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Y

audfuisznisveansmuainniviysal n waznsiw SF(n, 1) laedl n iludrwiuiduil n = 3 970

n13AnwINUIINIMUaINIuTyTel n Jaudfuiedsents Ae 91UUAEANINNALYINAY 2n 90
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wenNUUEAUATISEIsamveunvesduIuelasInfnveanswl SF(n, 1) 18

Abstract

Achromatic number of a graph G is the largest number of colors that can be assigned to
each vertices of the graph G such that adjacent vertices are assigned different colors and any two
different colors are assigned to some pair of adjacent vertices. In this independent study, we study
the concepts and definitions including some properties of n —complete starfish graphs and
SF(n, 1) graphs when n is a natural number and n = 3. We found that every n —complete starfish

graph has some properties that the number of its vertices is 2n and the number of its edges is
n(n+1)

, and the achromatic number of n —complete starfish graphs is n + 1. Additionally, we

could find the bounds of the achromatic numbers of SF(n, 1) graphs.
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unil 1
unu (Introduction)

NI MUY TIATUNNHANUANLAYDY 1noeusIin poslaas N1eleve Solutio problematis

1Y

and geometriam situs pertinentis 1wl a.¢. 1736 (w.a. 2279) w3ensanduluuiy Jymasniuiuia
wiisiileslatindidsn (Seven Bridges of Konigsberg) 1u1aulaisfiavdnuasniuns 7 uwinstl Ingdnuus
azaznIwieasLigvitundInduandgasudu nasuiddodndunuwumeneladyunsnly

=

a J [ a 14 a o =Y = [y
LIUIAEUR ﬂﬁ']')ﬂ@L‘LJu@’]umﬁuTLﬁ]LQW’WIﬂi\‘iﬁi’N“UENEULi‘?J’]ﬂiL!G]‘I/IIlI?JUﬂU“ZJ‘L!’]@ eYY ‘Vii@ﬂ'ﬁ'?l@ﬂ@‘] 31U

v
o

S e v A P A v 1 ! a a
Fudrgtdalananinnuieitasegdndassninmguinsmuasenalad [7]

Aoulul A.e. 1852 (W.A. 2395) Wsuda nns3 lansleyvndd (Four color problem) liofnw
=3 = P Py oA Yo | i = =~ % |
ternudululanaglodinies 4 @ Wessuelvnuusemang § vuunuile 9 lneussmaiioutiuagl
gnssvemediediu JymilagnAnwidnuinnit 100 Yaawn Tl a.e. 1976 (w.A. 2519) 1ag 1AWLUS

¢ | @ ) v a ¢ v a ¢ = o Yo a ea ¢ 1
wauwa uazgania anau saen1sldneuiunesitntiglunsiigal Favihlnldsunisininyianselegns
v 1 (=3 v dtﬂy o Y ¥ a a ‘ﬂy
n11997719 eglsiauainaunesnlunswitdyn 4 @1 ilalinsasisuuifauasdeunugiuly
P £ ' ' PR a v = a Aal A
VQUANIMTUDENUINUIY UB1RIENEIINgRENAUTRIguinsviinanTymddties [3] wazlul
A.A. 1967 (w.A. 2510) Iuruslasuinlagnienuduasausn ne Frank Harary, Stephen Hedetniemi

way Geert Prins [2]

MnNsAnwAssARndesiunquinsmizessiuiuelasndnueansm §Anwinuidiuau
olasundndmiunsmila q Gelilamnsomls Salifaulafnunismduiuelasninvesnsimuiansm
W nymduldififiveuwnd i (bounded degree trees graph) n31wilade (book graph) n3mlgnnu
(tadpole graph) n3 1 lewaeyy (spider graph) N334 (wheel graph) n31iWsuAIn (friendship
graph) N3 @1é¥ (half graph) waznsasadwen (lollipop graph) [2]

Turudunidaszatiuilffuaiiaulafnuuuelasninvonameinduidildddinw fe
nsmUa1nnusysal n wagns il SF(n, 1)
ingUszasd (Objectives)

1. WefnwumnAauazunisuvemauingw Sesdmouelasuiin

2. [NaMINUIUD LASLIANYDINTINTUAB V1NN
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AnwwuiAnuarunienuvemgunivl Sesduiuelasundn wasfinyieiiuituiuelasunbn

