CHAPTER 6 APPLICATIONS OF DEFINITE INTEGRALS

6.1 VOLUMES USING CROSS-SECTIONS
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1. Ax)= (diag(z)nal)2 _
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3. A(x) = (edge)? :[W-(-ﬁ)} :(2@)2 =4(1—x2); a=-1Lb=1;
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5. (a) STEP1) A(x)=L(side)-(side)-(sinZ) =1+ (2sinx ) (2+/sin x ) (sinZ) = /3 sin x
STEP2) a=0,b=r
STEP3) V = j:A(x) dx =J§Lfsin x dx = =3 cos x]g =B+ =243
(b) STEP 1) A(x) = (side)? = (2 sin x) (2 sin x) =4sin x
STEP2) a=0,b=1

STEP3) V = j:A(x) dx = j(f4 sin x dx =[~4cosx]] =8
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6. (a) STEP1) A(x)= w =%(secx—tanx)2 =%(se02 x+tan? x—2secxtanx)

= %[sec2 x+(5602 x—l) —2%}
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Chapter 6 Applications of Definite Integrals

STEP 1) A(x)= (edge)2 = (secx—tan )c)2 = (2sec2 x—1—2m)

COS2 X

N -z
STEP2) a=-Z b=1%

b / :
STEP 3) ¥ = [ 4(x) dv = _f_””;(Zsecz x—1—2ﬂ%)dx =2(23-Z)=43-2

Cos™ x

STEP 1) A(x) = (length)- (height) = (6 —3x)- (10) = 60 —30x
STEP2) a=0,b=2

b 2 2
STEP3) ¥ = [ A(x) dx = [ (60-30x)dx = [60x—15x2 ]o = (120-60)—0 = 60

20-2(6-3x)

STEP 1) A(x)=(length)-(height)=(6—3x)-( .

STEP2) a=0,b=2

):(6—3x)(4+3x) 24 +6x—9x°

b 2 2 2 L 37
STEP3) ¥ = | A(x)dx=j0(24+6x+9x )dx=[24x+3x “3x ]O:(48+12—24)—0=36
a

STEP 1) A(x) =L (base)- (height) = (vx =%} (6) = 6/x ~3x
STEP2) a=0,b=4

b 4 4
STEP3) ¥ = | A(x)dxzj.o(6x1/2—3x)dx=[4x3/2—%x2}0=(32—24)—0=8
a
2
. 2 _x 3212
STEP 1) A(x):%-ﬂ(%) :%.”(ﬁzzj :%.%:%(x_xm%g)

STEP2) a=0,b=4

b 4 4
STEP3) V = ja A(x) dx =%I (x—x3/2 +%x2)dx =[%x2 —2x52 4143 ]O =%(8—ﬂ+

0

2
_Z(d; 2 _ =& 2 _ _5xz .4,
A(y) = Z(dlameter) = Z(\/gy 0) = fy ;

d
c=O,d=2;V=jc A(y) dy

A() = Heg)ieg) = | i-57 - ~1-? )T -4(21-27)
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The slices perpendicular to the edge labeled 5 are triangles, and by similar triangles we have b_d—p- %b.

h 3
The equation of the line through (5, 0) and (0,4) is y = —%x +4, thus the length of the base = —%x +4 and

the height = 3(~4.x +4) =—-2x+3. Thus A(x) =1 (base)-(height) = %(—%x+4) -(—%x+3)

_ 6.2 12 _ b _5(6.2_ 12 23 6.2 S _
=522 12146 and V—jaA(x)dx—jO(Ex —?x+6)dx—[gx by +6x}0_(10—30+30)—0_10

The slices parallel to the base are squares. The cross section of the pyramid is a triangle, and by similar

. 2 d 5

triangles we have %=%:b =%h. Thus A(y) = (base)2 =(%y) =%y2 >V =L A(y) dy = Io%yzdy
5

133 215_0=

—[fy }0_15 0=15

(a) It follows from Cavalieri’s Principle that the volume of a column is the same as the volume of a right
prism with a square base of side length s and altitude 4. Thus,
STEP 1) A(x) = (sidelength)® = s%;
STEP2) a=0,b=h;
b h
STEP3) V= [’ A(x)dx = ['s* dx=s"h
a 0
(b) From Cavalieri’s Principle we conclude that the volume of the column is the same as the volume of the

prism described above, regardless of the number of turns = V' = s2h

1) The solid and the cone have the same altitude
of 12.
2) The cross sections of the solid are disks of

X

2

the cone at the origin of the coordinate system
and make its axis or symmetry coincide with
the x-axis then the cone’s cross sections will

diameter x —( ) = % If we place the vertex of

X

be circular disks of diameter i—(—l) =3

4 4
(see accompanying figure).

