Section 5.4 The Fundamental Theorem of Calculus 369

Sums of rectangles evaluated at midpoints can be represented and evaluated by this set of commands.

Clear[x, f,a, b, n]

{a, b}={0, n}; n =10; dx = (b—a)/n;

f = Sin[x]%;

xvals =Table[N[x], {x, a + dx/2, b—dx/2, dx}];
yvals = f/.x — xvals;
boxes = MapThread[Line[{ {#1, 0},{#1, #3},{#2, #3},{#2, 0}]&, {xvals,— dx/2, xvals + dx/2, yvals}];
Plot[f, {x, a, b} ,Epilog — boxes];
Sum([yvals[[i]] dx, {i, 1, Length[yvals]} ]//N

5.4

—

J-Ozx(x—3) dx =J'02(12 -3x)dx =[§_

THE FUNDAMENTAL THEOREM OF CALCULUS

@y
3

3¢
2

©_
3

307
2

3t

-1
2 3

LS HE )

|
2 Ill(x2—2x+3)dx=["?3-xz+3x] '=(£'3’—3-(1)2+3(1)] (ii-( D +3(- 1)J=23,
= -1
3 1 T 1 1 1 124
3. dx =— = - =]l-——==_
Jﬁz (x+3)* (x+3)3:,_2 ((5)3 ((I)SD 125 125
1
L 299 _ﬂ 300 _ 1300
& I—lx e 300}1 300((]) ) 300(] D
4 3 A1 4 4
5. 3x2——x—-]dx= P=E (43 ..y (13-1—} :[64-16—1+iJ=1§
; 4 16 16 16 16) 16
3 4 )
6. I_z(x3—2x+3)dx=[x7—x2+3x}
1
[ des? 2* )| -8L,6-105
-(7—3 +3(3)] [ ~(-2)2 +3( z)J- +6=12
1 2 sl o 2\ =
7. [ (32 +x) = [ 2y ] =(+2)-0=1
8 | ]32x*6’5dx=[—5x“’5fz =(-%)--5=3

9. j 2sec’x dv =[2 tan x]7"2 = (zm(%)] ~(2tan 0)=243-0=23



370 Chapter 5 Integration

10. J.;(I+cosx)a!x=[x+sinx]g =(r+sinx)—(0+sin0) = 7

11. J-:;Tcscé' cotd d@ =[-csc 6]3,%4 = (—csc(%’-’—))—(—csc(%)) = -\E—(—\E) =0

x/3 . x/3
1. J 4 smzu = 4 :| [ 4 4 _
0 cos“u cosu [q (1/2) 1

13, J’:ﬂ”c—gmdr IOQ(% Leos2r) dt = I:%r+%sin2t]i/2=(%(0)+%sin2(0))—(%(-’21)+-}Tsin2(-’25)]=—7’45

13
14. J- _”m,} sin?tdt Use the double angle formula cos2r =1-2sin?¢ which implies that sin’ =

3 i3 q_ . n/3
J-.w sinzrdt=J. 1 cosZ:dt= i_str
-x/3 -3 2 2 4

()

15. j;mtanzxdx:j (sec? x—1) dx =[tan x - xJf/* = (tan( ) )—(tan(O)—0)=1—-‘}

1-cos(2t)
S TR

16 16 /6
16. J'x (sc:c:Jc-&~tanx)zdx=.|'Jr (sec2x+256cxtanx+tanzx)dx=J: (25ec2x+25ecxtanx—1)dx

=[2tanx+2secx — x]”"(’(Ztan( )+2sec( ) ( ))-—(2tan0+256c0-—0)=2\/§—{£-—2
17. I:m sin2x dx = [-—%cos 2x:|:;!8 = (—%cos 2 (%))—(———cos 2(0)] Z_J_