289N INTUABIVINTIN

AFN1FANRUNNSANEN
¢ PR o ) =~
1. Anwnenansiieddesiunguiniv
2. AnwAeINULLIAALAE UNTNND93UIUBLASUIRNYRINT N WSauMIBg19UTENaU
3. Anwiandfu1auszn1sveIns v 1y 91uIugagen IUIEUTeN I1WIUBlATUNANYBINT I
NIDUNIUARINT NI

4. Javiguial NFoUNTIRTIRERUAINNYNADY

Usglgaunaininaslasy
1. n91udamnAnkazundenuveangufnsn 3essiuiuelasufn

2. NIV UIUBLATUIRNVDINI VLT ILABIUIINT N



UNN 2

F24
v

AU3 WU (Preliminaries)

unfiey 2.1 [4] n5 (@ufien) G (simple graph G) Usznousiewn 2 wade V(G) waz E(G) e
V(6) Wuwadrindliidueninaas E(G) Wuwnveaglidusiu (unordered pairs) ve3au13nes
V(G) wunaun@inues V(G) 31 3a8an (vertices) wagh3unaun¥nves E(G) 1 st ou (edges)
pudydnvallnunim G oe G(V, E)

i e \dududenlunsm G uds e Wouldlugy e = {u, v} dwSvursandnu waz v Mdu
andnves V(G) waraziSen u uag v 1nentasvenduidon e Wilomuazmnazunududon
e = {u, v} $e uv Inefiidudon wv wavduidon vu nefuduientu
unilenw 2.2 [4] 1 uv Hududonlunssl G azndnin 9agen u uazgasen v ANNSENU (incident)
fuldudon uv wasduden uv AnnsgnuiUIALen U LAYIALER v
unienn 2.3 [4] ligawen u wazqauen v ugasanlunsiil G 9zna1i19nuendodyn Uszla
(adjacent) fu §19nsoansaeniugnseavasvendudonduiondy luhusufsatuagnarnin
dudeumendulsrdniu ddudeuiiaoaduigasonamesmiunign
unileny 2.4 [4] A3 (degree) ¥09ALEA ¥ NUEAS ﬁi”mauLé’uﬁmﬂﬂswuﬁ’U@mﬂam v L YULNUAIY

o % L3

dydnwal deg(v) 9vi5unqnuen v 31 9ABang (even vertex) 61 deg(v) \Uuduiug uazasisenyn

o

gan v 31 3neand (odd vertex) a1 deg(v) {Wudwua

9

'
aaa

unileu 2.5 [7] dmsugageniiiiing 1 9si3eni1 yaeanwuwaud (pendant vertex) wagtduauinn

[ ¢ = 1 173 o (3
NIENUNUIALDALNULAUA t38NT LHULYBULWULAUA (pendent edge)

A9819 2.1 T G Junsmiuszneumenvasgaeen V(G) = {w, x, y, z} wazignvasduiday

E(G) = {wy, xy, xz, yz} awasniadoumuninwunsi G ladagy

w P X




TngfigaveausunmAeaundnues V(G) uaziduresununmaemndnues E(G) tuaod
uveE (G) udaganiduilionssninegnuen u kagneen v

1A 2.1 aznantain

-9ALen X Wazgauen y annsnuiududen xy

“duTon wy annTEMUUIALen w Laz9nEen ¥

een z UssTANUInLen x wae y

(Fudeun zx Usedatududen xy uas zy

QAN W, x, y kaE Zz UI1UIUANTVIIAY 1, 2, 3 uag 2 A1ua1au vioslouuansbulis
foanwallain deg(w) = 1, deg(x) = 2, deg(y) = 3uay deg(z) = 2

910 deg(w) = 1lagunileonn 2.5 azi3onqaeen w 31 IaoeamuuALd wazSoniduien wy
11 i dosmuLAue #

v

unileny 2.6 [1] wwadu (walk) Tunsm Aedduaduredgngonuazdulton FuSUAULAAUEAMIEYn

[y o w

Tnefldudonusaziduazannsznuiiugneentountnuas gneennundsiogdniulud iy

undenu 2.7 [1] az3ennswl G 1Ty nsmiidaules (connected graph) fﬁ‘nﬂ 9 aaafqmﬁum@mﬁ’ﬂu
G wuAuTEnINeiY

unilenu 2.8 [2] n5mlIgans (cycles) Aonsiviiiionles FsUszneusnegnsen n 9a lagfl n = 3 uaz

