
2shell shell 2

radius height 0
2 2 2

d
c

V dy y y y dy

3 4 22 22 3 16 16
3 4 3 40 0

2 2 2 2y yy y dy

32 81 1
3 4 12 332
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 18. 0, 1;c d
1shell shell 2

radius height 0
2 2 2

d
c

V dy y y y y dy

1 12 2 3
0 0

2 2y y y dy y y dy

3 4 1
1 1

3 4 3 4 6
0

2 2y y

 19. 0, 1;c d
1shell shell

radius height 0
2 2 ( )

d
c

V dy y y y dy

11 2 34 4
3 30 0

2 2y dy y

 20. 0, 2;c d
2shell shell

radius height 20
2 2

d y
c

V dy y y dy

2 22 3 8
2 3 30 0

2 y dy y

 21. 0, 2;c d
2shell shell 2

radius height 0
2 2 (2 )

d
c

V dy y y y dy

3 4 22 2 3 2
3 40 0

2 2 2 y yy y y dy y

8 16 16
3 4 6 32 4 (48 32 48)

 22. 0, 1;c d
1shell shell 2

radius height 0
2 2 (2 )

d
c

V dy y y y dy

3 4 11 2 3 2
3 40 0

2 2 2 y yy y y dy y

51 1
3 4 6 62 1 (12 4 3)

 23. (a) 
22 2shell shell 2 3

radius height 0 0 0
2 2 (3 ) 6 2 16

b
a

V dx x x dx x dx x

  (b) 
22 2shell shell 2 2 31

radius height 30 0 0
2 2 (4 ) (3 ) 6 4 6 2

b
a

V dx x x dx x x dx x x

8
36 8 32
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  (c) 
22 2shell shell 2 3 21 1

radius height 3 20 0 0
2 2 ( 1) (3 ) 6 6

b
a

V dx x x dx x x dx x x

8
36 2 28

  (d) 
66 6shell shell 2 2 31 1 1

radius height 3 3 90 0 0
2 2 2 2 2 2

d
c

V dy y y dy y y dy y y

2 (36 24) 24

  (e) 
6 6shell shell 2131 1

radius height 3 3 30 0
2 2 (7 ) 2 2 14

d
c

V dy y y dy y y dy

62 313 1
6 9 0

2 14 2 (84 78 24) 60y y y

  (f ) 
6 6shell shell 21 4 1

radius height 3 3 30 0
2 2 ( 2) 2 2 4

d
c

V dy y y dy y y dy

62 32 1
3 9 0

2 4 2 (24 24 24) 48y y y

 24. (a) 
22 2shell shell 3 4 2 51

radius height 50 0 0
2 2 8 2 8 2 4

b
a

V dx x x dx x x dx x x

32 96
5 52 16

  (b) 
2 2shell shell 3 3 4

radius height 0 0
2 2 (3 ) 8 2 24 8 3

b
a

V dx x x dx x x x dx

22 4 53 32 2641
4 5 5 50

2 24 4 2 48 16 12x x x x

  (c) 
2 2shell shell 3 3 4

radius height 0 0
2 2 ( 2) 8 2 16 8 2

b
a

V dx x x dx x x x dx

22 4 5 32 3361 1
2 5 5 50

2 16 4 2 32 16 8x x x x

  (d) 
88 8shell shell 1/3 4/3 7/36 6 768

radius height 7 7 70 0 0
2 2 2 (128)

d
c

V dy y y dy y dy y

  (e) 
88 8shell shell 1/3 1/3 4/3 4/3 7/33

radius height 70 0 0
2 2 (8 ) 2 8 2 6

d
c

V dy y y dy y y dy y y

384 576
7 72 96

  (f ) 
88 8shell shell 1/3 4/3 1/3 7/3 4/33 3

radius height 7 40 0 0
2 2 ( 1) 2 2

d
c

V dy y y dx y y dy y y

384 936
7 72 12

25. (a) 
2 2shell shell 2 2 3

radius height 1 1
2 2 (2 ) 2 2 4 3

b
a

V dx x x x dx x x dx

23 4 271 1
4 4 21

2 4 2 (8 8 4) 2 4 1x x x

  (b) 
2 2shell shell 2 3

radius height 1 1
2 2 ( 1) 2 2 2 3

b
a

V dx x x x dx x x dx

22 43 3 271 1
2 4 2 4 21

2 2 2 (4 6 4) 2 2x x x
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  (c) 
1 4shell shell

radius height 0 1
2 2 2 ( 2)

d
c

V dy y y y dy y y y dy

1 41 43/2 3/2 2 5/2 5/2 3 28 2 1
5 5 30 1 0 1

4 2 2 2y dy y y y dy y y y y

8 64 64 722 1
5 5 3 5 3 5(1) 2 16 2 1

  (d) 
1 4shell shell

radius height 0 1
2 2 (4 ) 2 (4 ) ( 2)

d
c

V dy y y y dy y y y dy

1 43/2 2 3/2
0 1

4 4 2 6 4 8y y dy y y y y dy

1 43/2 5/2 3 5/2 2 3/28 82 1 2
3 5 3 5 30 1

4 2 3 8y y y y y y y

8 64 64 64 8 1082 1 2
3 5 3 5 3 3 5 3 54 2 48 32 2 3 8 .