-r/4

18. J'_”/ (4sec t+Z )dr—_l' ’{{4sec r+zrr‘2)dr |:4ta.nr—-] /4

—-n/3

=(4mn(—§)— (_%)]—[4&111(%)—(_4{)-) = (4(-1)+4)—(4(—\/§)+3) =4\3-3

19. J'l-l(r+1)2dr—j (2 +2r +1) dr = [JHZH]I [( Pt i UJ ( +12+1]=_§

J
20. J’:’rji(:n)(zh:t)d:yjqr B+ +4t+4) dr = [ +L4 +4:L3E

[(I) ( 3)3+2(\/')2+4~/'] (ﬂ (—f) +2—3)? +4(=3) |=1043
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0 1 _ 1 x-1
34, I—l” dx—m-;'ﬂ

1 2
35. | xe* ax =%e"

6. [ rde= L] = 1n27 ~4an0? = Ln2y?

37. do= [ x(+x3) 2 ax =1+ x%| =26-+5

L= s =

38. J':Bsmzxcosxctr I (sinx)? cos xdx = l(smx)l =—sm3(§)--sm (0)= —-"B:
39. (a) ffcosrdt=[sinr]g§ =sin x—sinOzsinﬁ:%(Iﬁcosrdt]

= %(sin-\/;) = cos-./;(%x'l"z]=%—‘£

24x

(b) %[J’fcos t dt} = (cos\/;_c)(%(sf;)) = (cos«/;)(%x-llz) — i

40. (a) Lsmxy?- di =[P =sin’ x—1= %U:m:hz dt) = %(sinJ‘ x=1) =3sin’® x cos x

(b) %(J.SInx3f2de (3sin? x)(%(sinx)) =3sin? xcosx

4. @ J‘ = .[ V2 gy = [z 3:’2]0 22026 = %U J_duj (3 6)2415

(b) %[j(;d\/;du} F(%(r4))=r2(4r3)=4r5

42. (a) L]mgsec y dy =[tan y]§"¢ = tan (tan ) -0 = tan (tan 6) = %U{;ﬂngsecz ¥ dy]
=< (tan(tan §)) = (sec” (tan 8))sec® 9
(b) gg(j' (;anesecz y dy} = (sec? (tan 6))( 2 (tan 8)) = (sec? (tan 6))sec? 6

3 3

x - ¥
eldt=—¢"
0

43. (a)

(=1

3 3 3
=—eF +1 %Ug e"er = -i'—x(—e"‘ +1) = 3;:2@'"3

3
(b) %(Ig e"’dt] =g® -%(xj) =32
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Jt
= . —1 _ 1,512 . -]
(a) -[0 £ ]dx—s+3sm x0 ==t +3sin \/;
J'
d _d15!2 -1 _1 5,32 3 1 1,3/2 3
= = === = —_———— = -
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(b) dljo ( 4 +7ﬁ) ar (J_) t +7: 2\}?—2: -i—2 —

[ 2 dy _ 2
y—J'O 1+¢ dr:>7‘&-— 1+x

y= IJ.sthdr——J' sin#? dr=> (Sll‘l(\/_)z)(dx(\/_))=—(smx)(%x"“2)=—5inx

Zs_j.t
y:xszsinr3dt =L _y.d J'xzs'm:?'dt +1-Ixzsint3dr=x-sin (x2)3i(x2)+szsint3dt
2 dx dr| J2 2 dx 2
2 6, (% 3
=2x"sinx +_[2 sint’dt

—[* A E ot L A
r= Il! -[3 dt dxhx+4 x2+4_0
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sin
X _a cosx _ cosx

ay 1 ( ) :
<dsZ=_"_JJ1 = Z
P ik 4 (sinx) ﬁ(cos x)= e s I'since |x| < z

e e R
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1
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—-x2-2x=0:>—x(x+2) =0=>x=00rx=-2;

Area= —j_'j (=x% =2x)dx + j fz (=x? = 2x)dx

3x2-3=0=x% =l=>x=4%1;
because of symmetry about the y-axis,

Area = 2(— [ ;(3);2 ~3)dx + Lz (%2 —3)dx]
2(—[x3 = 3x]h +[ —3x]12)