Wueu n 1w lnsusiazngendzlinnIminduass wnunsmliginsii n yaven me C,

faag1e 2.2 i G Wunsminuszneumemnuesgeeen V(G) = {a, b, ¢, d, e, f} wazignvaudu
Wou E(G) = {ab, bc,cd, de, ef, fa} anunsalguwinunmununsm G lansgy

a b



'
=Y

103U nanlaan nsw G Wunsmigdng ilesinnsv 6 WUunsdeulesiinnassgad

a

waneinefiuly G Tuuaiuseninaiu uagynaneniansviivass ununsml G Mo Cq

B9 Co UINUIUALOAVAVILARD 6 0 UATHTIUIUFUIDUNINUARD 6 1Y #

unileny 2.9 [4] wTennTTuAeINUsENouI8n8ATIUIU n A ULaznAveIYaUsEI Ay

[

91 nIUUUUIYsal (complete graph) Wenunumedydnual K,

o

a cala 1
HAULIAP) ﬂ’i’W\lLLUUUiUﬂﬁﬂJV]NQﬂS@WVIQMN@ n q]ﬂ ﬁ]%ii?\]’lu’mLﬂUL“UE]iJﬁ]’]u’Ju (le ) au

aa9814 2.3 1i ¢ \Junsfivszneudiownvesgeean V(G) = {w,x,y,z} wazigavesdud oy

E(G) = {wx,wy,wz, xy, Xz, yz} aanunsalfguununmununsv G lasesy
Y

w X
z y
G
n3U Naaled
-5l G Wunsmiudysal ATTwaugaeendiuil 4 90 iseunumedydnval K, #

unilgna 2.10 n5IMYaIA13UIYIAl n (n — complete starfish graph) AN MNLANIINNITTRULA

LYY

a¥3PYAYBINTINKUUUITYTAL K, NUIAZOANULAUG 91U n A Aidudaumulaudiaude iy

° Y] a a ¢ Y v o ¢ 44' 2 o o A
UIU N LdU LLaSa']lI'ﬁﬂLGUEJULLWUﬂT]WUa']ﬂTJUTlﬁJﬁm n MY AN B KnGKl W9 n LlWUUIUUUN

n=3

a 4 a o T W a o n(n+1) £
wanewe NSIUaInIUTYsal n I91UIUREAWINAY 2n 9Auazild smnududouiamady G
Aaag19 2.4 i G Wunsminuszneumeimnvesgeeen V(G) = {a, b, ¢, d, e, f, uy, Uy, Us, Uy,
Us, Ug} Hazlwnvasduon E(G) = {ab, ac, ad, ae, af, bc, bd, be, bf, cd, ce, de, df,

ef, auy, buy, cus, duy, eus, fug } @31FOTHULHUNMUIUNTIN G Ladegy



Ug us

us

Uy
G

93U nanled nsnl G Wunsmdainniusysal 6 1o991nn5 W G 1Anansidouusiaz
9M89ATBINTIMUUUUIY T Ky AUgaoanmulausd moiduld sumuuaudfiaudsdy s1uiu 6 1y
Taganansndeuununsmivaamiuiysel 6 fedydnval K,OK, daisuiugasen 12 90 uaziidiuauy
udon 21 1&u #
unitlgny 2.11 [4] n59 SF(n, 1) ﬁaﬂﬁ’]WﬁLﬁmmm']sL%auLwiazqmaamamswwffg%’ﬂs Cn NUYAYENA
ILALA SU 1 90 dheidudenmunaudamteiu S1uu n 1du e n Hudwuiuii n > 3

wBe N5 SF(n, 1) f5miugaeeawiniu 2n gauasdisiuududounumdu 2n

faag1e 2.5 T G Wunsmnvszneumemnvesgaeen V(G) = {a, b, ¢, d, uy, Uy, Uz, Uy} HAZITAVOY
Wuiteu E(G) = {ab, auy, b, buy, cd, cus, da, du,} awansnsadguwuninwunsiv G ladegy

