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Abstract

In this independent study, we study and extend results on nearly equilateral Heronian
triangle, triangle with integer side lengths and integer areas. we define altered equilateral
Heronian triangle to be triangle whose sides and area are integer with given difference.

Also show that there are an infinite number of such triangles.
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a b c A
3 4 5 6
13 14 15 84
51 52 53 1,170
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123 724 725 226,974
2,701 2702 2703 3,161,340
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sin?C =1 — cos’C
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a 4a2b?
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QIJ = I o 1@ 1 d' a o @ d!
ufie b 1fudwaug Aeedle T5udu 1 &b = 21
2. b Juduiud (odd number) Al n ladiduduiug
o.'/ & I o d' =3 d’ a o I3 d!
Yufe b WU IR Asolle TN [ §9 b = 21 + 1
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Aa9E19 2.17 4 Wudwaug 1loswn 2 | 4 agledn 4 = 2(2) Taed 2 Judwnwdy

5 1 8usauA Wesn 215 aglédn 5 = 2(2) + 1 Taedl 2 Wuswwdy
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=/s(s—b+1)(s—b)(s—b—1)

(b—1)+b+(b+1) 3b

Lﬁ@ s = = —
2 2
o
A2 =s(s—b+1)(s—b)(s—b—1)
3b [ 3b 3b 3b
(G ) () (5 )
3b(b+2)(b)(b—2)
- 16
il
16 4% = 3b(b+ 2)(b)(b — 2)
— 3% (b+2)(b —2)
= 3b°(b* — 4)
Tufie

16A? = 30*(V* — 4) (3.1)
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b=2l+1 3l e€Z"
NaUN1T (3.1) WATU

16A% = 3b*(b* — 4)
=3(20 + 1)*((21 +1)* — 4)
=34 + 41+ 1)((4l* + 41 + 1) — 4)
= (1207 + 120+ 3)(41° + 4l — 3)
= 481" + 481° — 36[* + 481 + 481* — 361 + 121* + 121 — 9
= 481" + 961° + 241> — 241 — 9
= 2(241" +481° + 121 — 121 - 5) + 1

199910 24714 + 481 + 1212 — 121 — 5 \Huduaudia

feiu 1642 Budnud Bansdauds

tufio 1 1642 = 3%(b? — 4) uda b 1Tuduoug

asulid darmemvessiuisauvesUaumsuslsdoutouasdiumh
Du b — 1,0 uaz b+ 1 aud1diu ud b i dudaudiug

NOEHUN 3.2 Harsaunuanuwdenelsiowiouazanuwil (b — 1,5,0 + 1) aglairdenrussely

S (%

Uauyad
(a) h \Jupugewes sUanuvidenidenndesiugiu b
(b) h > 0 @onPaRITUANNTT 3b? — (2h)% = 12

figail: (=) auud i WupugswesgUanumdeuiiaenadosiugiu b agladn i > 0 azuansdl b
donAdeiuUaNNIT 3b° — (2h)2 = 12

- & o < bh

fasaniiuiglammbon A = —

NAUNT (4.1) 28l

16A% = 3b*(b* — 4)

2
16 (%) = 3b%(b* — 4)

b2 h?
16 <T) = 3b%(b* — 4)
40*°h* = 3b*(b* — 4)
4h* = 3b* — 12
(2h)* = 3b* — 12
3b* — (2h)* = 12

AU b > 0 @onRaIAvaNNIT 302 — (2h)2 = 12
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(<) auuf h > 0 donndeatuaun1s 302 — (2h)? = 12 zuandd1 h 1uaruaeves gu
AUVREUNARAARBINUFIY b

NS0
3b* — (2h)* =12
(2h)* = 3b* — 12
4h% = 3% — 12
302 — 12
h? =
4
302 — 12
h =
4
NANTEUN
) 302 — 12
bh 4
2 2
_[30%(b* —12)
n 16
= A
Sty h Juanugees gﬂamm?ﬁmﬁaamé’mﬁ’ugm b []

uNee 3.3 SUENUMAEN (n, n,n) edauwmden (1,1, 1) egnngluduiu n? §u

Mg Wsauguanumdey (n, n,n) Aolull
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{ N\ 2(1)—1 =13V
2 YAVANS 2(2) —1=317U
3 VAVAVAY] 2(3) —1=5 71
4 VAVAVAVAYS 2(4) ~1="T7

Y AVAVAVAVARTTIVA VN1t B Jp M

- g
v~

n

o
Y

UY ﬁgﬂammﬁamﬂaa (L,L,1)®8 (1+34+5+7+...4+(2n—1)) 5U

Z¢

ABlUALUARII 1+ 3+ 5+ 7+ ... + (2n — 1) = n? IngiFeuluidendinmans
W P(n) wnudomd 1 +3+5+7+ ...+ (2n — 1) = n?