 26. (a) 
1 1shell shell 2 4 5 4 3 2

radius height 1 1
2 2 (1 ) 4 3 2 3 3 4 4

b
a

V dx x x x dx x x x x x dx

16 5 4 3 23 3 3 561 1 1 1 1 1
6 5 4 6 5 4 6 5 4 51

2 2 4 2 1 2 4 2 1 2 4x x x x x x

  (b) 
1 4 4 4shell shell 4 4

radius height 3 30 1
2 2 2

d y y
c

V dy y y y dy y dy

1 45/4 4
0 13

4 4y dy y ydy  [ 4 4 ; 1 3, 4 0]u y y u du du y u y u

1 30 39/4 3/2 3/2 5/216 4 16 4 16 4 8 2
9 9 9 3 53 03 3 30 0

(4 ) (1) 4y u u du u u du u u

16 4 18 16 88 872
9 5 9 5 453

8 3 3

 27. (a) 
4 5 11 1shell shell 2 3 3 4

radius height 4 50 0 0
2 2 12 24 24

d y y
c

V dy y y y dy y y dy

24 61 1
4 5 20 524

  (b) 
1 1shell shell 2 3 2 3

radius height 0 0
2 2 (1 ) 12 24 (1 )

d
c

V dy y y y dy y y y dy

3 4 5 11 2 3 4 41 1 1 1
3 2 5 3 2 5 30 50 0

24 2 24 24 24y y yy y y dy

  (c) 
1 1shell shell 2 3 2 38 8

radius height 5 50 0
2 2 12 24

d
c

V dy y y y dy y y y dy

5 11 2 3 4 3 48 13 8 13 8 13 1
5 5 15 20 5 15 20 50 0

24 24 24yy y y dy y y

24 24
60 12(32 39 12) 2

  (d) 
1 1shell shell 2 3 2 32 2

radius height 5 50 0
2 2 12 24

d
c

V dy y y y dy y y y dy

5 11 13 4 2 3 2 3 4 3 43 32 2 2 2
5 5 5 5 15 20 50 0 0

24 24 24 yy y y y dy y y y dy y y

3 24 242 1
15 20 5 60 1224 (8 9 12) 2
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28. (a) 
2 4 2 4 52 2 2shell shell 2 3

radius height 2 4 2 4 40 0 0
2 2 2 2

d y y y y y
c

V dy y dy y y dy y dy

4 6 4 6
2

82 2 1 4 1 1 2
4 24 4 24 4 24 4 6 24 3

0
2 2 32 32 32y y

  (b) 
2 4 2 42 2shell shell 2

radius height 2 4 2 40 0
2 2 (2 ) 2 (2 )

d y y y y
c

V dy y dy y y dy

4 5 3 5 4 6 22 22 3 16 32 16 64 8
2 4 3 10 4 24 3 10 4 24 50 0

2 2 2 2y y y y y yy y dy

  (c) 
2 4 2 42 2shell shell 2

radius height 2 4 2 40 0
2 2 (5 ) 2 (5 )

d y y y y
c

V dy y dy y y dy

5 3 5 4 6 22 5 52 4 35 40 160 16 64
4 4 3 20 4 24 3 20 4 240 0

2 5 2 2 8y y y y yy y y dy

  (d) 
2 4 2 42 2shell shell 25 5

radius height 8 2 4 2 8 40 0
2 2 2

d y y y y
c

V dy y dy y y dy

5 4 6 3 5 22 5 53 2 45 5 16 64 40 160
4 8 32 4 24 24 160 4 24 24 1600 0

2 2 2 4y y y y yy y y dy

 29. (a) About -axis:x shell shell
radius height2

d
c

V dy

1 1 3/2 2
0 0

2 2y y y dy y y dy

15/2 3 22 1 2 1
5 3 5 3 150

2 2y y

About -axis:y shell shell
radius height2

b
a

V dx

1 12 2 3
0 0

2 2x x x dx x x dx

3 4 1
1 1

3 4 3 4 60
2 2x x

  (b) About -axis:x  ( )R x x  and 
12 22 2 4
0

( ) ( ) ( )
b
a

r x x V R x r x dx x x dx

3 5 1
21 1

3 5 3 5 150
x x

About -axis:y ( )R y y  and 
12 2 2
0

( ) ( ) ( )
d
c

r y y V R y r y dy y y dy

2 3 1
1 1

2 3 2 3 6
0

y y

 30. (a) 
242 2 2

20
( ) ( ) 2

b x
a

V R x r x dx x dx

3 44 2 23
4 40 0

2 4 4xx x dx x x

16 16 16 16
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  (b) 
24 4 4shell shell