® Uy

uz

Uy d

Uz

N3 NaIled

-9 G Wunsw SF(4, 1) Piidnugeeendiuiy 8 90 wazdwiududend iy 8 1du  #



unileny 2.12 [4] nrslvdqgaeen k § (k - vertex coloring) ¥eans 19 vianeds N1sivued k @liduge
ganveInImilauneanussdafudesldanseiu

eme NM3idgaeen k dveinsm ¢ anunsaeuluguvesilandumis 1V (6) - {1,2, .., k} ne?
fw) # f(w), YuveE(G)
wagdWIutu 1, 2, ..., k wnudneneiu Benileddu £ dnduiladdunishidqesen k & (k - vertex

coloring function) #azd1ns M G AfsAtunsiidgaeen k & 93na1331051 G T uaunsalunis

a

syuedaneen k & (k - colorable)

q

Y

Yadune k < |V (G)|

A20819 2.6 19 G 1 Juns il Usznaudiswnassgnean V(G) = {a, b, c} uazignvoduiiion

E(G) = {ab, ac, bc} wanansoidguuunmununsn G lagsgy
a

1

Al f:{a, b, c} - {1, 2}
Wedi f(@) =1, F(B) = 1Luaz f(c) = 2
szl £ liduilsidunslideeen 2 & vosnsml G

\iosan ab € E(G) waz f(a) = f(b) #

Al g: {a, b, ¢} - {1, 2, 3}
efi g(a) = 1, g(b) = 2 wav g(c) = 3
awlann g WuilsndunisTvdqaeen 3 & veensv G

Aadu N3 G deawanunsalunislvidyeeen 3 & #



undlena 2.13 [8] nsszunedauysal k @ (complete k — coloring) Aa n15lidgaven k & asuugn
gonvoensl Ingfidmiuaesdisnatu i way j 1o q iy 2 aiusednfuluns il Tasfigandeszune
3 i warBnqanileszuned |

vanewn lunisssunedauysal k #vdunsil 6 nswifananegdediidudenataion (X) 1 wied

[ a IS

nAvesdasiiyniivsedndugnszsuigansduuls wagldunnduin i1 ('2‘) > |E(G)| wdnsl G ludl
AsansatuMsssuedauysal k dla
Wy 1519 G T wududensintu 7 @ uae () = 10

dedunsl G ldfimruanansalunisseviedanysel 5 8ld ewn (3) =10 > 7 = |E(6))|

Aa9819 2.7 i G WJunsfivsznaumisignvesyneen V(G) = {a, b, ¢, d, e} uazinvasduion

E(G) = {ab,ac, bd, de, ea, eb, ec} a@TATLUUHUAINLAUNTIN G lé’é’fﬂ'gﬂ

d

Amuali f:{a, b, c, d, e} - {1, 2, 3}
Wedl f@) =1, F(B) =2, f(c) =2, f(d) =1uaz fe) =3

awlaan £ uilsidunislvdqeeen 3 & vesnsm G

'
v A [y

Wuhe N3 G Aauanunsatunisivdneen 3 & wasynevesdndniuazgnsvungliiuge 2
dl a o
nUseaaniulunsvl

Aty N9 G Ianuanunsalunisssuiedauysel 3 Al #



A9819 2.8 I G WJunsfivsznaumsignvesyneen V(G) = {a, b, ¢, d, e} uazinvasduion
E(G) = {ac, ad, bd, be, ec} 2@ 3130 WYULNUNNLNUATIN G lﬁﬁagﬂ

a

G
nvuali g:{a, b, c, d, e} > {1, 2, 3, 4}
efi g(@) =1, g(b) =2, g(c) =3, g(d) =4uaz gle) = 1
wwldin g Wuilsidunislidqaeen 4 & veansn G
tufe nswl G Terwanunsalunislidqeeen 4 @
ilesan fusguesdiseiulailsignszuelifiugneeniiusyiatuvensm

Aty 3 G Lfianuanansalunisseuedauysal 4 dld #

unileny 2.14 [8] 31uauslasuninvaensi G (achromatic number of G) Fieduuliu k Nu1niign
Foiling G fenuannsalumsssunedauysal k dle lnglddydnualunuduwivelasindnveansm