3) The solid and the cone have equal altitudes and
identical parallel cross sections. From
Cavalier’s Principle we conclude that the solid
and the cone have the same volume.

Rx)=y=1-£=V = joz;r[R(x)fdx - njoz(l—g)z dx = njj(l—“%) dx =7 [x—x?J,x_}

— _4,8)\_2x
_”(2 2+12) 3

2 2(3y)\2 2 2
ROV =r=F =7 = [Lalkof i =l (3] =l a[3°] -

-8=6r

Alw

R(y)=tan(%y);u=%y3du=%dy:4du=ﬂdy; y=0:u=0,y=13u=%;

V= j;ﬂ[R(y)]zdy = ﬂ.[;[tan (%y)]zdy = 4.[(;[/4 tan’ u du = 4.[(;[/4(—1 +sec? u) du = 4[—14 +tan u]g/4

= 4(-Z41-0)=4-7
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R(x)=sinxcosx; R(x)=0=>a =0 and b= % are the limits of integration;

? /2 12 (si 2
V= J.(;r ﬂ[R(X)]zdx = 71'.[(:[ (sin xcos x)2dx — ”J‘(:r (smfx)

dx; |:u=2x:du=2dx:%:%;

x=0:u=0,x=%:u=ﬂ] —>V=7rj.(;r%sin2udu =%[%—%sin2u}oﬁ =%[(%—0)_0J:”_2

Rx)=x> =V = j(fﬂ[R(x)]zdx

= ﬂjoz(x2 )2 dx = ﬁj()zx4dx = ﬁ[x?s}z =3ZT7I

Rx)=x> =V = _[0277[R(x)]2dx

2/ 3\2 2 77?
=7rj (x3) dx=7f.[ Sdx=g|L| =128z
0 0 7l 7

R =N9- =¥ = _337r[R(x)]2dx

=7 J'_33(9—x2) dx = 71'[9x—x—33}:

= 2;{9(3)—2—37] =2.1-18 =36n

R(x)= x—x> =V = J.;;z'[R(x)]zdx
= ﬂj;(x—xz)zdx =ﬂ_[;(x2 —2x° +x4) dx
=%(10—15+6)=3—’6 -

R(x) =Joosx =V = j(;” 2 2[R dx

= ﬂj.(;r/z cos x dx = 7 [sin x]g/2 =r1(1-0)=nx
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R(x) = secx =V = j_”“ 7 [RG) P

=2 sec? xdv=r [tanx]"/}, = all~(-1)] = Do Iyﬁ

R(x)=e* =V = I;H[R(x)]z de=x| ; (€) dx

1

1 _ _
=7TJ- ey =—Z e
0 2

_1(1_¢) _a@-h
2 & 262

—_Z (o2 _
O_ 2(8 1)

/2
Cosx
/6 sinx dx = ﬂ[ln(s1nx)],[/6

R(x)=A+/cotx =V = J- 7[R(x)] dx 71'_[ (x/cotx)2 dx = 71'_[://62 cotxdx=nm

= ﬂ(lnl—lni) =7zln2

R(x)zﬁ:w AR Pdx = xf z Y L [lnx]?/4=%(]n4—ln%)=%]n4

dx =
1/4 1/4( 2x ) 1/4 x

Rx)=e"'=V = jn[R(x)] dx = nj (") dx = nj P P = L[ =L (et - 1)~ 84.19

R(x)=~/2 —secxtanx =V = J-(;[Mﬂ' [R(x)]2 dx
= ﬂJ-(;[M(\/E—secxtan x)zdx
= ﬂ'J-(;[M(Z —2\/§secxtanx+sec2 xtan? x) dx