radius height 2 2 20 0 0
2 2 2 2 2 2 2

b x x x
a

V dx x x dx x dx x dx

3 42 64 32
6 6 30

2 2 16xx

  (c) 
24 4 4shell shell

radius height 2 2 20 0 0
2 2 (4 ) 2 2 (4 ) 2 2 8 4

b x x x
a

V dx x x dx x dx x dx

3 42 64 64
6 6 30

2 8 2 2 32 32xx x

  (d) 
224 42 2 2 2

2 40 0
( ) ( ) (8 ) 6 64 16 36 6

b x x
a

V R x r x dx x dx x x x dx

3 44 2 23
4 40 0

10 28 5 28 [16 (5) (16) (7) (16)] (3) (16) 48xx x dx x x

 31. (a) 
2shell shell

radius height 1
2 2 ( 1)

d
c

V dy y y dy

3 2 22 2
3 21 1

2 2 y yy y dy

8 4 1 1
3 2 3 22

7 51
3 2 3 32 2 (14 12 3)

  (b) 
3 22 2shell shell 2 2

radius height 31 1 1
2 2 (2 ) 2 2 2

b x
a

V dx x x dx x x dx x

8 12 8 3 1 41 4 2
3 3 3 3 3 3 32 4 1 2 2

  (c) 
2 2shell shell 210 20 16

radius height 3 3 31 1
2 2 (2 ) 2

b
a

V dx x x dx x x dx

22 320 8 40 32 8 20 8 31 1
3 3 3 3 3 3 3 3 3 31

2 2 2 2x x x

  (d) 
3 22 2 ( 1)shell shell 2 2

radius height 3 31 1 1
2 2 ( 1)( 1) 2 ( 1) 2

d y
c

V dy y y dy y

 32. (a) 
2shell shell 2

radius height 0
2 2 0

d
c

V dy y y dy

4 4
22 3 2

4 40 0
2 2 2 8yy dy

  (b) shell shell
radius height2

b
a

V dx

4 4 3/2
0 0

2 2 2 2x x dx x x dx

542 5/22 2 2
5 50

2 2 16x x

64 2 32
5 5 52 16 (80 64)

  (c) 
4 4shell shell 1/2 3/2

radius height 0 0
2 2 (4 ) 2 2 8 4 2

b
a

V dx x x dx x x x dx

43/2 2 5/28 64 64 2 2 2242
3 5 3 5 15 15 150

2 8 2 32 16 (240 320 192) (112)x x x x
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  (d) 
4 22 2shell shell 2 2 3 32

radius height 3 40 0 0
2 2 (2 ) 2 2 2

d y
c

V dy y y dy y y dy y

16 16 32 8
3 4 12 32 (4 3)

 33. (a) 
1shell shell 3

radius height 0
2 2

d
c

V dy y y y dy

3 5 11 2 4 41 1
3 5 3 5 150 0

2 2 2y yy y dy

  (b) 
1shell shell 3

radius height 0
2 2 (1 )

d
c

V dy y y y dy

2 3 4 5 11 2 3 4
2 3 4 50 0

2 2 y y y yy y y y dy

2 71 1 1 1
2 3 4 5 60 302 (30 20 15 12)

 34. (a) 
1shell shell 3

radius height 0
2 2 1

d
c

V dy y y y dy

2 3 5 11 2 4
2 3 50 0

2 2 y y yy y y dy

2 111 1 1
2 3 5 30 152 (15 10 6)

  (b) Use the washer method:  
21 12 2 2 3 2 6 4

0 0
( ) ( ) 1 1 2

d
c

V R y r y dy y y dy y y y dy

3 7 5 1
2 971 1 2

3 7 5 3 7 5 105 105
0

1 (105 35 15 42)y y yy

  (c) Use the washer method:  
2 21 12 2 3 3 3

0 0
( ) ( ) 1 0 1 2

d
c

V R y r y dy y y dy y y y y dy

3 7 4 5 11 22 6 3 4 2
3 7 2 50 0

1 2 2 2 y y y yy y y y y dy y y

1211 1 1 2
3 7 2 5 210 2101 1 (70 30 105 2 42)