1. azuaned P(1) 1Wuass

W (2n—1)=n?

wnu n =1

o (2(1) —1) =12

1=1

sodu P(1) Wuade

2 WhkezZik>1

auud P(k) Wuase dufo 61 1+ 3+ 5+ 7+ ...+ (2k — 1) = &2

zuansdn P(k + 1) 10ua%e tufle wuansi 1+ 3 +5+7+ ..+ 2k +1) — 1) = (k+1)?

NS 1 +3+5+7+ .. +Rk—1)=1+3+5+7+..+(2k—1)+(2k+1)
=k + (2k+1)
=k +2k+1
= (k+1)?

fadu P(k + 1) uads
Ingnanguipendinaans asuladn 1+3+5+ 7+ ...+ (2n — 1) = n?
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NQuUN 3.4 61 (b — 1,0, + 1) Wugvanumdeusladouniiovasluaumii udd (2b + 2k —
1,2b + 2h, 2b 4 2h + 1) asifugUaumdeuslsdowiouazsuwin laen i Juanugewssgy
anuwineulsilownauaseunil (b — 1,0,b + 1) Naenadesiugiu b

figay: 91n3U fansangUanuvdsu s il anwendudu 3 + 4h Taeit b uaz b 1Ju
AL
sosnfinsangUaswRnsuinfiinnaesnudu b+ 2k S 3 3U (GUFneew) Tasildy
Fouviufudusuammasusmuyinifienueridu b (GUamt) wassUaumasuiuinduni
9En3INa1 Aediarmenddinudy 2k

Tndnnadiudr-daeen Wetfuguaumisudn dunninasuvesguaumasdniian
Tugtanmdeusuwihilvgfign fie nasuvesguaumasudnlugudmseu 3 5u sindudou
vivlugudmid 3 3U whsmfudwimdeluaaimdondyn

(3b + 4h)* = 3(2b + 2h)* — 3b* + (2h)? (3.2)

ednsulandu
30 — (2h)% = 3(2b + 2h)? — (3b + 4h)? (3.3)

dlounuan 362 — (2h)? = 12 adluaunis (3.3) azld

3(20 + 2h)* — (3b + 4h)* = 12
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NNERUN (3.2) 9l gﬂammﬁw (2b+2h —1,2b+2h, 2b+2h +1) Lﬁugﬂammgw

a aa 3b =+ 4h v a % 1Y)
alsleuiifl = — Wueugevesihuiiaennadosiugi 25 + 24

dadana 3.5 T b unuanueiuldudiwuiug uag b unudiugesaumasieuazi
whiidenareaiusu b agassguaumdeuelsdounuwinivunnlvgauls lnedauenives
snuidudwaudue 1u 20 + 2h

ununn 3.6 gUaumdenalsieuiovaziurindegununeluetug

b
a

gl Mnnguun 3.4 nguaumdeuelsdowfeuazaum (3,4, 5) aanseassguaney

daldlenatl (3, 4, 5) — (13, 14, 15) — (51, 52, 53)

— (193, 194, 195) — (723, 724, 725) . . . .



UNi 4
dl = 174 1 [}
3 MEL L‘Vi’s'i‘c’]&lLﬂi’itﬂ‘c’]ﬂﬂ"lul,‘]/l']ﬂﬂl,tﬂaﬁ

Tuunflagnanislleuwaritegeguaumienslsdounumiiawlas InedauainAnauuas
RYIUTULDY

unileny 4.1 JUavdeaalsideunuminnuuas (Altered Equilateral Heronian Triangles)

'
al

Ao sUauwden (b — n, b, b+ n) AdRuTTuS WAL nanfe Wuglauvaenelsidou We
n>1

[

A998 4.2 Uanuwviden (3n, 4n, 5n) WugUauwidenslsidowiuwi daudaswin s i
WU 612 A119MU08