/4 /4
:ﬂU-O 2dx—2\/§_[0 sec x tan x dx
/4 2 2
+-[0 (tan x)“ sec” x dx
/4
—72'[[2 ]”/4—2\/_[secx]”/4 [tan x} ]
0

- ﬂ[(%—O)—Z\E(\E—I)+%(l3 —0)]
“r(5e22-5)
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30. R(x)=2-2sinx=2(1-sinx) =7 =" 7[R
=ﬂJ-”/24(1—sinx)2dx=4ﬂj(;r/2(1+sin2x—2sinx)dx
j [1+ L(1—cos2x)— 2smx]dx
j (— O82x _Dsinx)
= 4r[3x SmZX+2cosx]Z/2
[

= 4z((32-0+0) (0—0+2)} )

31. R(y) =\/§y2 =V =ji1ﬂ[R(y)]2 dy =ﬂji15y4 dy

=[] =li--1=

2 2
2. Ry =y =V =[ 7[RO)dy =7, ydy

2
4
= 7Z'|:yT:| =4r

—

33. R(y):,/zsinzy:V:j”/27r[R(y)]2dy .

x= .[2sin2y

= ﬂ_[ 2sin2y dy = 7r[—cos2y]”/2

= 7ll-(-1)] =27

34, R(y)=yfcos L =V = _[_0277[R(y)]2dy

=z ﬁzcos( )dy 4[s1n ]02 =4[0—(-1)]=4

35. R(y)—y+1:V jn[R(y)] dy = 4ﬂj zdy

—4r [—ﬁ]o yy [—% —(—1)] =3
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1
RO)= |25 =7 =[ 2[R0y

1 2\ 72 2
=7r.|.02y(y +1) dy; [u=y  +1=>du=2ydy;
y=0=u=Ly=1=u=2]

>V = ﬂ.[lzu_zdu = 7Z'|:—%:|12 = ﬁ[—%—(—l)] —Z

For the sketch given, a = —%, b= %; R(x)=1,r(x)=Afcosx; V = j:ﬂ'([R(x)]z _[r(x)]z) dx

= j_jifzﬂ(l —cosx) dx = ZﬁJ(;r/z (1-cosx) dx =27 [x —sin x]g/2 = 272'(%—1) =1’ -2r

d
For the sketch given, ¢ =0,d =Z; R(y) =1, 7(y) = tan y; ¥ = | ;z([R(y)]2 -[r»F ) dy

2

:ﬂJ'(;f/4(1_tan2y)dy:”J'(;f/ (2 sec y)dy w2y - tany]”/4—ﬂ(%—1):”7_ﬂ

r(x) = xand R(x) = 1= V = J.;zz'([R(x)F [T ) ax

:J.;ﬂ(l—xz)dx :ﬂ[x-ﬂ; =7r[(1—§)—0] -2z

r(x)=2Jx and R(x) =2 =7V = j ;n([ R _[r(x)]z) dx

- ﬂj;(4—4x) dx = 47r[x—§]:) =4z(1-1)=27

#(x)=x>+1and R(x)=x+3

= = [ 7([R@P -[r] ) ax

:ﬁ.l._zl[(x+3)2—(x2+l)2}dx

—7r.|. [x +6x+9 x +2x +1)}d
HES

5 6 2 2
—x"—x +6x+8)dx ﬂ[—x——— - +8x]
-1

53
= ﬂ[(—%—§+2—2“+16)—(%+%+%—8)]
3

= r(-8-3+28-3+48) = 7 (2302 - LIz
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42. r(x)=2-xand R(x)=4—x?

= = [ #([R] ~[r] | v
:ﬂj'z[(4—x2)2—(2—x)2}dx
~ [’ [(16 8% ) - (4—4x+x2ﬂdx

—nj (12+4x 9x2 +x )dx ﬂ[12x+2x —3x3 +5T

y=&—k&

:ﬂ[(24+8—24+%) (- 12+2+3—l)} 7(15+33) = 108z

43. r(x)=secxand R(x) = 2

>0 = J.”/4 77([R(x)]2 —[r(x)]z) dx

T

=ﬂ_”/4(2 sec x)dx m|2x- tanx]

= ﬂli(i—l)—(—7+1):| = 2(r-2)