  (d) 
1 1shell shell 3 3

radius height 0 0
2 2 (1 ) 1 2 (1 ) 1

d
c

V dy y y y dy y y y dy

3 4 5 11 13 2 4 2 3 4 2
3 4 50 0 0

2 1 2 1 2 2 y y yy y y y y dy y y y y dy y y

2 231 1 1
3 4 5 60 302 1 1 (20 15 12)
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 35. (a) 
1shell shell 2

radius height 0
2 2 8

d
c

V dy y y y dy

4 22 3/2 3 5/24 2
5 40 0

2 2 2 2 yy y dy y

5
4 34 2 2 2 4 2 4 4

5 4 5 42 2

8 8 24
5 5 52 4 1 (8 5)

  (b) 
2 3 4 44 4shell shell 3/2 5/22

radius height 8 8 5 320 0 0
2 2 2 2

b x x x
a

V dx x x dx x dx x

7 9 45 4 6 8 2 2 3 2 3 482 2 4 2 2
5 32 5 32 160 160 5 52 2 (32 20)

 36. (a) 
1shell shell 2

radius height 0
2 2 2

b
a

V dx x x x x dx

1 12 2 3
0 0

2 2x x x dx x x dx

3 4 1
1 1

3 4 3 4 60
2 2x x

  (b) 
1 1shell shell 2 2

radius height 0 0
2 2 1 2 2 1

b
a

V dx x x x x dx x x x dx

2 4 11 2 3 3 22 1 2 1
2 3 4 2 3 4 12 60 0

2 2 2 2 (6 8 3)x xx x x dx x

 37. (a) 
12 2 1/2
1/16

( ) ( ) 1
b
a

V R x r x dx x dx

11/2 1 1
4 161/16

2 (2 1) 2x x

7 9
16 161

  (b) 4

1shell shell 1 1
radius height 160

2 2
d
c y

V dy y dy

2 22 3 21
16 2 321 1

2 2y yy dy y

1 1 1 1
8 2 32 322 2

2 9(8 1)

 38. (a) 4

22 2 1 1
161

( ) ( )
d
c y

V R y r y dy dy

231 1 1 1 1
3 16 24 8 3 161

yy

11
48 48( 2 6 16 3)
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(b) 
2 11 1shell shell 1/2 3/21 2

radius height 3 21/4 1/4 1/4
2 2 1 2 2

b x
a x

V dx dx x x dx x

112 1 2 1 1 4 1 1
3 2 3 8 32 3 6 16 48 482 1 (4 16 48 8 3)

39. (a) Disk: 1 2V V V
1

1

2
1 1( )

b
a

V R x dx  and 2

2

2
2 2 ( )

b
a

V R x dx  with 2
1 3( ) xR x  and 2 ( ) ,R x x

1 1 2 22, 1; 0, 1a b a b  two integrals are required 
(b) Washer: 1 2V V V

1

1

2 2
1 1 1( ) ( )

b
a

V R x r x dx  with 2
1 3( ) xR x  and 1 1( ) 0; 2r x a  and 1 0;b

2

2

2 2
2 2 2( ) ( )

b
a

V R x r x dx  with 2
2 3( ) xR x  and 2 2( ) ; 0r x x a  and 2 1b

 two integrals are required 

(c) Shell: shell shell shell
radius height height2 2

d d
c c

V dy y dy  where shell height 2 2 23 2 2 2 ;y y y

0c  and 1.d  Only one integral is required. It is, therefore preferable to use the shell method. 
However, whichever method you use, you will get .V

 40. (a) Disk: 1 2 3V V V V
2( ) ,i

i

d
i ic

V R y dy 1, 2, 3i  with 1( ) 1R y  and 1 1 21, 1; ( )c d R y y  and 2 0c  and 2 1;d

1/4
3( ) ( )R y y  and 3 31, 0c d  three integrals are required

(b) Washer: 1 2V V V
2 2( ) ( ) ,i

i

d
i i ic

V R y r y dy 1, 2i  with 1 1 1( ) 1, ( ) , 0R y r y y c  and 1 1;d

2 ( ) 1,R y 1/4
2 ( ) ( ) ,r y y 2 1c  and 2 0d  two integrals are required 

(c) Shell: shell shell shell
radius height height2 2

b b
a a

V dx x dx , where shell height 2 4 2 4 ,x x x x  0a

and 1b  only one integral is required. It is, therefore preferable to use the shell method. 
However, whichever method you use, you will get 5

6 .V

 41. (a)
24 4 42 2 2 2 2 2

4 4 4
( ) ( ) 25 (3) 25 9 16

b
a

V R x r x dx x dx x dx x dx

43 64 64 2561
3 3 3 34

16 64 64x x

(b) Volume of sphere 3 5004
3 3(5)  Volume of portion removed 500 256 244

3 3 3

 42. 
1shell shell 2

radius height 1
2 2 sin 1 ;

b
a

V dx x x dx 2[ 1 2 ;u x du x dx

00
1 0, 1 ] sin cos ( 1 1) 2x u x u u du u