=2[~((1* =3(1)) - (0* =3(0)) + ((2* - 3(2) - (1® -3(1))]
=2(6)=12

2 =322 +2x=0> x(x* =3x+2) =0
= x(x-2)(x-1)=0=>x=0,1,0r 2;

1 2
Area= L} (x3 =38 5 2x)dx — L (x3 -3x2 4 2x)dx

1 2
B 2 N 2 [ B Y LT v N ) A B
~[4x+x]0 [4x+x:|l—(4l+])(40+0)

—[(%-23 +22)—(%-13 +12)]=%

1/3

/3

orl=x*? = x=0or1=x2 = x=0o0r x=1%I;

Area == (% ) de+ [ 20 =) e[ - 3) i

o4 o] for ]
_ _[(%(0)4/3 _%)_(%(_1)4/3 _#)]
2]

x —x=0=»x”3(l—x2/3)=0:x”3 =0 orl=-x*?=0=>x=0
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The area of the rectangle bounded by the lines ¥=2,y=0,x=n, and x = 0 is 2. The area under the curve
y=1+cosxon[0, 7] is _[0” (1+cosx) dx =[x +sinx]§ = (x +sinz)—(0+sin0) = 7. Therefore the area of the

shaded region is 27r — 7 = 7.

The area of the rectangle bounded by the lines by the lincsx:ig—,x=5?”,y=sin%=%=sm5?", and y=0is
1(5z_x\_=x o z 5. 376 _To Si6
2( 2 6)“ 3'.The area under the curvey—smxon[s, 2 ]ts J'Mﬁ sin xdx = [—cosx];7¢

5

= (—cos ?”) -(—cos %) == -(—%) +—"2i = /3. Therefore the area of the shaded region is /3 —%.

On [—%, 0] : The area of the rectangle bounded by the lines y = /2, y=0,0 =0, and 6 = -Lis ﬁ(%)

A

i 0 0
= -4—"6. The area between the curve y =secftanf and y=0is -I_”Msecﬂtan 0dd =[-seco]__,

=(=sec0) —(—sec (-—%)) =+/2 - 1. Therefore the area of the shaded region on [-—f—, 0] is % +(v2-1).
On [0, %:I : The area of the rectangle bounded by 8 = f-, 8=0,y=42,and y=0is ﬁ(%) = ”4—‘5. The area

/4

/4
under the curve y =secAtané is J‘: sec6tan 6d6 =sec 0]0

= sec—‘}—sec() =2 =1. Therefore the area of

the shaded region on JjO, {41] is ”—‘4@—(\5 =1). Thus, the area of the total shaded region is
(”_442+~E-1)+(’;—V’5—J§+1) =xf2
The area of the rectangle bounded by the lines y =2, y =0, = -—%, ands=1is 2(1 —(—-:—)) =2 +%. The area

.0
under the curve y =sec® ¢ on [-—%, 0] is _[_x /4 sec? tdi = [tan t](_}}r /4 = tan 0- tan(—%) =1. The area under the

1 1
curve y =1-¢* on [0,1]is J'O(l—fz)dr=[r—§] =(1-%)—(0—9;-)=%. Thus, the total area under the curves
0

i,

on|—Z,1|is 1+2 =3 Therefore the area of the shaded region is {2+ Z) -3 =
4 373 2)73
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1
3
y= I:% dt—3:>%=;l_- and y(ﬂ'):_l':%dt—3 =0-3=-3= (d) is a solution to this problem.

' -1 , , ;
y=J:SCCIdt+4:>%—=secxand Y(_1)=I_1 sectdf+4=0+4=4=> (c)is a solution to this problem.

0
y= I;sec tdt+4 = % =secx and y(0) =I0 sectdf+4=0+4=4=> (b)is a solution to this problem.

1
y=jxldr-3:>%=% and y(1)=J'1%dl—3=0—3=—3:> (a) is a solution to this problem.

X X
y=jzsecldt+3 70. yz_[1 1+2dr-2
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