44. R(x)=secxand r(x)=tanx =V = J;ﬂ([R(x)]z _[r(x)]2 ) dx

= ﬂ.[;(secz x —tan? x) dx:ﬂjgldx:ﬁ[x]é =r

45. r(y)=land R(y)=1+y=V = .[;ﬂ([R(y)]z —[r(y)]z)dy

:ﬂ.[;[(l+y)2—l]dy:ﬂ.[;(l+2y+y2—1) dy

abfarert)arenl x| orfivd) -

46. R(y)=land r(y)=1-y=V =j;;r([R(y)]2 —[r(y)]z) dy

= 7TJ.;|:1—(1—y)2j| dy:ﬁj;[l—(l—2y+y2)} dy
1

ooy =a 25| n )
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R =2and r() =y =¥ = [ 7([ROF ~[-0)F | @y

4
2
= ﬂ.[(j(4—y) dy :ﬂ[4y—y7} =7(16-8)=8r
0

R(y) =3 and r(y) =3- )
=v=[x ([RO)F [T | v

= ﬂ.[(;/g[3—(3—y2)] dy =7r.|.(;/§y2 dy =7r[y?3]/§ =3

0

R(y)=2andr(y) :1+\/; =V :J‘;;r([R(y)]2 —[r(y)]z) dy
= ﬂj;':4—(1+\/;)2:| dy=r[(4-1-2{y~»)dy

= ﬂ.[;(3—2\/;—y) dy =7r[3y—%y3/2 —%L

= ﬂ(3_%_%) :ﬂ(18—8—3) :7?”

R)=2-3" and r(») =12 = [ 7([ROIF [0 )y )
=ﬂj'é[(2—y1/3)2—1}dy=ﬂ.|';(4—4y1/3+y2/3—1)dy d: %}e—x:’l
5/3 1
= ﬂ.[;(3—4y1/3 +y2/3)dy =7r[3y—3y4/3 +%L
cafs-se)t
(@) r(x)=+x and R(x) =2
>V = J';ﬂ([R(x)]2 —[r(x)]z)dx

4 2 4
= njo (4-x) dx:ﬂ[4x—7]0 = 1(16-8) =87

572
®) r0)=0and RO) =2 >V = [ 2([ROIT ~[r0)T | dv =, yay - ﬂ[ﬂo =31
(¢) r(x)=0and R(x)=2-Jx =V = j;n([R(x)]Z ~[r] ) dx = ﬂ'J.;(Z—\/;)zdx

ol (o=l vt ] o nfio- gt t) -
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(d)

52. (a)

(b)

53. (a)

(b)
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1) =4-y and R = 4=V = 7[R ~[r)] ) =7rj02[16—(4—)% )2} dy
=ﬂj02(16—16+8y2 —y“)dy:ﬂjj(syz —y4)dy=7r[8y3 —y—}z —r(G-2)= 2z
r(y)=0and R(y)=1-5

=V = [ 7([ROF -[0)F )

- ﬂj§(1—§)2dy :ﬁjj(1—y+y72) dy

22T 4., 8\_2x
=7\ Y=gt O:”(2_5+E)=T

r(y)=land R(y) = 2—%

- P o2
S P ]

r(@=0and R =122 = = [ 7([RGF [ ) s
= ﬂ'J'l (l—x2 )zdx = ﬂ_[_ll(l—sz +x4) dx

1
S D PSR Sl B (_; L)z (_15—10+3)=16_zr
ﬂ[x >t 5}_1 2w (=5 +75)=27( 55 15

oty -2-5 2 - of o< -
= ﬂJ'il(4—4x2 +x? —1) dx = ﬂji1(3—4x2 +x4) dx = 7Z'|:3x—%x3 +%T - 2,1-(3_i+
=22(45-20+3) =3z

F(x)=1+x> and R(x) =2 =V =ﬁlﬂ ([R(x)]2 _[r(x)]z) dx:zrj_ll[4-(1+)3 )2} dx

o] o2 <o et i

=3L(45-10-3) =&z
r(x)=0and R(x) = —%x+h
>V = J}fﬂ([R(x)]z —[r(x)]z) dx

=ﬂJ':(—%x+h) x—ﬂ'J‘ (h 2 _21 x+h2)d

b
_ g2 2 X _12(b_ _ zh’b
~7h [sz 2 +x]0 7 (B-b 1 b) = 2D