3n 4n

B C
5n

Aa9819 4.3 dgUanuden (b — 1,0, + 1) Juguauwmdeuslsillewfiouaziumii udigy
anudey (n(b — 1), n(b), n(b + 1)) Wugdauvdenslsdousimuvindauwlag

figa: WigUanuwmden (b — 1,6, b + 1) WWugUanuvdenslsowiouaganumi
0 b wag n WWudwawan aglain (b — 1)n, bn, (b + 1)n \Judiwauausme
362(07 — 4)

wonINUGLladn NunvesgUanuwden (b — 1,b,b + 1) = Juduudu

a dy =i d‘ 3b2 bQ - 4 o
WY WunvesgUamiasy ((b — 1)n,bn, (b+ 1)n) = <#> n? Wudhuay
a8

Aty gUammasy (b — 1)n, bn, (b + 1)n) Juguammdenslsdousnumisnwlas []

lunsaifin = 2,3, 4,5, ... lmlassnsigadludnuaziiediu s ednwiiuiivesguanumiey
wlsifloumuwinaaudaslunsalynlused
\WennsaunvesgUanumdes (b — n, b, b+ n) tladiunvesguaumasune

A= /s(s—(b—n))(s = (b)(s — (b +n))
=/s(s —b+n)(s—b)(s—b—n)
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(b—n)+b+(b+n) 3b

LD s = 5 = ?
ot
A? =5(s—b+n)(s—b)(s—b—n)
3b (3b 3b 3b
=3 () (5 ) (5 0)
~3b(b + 2n) (b) (b — 2n)
B 16
Vil
16A% = 3b(b + 2n)(b)(b — 2n)
= 3b%(b + 2n)(b — 2n)
= 30°(0* — 4n®)
Tufie

16A% = 3b*(b* — 4n?) (4.1)
sUanuwineaelsilsunumdauUas daudfeaeadaiuslannieuslsideuinouaziu

Wi lnguanslananguiun 4.4 fs 4.8

NQEUN 4.4 5’13?1Jamm§w (b—n,b,b+n) Lﬁugﬂammﬁ'wL@Iﬁl,ﬁamﬁamzé’wmm Wad b
Judnunusiug

figatl: 2zfigaildn b Wudwaug lnensigaduuutedauds

aund b 1usunud

ndenusiuiud 1

b=2l+13ecZ"

NANTUN

1642 = 3b*(b* — 4n?)
=3(20 + 1)2((21 + 1)* — 4n?)
= 3(41% + 41 + 1)(41° + 4l + 1 — 4n?)
= (121 + 121 + 3)(4* + 41 + 1 — 4n?)
= 481" 4 4813 + 121> — 481%*n* + 481> + 481> + 121 — 48In? + 120> + 121 — 12n* + 3
= 481* 4 961% + 721* 4 241 — 481*n® — 48In* — 12n* + 3
— 2(241* + 481> + 361% + 121 — 24[*n® — 24In* — 6n* + 1) + 1

fatil 1642 Wuduiud 1han1stauda
e 61 1642 = 36°(b? — 4n?) wan b \Juduug
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gaveesUanVENABnARBITUTIU b A h = 7

gl 91naun1s (4.1) 1o 1642 = 302(b? — 4n?)

bh o
N A = o) ke

16A% = 3b*(b* — 4n?)

2
16 (%) = 3b%(b* — 4n?)
212
16 <%) = 3b%(b* — 4n?)

4b*h* = 3b*(b* — 4n?)
4h? = 3b* — 12n?

2 30? — 12n?
4
3b* — 12n?
b=y
4

]
asulean drguanuwmden (b—n, b, b+ n) uglanumdeuslsdeuduidauas wdiany

S v o « 3b* — 12n?

guvesgUauwiteniidenntosiugiu b fie h = |/ ————

nQufun 4.6 insangUanumieuslsidewiouasauwil (b — n,b,b + n) wleindeninuse
Tutlauyariu
I a a [ (9]
(a) h JuAnugaves sUaumisanaenndesiugIu b
(b) h > 0 @oAPaBINUANNTT 3b2 — (2h)% = 12n2

figail: (=) auud i upugswesgUanumdeuiigenadosiugiu b agladn i > 0 azuansdl h
donAdonuannIs 3b% — (2h)? = 12n°

a & o < h

fsaniuiigUanuwion A = -
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naunIs (4.1) aglan

1642 = 3b*(b* — 4n?)

2
16 (%) = 3b%(b* — 4n?)

b2h?

40°h? = 3b*(b* — 4n?)
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3b* — (2h)* = 12n?