G 78 P (G)

a19819 2.9 1 G Junsmiiusznaudiswnuasgneen V(G) = {w,x,y, z} wazlonvoauduid ou
E(G) = {wx,wy, wz, xy, yz, zx} iU 158U Mununs I G lagagy

w

</
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ety f:{w, x, y, z} - {1, 2, 3, 4}
Wefl Fw) =1, F(x) =2, f(y) =3 uae f(2) = 4
gl £ Juileidunislidqneen 4 & veansml G

Wuhe N5l G Ianwanunsalunisividqaeen 4 @

a

! aa (% IS a [ a ¥ a o !
N NnAveENieiuIziyneen 2 yriuselnduveinsmiignszuiedie 2 ddanana
O A = = 5% av oy
Hufie N3 G Hanwnsaszungdauysaliie 4 dla

_ _ (5

1N [E(G)] =6<10 = (3)
N v luuniley 2.14
HuRe N3l G lfiauannsalunisseunedauysal 5 dla

Ay N5l G T9uauelasundnuindu 4 (W(G) = 4) #

aq9819 2.10 T 6 \Junsmifivszneudienesyaeen V(G) = {a b, ¢, d, e} wazignvauduiiiay

E(G) = {ab, ac,bd, de, ea, eb, ec} aganunsailiguununnununsm G lassgy

G
nmvuali g:{a, b, c, d, e} > {1, 2, 3, 4}
el g(@) =1, g(b) =2, g(c) =3, g(d) = 3uaz gle) = 4
szl g Wuilsddunisliideeen 4 @ vosnsn G

upe N3l G Aenuanansalunislvidyeeen 4 &

'
a1 [y

N NNAVRIFNANTULIIRLRN 2 RNUTETATUVINTMAGNTEUILME 2 FRanand
Hufe N3l G Tanuanunsalunisssuedauysal 4 dla
_ _ (5
MM EG)| =7<10= )
9 visnewe Tuunileu 2.14
Wuhe N3l G ldanwnsasyuredauysalie 5 @l

Ay N5l G T9wauslasuinuingu 4 (W(G) = 4) #
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nauun 2.15 [2] i n Jududii n > 3 agldy (C(rzl)) =n
naufun 2.16 [2] W n dudwiudil n = 5 el o (C(rzl)ﬂ) =n—1
naefun 2.17 [2] i n Hudwdin>3 wazme {2,3,4,..,n— 1} 2ldn v (C(§)+m) =n
naufun 2.18 [2] W n duduaugil n > 4 el o (C(g)%) =n
naufiun 2.19 [21 1 n1dudnunugii n = 4 uaz me (0,1,2, ..,.2 - 1} azldi v (C(rzl)+m) =n-1
ngegun 2.20 [2] Wi nidudwiugfi n > 4 wae m € {1,2,3, g —1}aglany (C(§)+§+m) =n
untieu 2.21 [10] dusuinuauass x lag |x] ﬁaﬁi’mam&ummﬂﬁqmﬁﬁaaﬂdm'%awiﬁu X

|

ngufiun 2.22 [10] T x 1udwiuase agléan [x + m] = [x] + m dlo m Buduudy
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unil 3

nan13Ane (Main results)

IUH’Ii‘IﬁWﬁT’IHQUQIﬂiMWaﬂ“ua\‘iﬂi’]ﬂ/\lﬂa’lﬁ’]’m‘%yjiiﬂ N WALYDULYAVDIDIUIUDLATUIANVBINT N
U = 3 = 1 dy 1 a L3 = o
SF(n,1) mawimmLLazwqwainzﬂaummummdumiwqw waglUNSANYIVBULINVDIINUIU

alasuAnueInsIn SF(n, 1) Feiinswusdnuwindunsdl 97u7u 6 nsal Usenaulasie nsaia n vJu

<& o

IMuANA 1 n = 3 Insudsdeseanludn 3 ndl fie (3), (3) + 1,(3) + m laeit me(2,3, ...,n — 1}
waznsald nidudrurudug i n > 4 lnsuvsgessenludn 3 nsdl Ae (7) + > (5) + L1nsi
1€{0,1, ...~ — 1Y uas(y) + - + p lowil pe{1,2,..,> — 1} delwirenenisAnwuas@nuildnsu
Srunuiiu n uaziflesndnauelasininvesnsmiiinsasundaslumudnugreeanasiduiionved

NIINIU 9

3.1 psmivaInIusysal n

nguijun 3.1.1 W n Judwaudu azldin P(K,) =n
a ¢ ° 1% & o o & a caa
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Abstract