FAtU A > 0 @0ARRRINUaNNI1T 302 — (2h)% = 12n2
(<) auuf h > 0 deardosiuauns 36° — (27)? = 12n% zuanadn h Jumugaves JU
aUVREUNADAARBINUFIY b
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3b* — (2h)? = 12n?
(2h)* = 3b* — 12n°
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3% — 12n?
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4
32 — 12n2
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4
NANTEUN
b 32 — 12n2
bh _ 4
2 2
B \/3b2(b2 — 12n2)
N 16
—A
Sty h Juanugees gﬂa’mmﬁauﬁaamé’mﬁ’ugm b []

NQURUN 4.7 &1 (b — n, b, b+ n) \HuvesUaumdenelsidoudnuindauuas wd (2b + 25 —
n, 2b + 2h, 2b + 2k + n) WuvesgUaumdsslsdowiurindaulag
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FourtuiudugUanumasusuinidanuendu b GUamd) wargUaumasuduindunii
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[]
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a aa + 4h v a P 1Y)
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a a o % " @
nsdiagvasanamasualsilisudnuinaaudas (b — 1,00+ 2)
Iu%%’aﬁ%ﬁﬂmmiﬁagj‘vmgﬂamm?ilau (b—1,b,b+2) %QL‘TJUEUE‘H@JLM%S&JLSIﬁLﬁEJuéﬁu

WINRALUAY B9491N5ALILAEITATDIAI LI FUSU b = 4 D19 2042 iaiwugﬂammﬁsmﬁﬁﬁuﬁ
Wusnwudy samnsieseluil

b—1 b b+2 s A

3 4 6 6.5 | 5332682252

4 5 7 8 | 9.797958971

5 6 8 9.5 | 14.98123827

6 7 9 11 ] 20.97617696

7 8 10 12.5 | 27.81074433

8 9 11 14 | 35.4964787

9 10 12 15.5 | 44.03904518
10 11 13 17 | 53.44155686
11 12 14 18.5 | 63.70586708
12 13 15 20 | 74.83314774
13 14 16 21.5 | 86.82417578
14 15 17 23 | 99.67948636
15 16 18 24.5 | 113.3994599
16 17 19 26 | 127.984374
17 18 20 27.5 ] 143.4344362
18 19 21 29 | 159.7498044
19 20 22 30.5 | 176.9306008
20 21 23 32 | 194.9769217
21 22 24 33.5 | 213.8888438
22 23 25 35 | 233.6664289
23 24 26 36.5 | 254.3097275
24 25 27 38 | 275.8187811
25 26 28 39.5 | 298.1936242
26 27 29 41 | 321.4342857
27 28 30 42.5 | 345.5407899
28 29 31 44 1 370.5131577




b—1 b b+ 2 s A
2011 2012 2014 3018.5 | 1753476.612
2012 2013 2015 3020 | 1755219.777
2013 2014 2016 3021.5 | 1756963.808
2014 2015 2017 3023 | 1758708.705
2015 2016 2018 3024.5 | 1760454.468
2016 2017 2019 3026 | 1762201.096
2017 2018 2020 3027.5 | 1763948.591
2018 2019 2021 3029 | 1765696.952
2019 2020 2021 3030.5 | 1767446.179
2020 2021 2023 3032 | 1769196.272
2021 2022 2024 3033.5 | 1770947.231
2022 2023 2025 3035 | 1772699.056
2023 2024 2026 3036.5 | 1774451.747
2024 2025 2027 3038 | 1776205.305
2025 2026 2028 3039.5 | 1777959.728
2026 2027 2029 3041 | 1779715.017
2027 2028 2030 3042.5 | 1781471.172
2028 2029 2031 3044 | 1783228.193
2029 2030 2032 3045.5 | 1784986.081
2030 2031 2033 3047 | 1786744.834
2031 2032 2034 3048.5 | 1788504.453
2032 2033 2035 3050 | 1790264.938
2033 2034 2036 30515 | 1792026.29
2034 2035 2037 3053 | 1793788.507
2035 2036 2038 3054.5 | 1795551.59
2036 2037 2039 3056 | 179731554
2037 2038 2040 3057.5 | 1799080.355
2038 2039 2041 3059 | 1800846.037
2039 2040 2041 3060.5 | 1802612.584
2040 2041 2043 3062 | 1804379.998
2041 2042 2044 3063.5 | 1806148.277
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Abstract

In this independent study, we study and extend results on nearly equilateral Heronian
triangle, triangle with integer side lengths and integer areas. we define altered equilateral
Heronian triangle to be triangle whose sides and area are integer with given difference.
Also show that there are an infinite number of such triangles.