Achromatic number of a graph is the largest number
of colors that can be assigned to each vertices of the
graph such that adjacent vertices are assigned
different colors and any two different colors are
assigned to some pair of adjacent vertices. In this
independent study, we study the concepts and
definitions including some properties of n - complete
starfish graphs and SF(n, 1) graphs when n is a
natural number and n > 3 . We found that every
n - complete starfish graph has some properties that
the number of its vertices is 2n and the number of its
edges is i) and the achromatic number of
n-complete starfish graphs is n+1. Additionally, we
could find the bounds of the achromatic numbers of
SFE(n, 1) graphs.

Objectives

1. To study the concepts and definitions of graph theory
about achromatic numbers.

2. To find the achromatic numbers of some simple
graphs include: n - complete starfish graphs and SF(n, 1)
graphs when n is a natural number and 7 = 3 .

Methodology

1. Study literature related to graph theory.

2. Examine concepts and definitions of the achromatic number
of graphs, accompanied by relevant examples.

3. Analyze certain properties of graphs, such as the number of
vertices, edges, and the achromatic number, and present
corresponding proofs.

4. Compile and format the final report, ensuring accuracy and
correctness.
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Basic knowledge

Definition: An n-complete starfish graph is defined as a graph "] >
formed by connecting each vertex of a complete graph K,, with
n pendant vertex. using n corresponding pendants edge at sa.me
thing. This n-complete starfish graph can be s lly as
K,®K;, when n is a natural number such that n = 3.

Notably, the n-complete starfish graph contains a total of 2n

"("”) edges wl 1.

vertices and features

Definition: The SF(n, 1) graph is defined as a graph formed by
connecting each vertex of a cycle graph C,, with n pendant a
vertex, using n corresponding pendants edge at same thing.
‘When 7 is a natural number such that n = 3.

Notably, the SF(n, 1) graph contains a total of 2n vertices and . .
features 2n edges

Main Results

1) n - complete starfish graphs
Theorem Let n be an integer where n = 3, Then the achromatic number of the K, ®K; graph is
n+1 (i.e, P(K,OK) =n+1)
2) SF(n, 1) graphs
Theorem Let n be an odd integer where n = 5, Then the following inequality holds: n+1<¢,(sr((;) 1))<n+GL
Theorem Let n be an odd integer where n = 7, Then the following inequality holds: n+1<¢(SF((')+l l))<n+lm—l 2
Theorem Let n be an odd integer where n = 7 and me{2,3, ..., n — 1}, Then the following inequality holds:
n4lsw(sF((")$m 1))sn+lm]
nem-l.anbemmnimgmmmnz4.mnurouwingmnmymm:n+1s¢(sr((;)+§.1))sn+c—l’5
. 3~ 1}, Then the following inequality holds:

w

s

Theorem Let n be an even integer where n > 4 and me 0,12, ...
n<p(sF (@) +m1)) < n+ [E2m)

Theorem Let n be an even integer where n > 4 and me (1,2, 3, ...,
n+1 sw(sr((;)+;+m.1))5n+lc—a”:'—"]

Conclusion
The achromatic number of the n - complete starfish graph (g ;)
and the bounds of the achromatic number of the SF(n,1) graph are
as follows:

1. The achromatic number of the n - complete starfish graph n (K, ©K,)
Ly(K,0K) =n+1 for integers at n > 3

%~ 1}, Then the following inequality holds:

2. Bounds on the achromatic number of the SF(n, 1) graph
Ln+1 sw(st-‘((:),1))5,.+§'z:l_1
2a+1s w(sr((;)+1,1)) < n+|£2)"‘_‘|_z
3¢ n+15\b(SF( ;)+m,1))5n+lm:—’"l

and me(2,3,..,n— 1}

4 n+1 <-p(sr( M +1, 1))

sn< 'II(SI- ((") +m, 1)) sn+ I(‘)"'I

for odd integers natn = 5
for odd integers natn > 7
for odd integers natn > 7

<n+Qz for even integers natn = 4

foreven integersnatn = 4

andme(0,1,2, ..., ; 1)
6.n+lsw(51-'((’z')+—+m.l))5n+|( )'-ml for even integersnatn > 4
n
and me{1,2, 3, ..., ;—1}
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