Preliminaries

Definition 1. Heronian triangle is a triangle whose side lengths (a,b,c) and area K
are all positive integers.
Example 2. Triangle (5,

,6) is a Heronian triangle with an area of 12 square units.

Definition 3. Almost equilateral Heronian triangle is a Heronian triangle whose sides
(b—1,b.b+ 1) are consecutive integers.
Example 4. Triangle (13,14, 15) is almost equilateral Heronian triangle with an area

of 84 square units. .

B (o4
15
Definition 5. Let m, n be integers such that m # 0. We say that
m divides n exactly if and only if there exists an integer A such that n = Am.
We write m | n “instead of m dividing n exactly”
Example 6. 3 | 21 is a multiple of 21 because 21 = 3(7) where 7 is an integer.
Definition 7. Let b be an integer. We say that

1. bis an even number if and only if 2 | n

That is, b is an even number if and only if there is an integer  such that b = 2
2. bis an odd number if and only if n is not even
That is, b is an odd number if and only if there is an integer I such that b= 21 + 1
Example 8. 4 is even since 2 | 4 has 4 = 2(2) where 2 is an integer.
5is odd since 215 has 5 = 2(2) + 1 where 2 is an integer.

Result

1) Almost equilateral Heronian triangle
Theorem. If the triangle (b — 1,b,b + 1) is an almost equilateral Heronian
triangle, then b is an even integer.
Theorem. h is the height of the triangle that satisfies the base b. if and only if
h > 0 satisfies the equation 3b* — (2h)? = 12.
Theorem. If (b —1,b,b+ 1) is an almost equilateral Heronian triangle, then
(2b+ 2h — 1,2b + 2h,2b + 2h + 1) is an almost equilateral Heronian triangle.
Where h is the height of the almost Heronian triangle (b — 1,b,b + 1)
that satisfies the base b.

Corollary. There are infintely many altered equilateral Heronian triangle.

Altered Equilateral Heronian Triangles
Busaraporn Chaiwong, ID 640510549
Asst. Prof. Dr. Penying Rochanakul

2) Altered Equilateral Heronian Triangles

Theorem. Altered Equilateral Heronian Triangles is a triangle (b— n,b.b+n)
with integer area, i.e., it is a Heronian triangle when n > 1
Theorem. If (b — n.b. b+ n) is an almost equilateral Heronian triangle, then b

is an even integer.
Theorem. If (b — n,b,b+ n) is an altered equilateral Heronian triangle Then
77— 1207

the height of the triangle corresponding to the base bis h = {/ 7}
Theorem. If I is the height corresponding to the base b, then h is an integer
Theorem. If (b —n,b. b+ n) is a multiple of the altered equilateral Heronian
triangle, then (2b + 2h — n, 2b + 2h. 2b + 2h + n) is a multiple of the altered
equilateral Heronian triangle.

Theorem. Let (b — n, b, b+ n) be an altered equilateral Heronian triangle,

then ged(b— n,b,b+n) = 1 if and only if ged(b, n) = 1

Theorem. If the altered equilateral Heronian triangle (b — n,b.b + n) is a multiple
of an almost equilateral Heronian triangle Then the altered equilateral Heronian
triangle (26 + 2h — n, 2b + 2h, 2b + 2h + n) will be a multiple of an almost
equilateral Heronian triangle

Corollary. There are infintely many altered equilateral Heronian triangle

3) The existence of an altered equilateral Heronian triangle

b—1 b b+2 s A
3 q 6 6.5 | 5332682252
q 5 7 8 [ 9.797958971
5 6 8 9.5 | 14.98123827
6 7 o 11 | 2097617696
2038 2039 | 2041 3059 | 1800846.037
2039 2040 | 2041 | 3060.5 | 1802612.584
2040 2041 | 2043 3062 | 1804379.998
2041 2042 | 20a¢| 30635 | 1806148.277

. There is no altered equilateral Heronian triangle (b — 1. b, b + 2).

Conclusions

1. If the lengths of the three sides of an almost equilateral Heronian triangle
are b—n,band b+ n respectively, then b is an even integer for n > 2.
2. If triangle (b —n,b.b+ n) is an altered equilateral Heronian triangle, then

the height corresponding to the base bis h = 1 forn > 2.
3. There is no triangle (b — 1,b,b + 2) that is an altered equilateral Heronian triangle:
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